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Preface

Important though the general concepts and propositions may be with
which the modern and industrious passion for axiomatizing and generalizing
has presented us, in algebra perhaps more than anywhere else, nevertheless |

am convinced that the special problems in all their complexity constitute the
stock and core of mathematics, and that to master their difficulties requires
on the whole the harder labor.

—Herman Weyl

This book began many years ago in the form of supplementary notes for my algebra classes.
I wanted to discuss some concrete topics such as symmetry, linear groups, and quadratic
number fields in more detail than the text provided, and to shift the emphasis in group theory
from permutation groups to matrix groups. Lattices, another recurring theme, appeared
spontaneously.

My hope was that the concrete material would interest the students and that it would
make the abstractions more understandable - in short, that they could get farther by learning
both at the same time. This worked pretty well. It took me quite a while to decide what to
include, but I gradually handed out more notes and eventually began teaching from them
without another text. Though this produced a book that is different from most others, the
problems I encountered while fitting the parts together caused me many headaches. I can’t
recommend the method.

There is more emphasis on special topics here than in most algebra books. They tended
to expand when the sections were rewritten, because I noticed over the years that, in contrast
to abstract concepts, with concrete mathematics students often prefer more to less. As a
result, the topics mentioned above have become major parts of the book.

In writing the book, I tried to follow these principles:

1. The basic examples should precede the abstract definitions.
2. Technical points should be presented only if they are used elsewhere in the book.
3. All topics should be important for the average mathematician.

Although these principles may sound like motherhood and the flag, I found it useful to have
them stated explicitly. They are, of course, violated here and there.

The chapters are organized in the order in which I usually teach a course, with linear
algebra, group theory, and geometry making up the first semester. Rings are first introduced
in Chapter 11, though that chapter is logically independent of many earlier ones. I chose

xi
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this arrangement to emphasize the connections of algebra with geometry at the start, and
because, overall, the material in the first chapters is the most important for people in other
fields. The first half of the book doesn’t emphasize arithmetic, but this is made up for in the
later chapters.

About This Second Edition

The text has been rewritten extensively, incorporating suggestions by many people as well as
the experience of teaching from it for 20 years. I have distributed revised sections to my class
all along, and for the past two years the preliminary versions have been used as texts. As a
result, I’ve received many valuable suggestions from the students. The overall organization
of the book remains unchanged, though I did split two chapters that seemed long.

There are a few new items. None are lengthy, and they are balanced by cuts made
elsewhere. Some of the new items are an early presentation of Jordan form (Chapter 4), a
short section on continuity arguments (Chapter 5), a proof that the alternating groups are
simple (Chapter 7), short discussions of spheres (Chapter 9), product rings (Chapter 11),
computer methods for factoring polynomials and Cauchy’s Theorem bounding the roots of a
polynomial (Chapter 12), and a proof of the Splitting Theorem based on symmetric functions
(Chapter 16). I've also added a number of nice exercises. But the book is long enough, so
I’ve tried to resist the temptation to add material.

NOTES FOR THE TEACHER

This book is designed to allow you to choose among the topics. Don’t try to cover the book,
but do include some of the interesting special topics such as symmetry of plane figures, the
geometry of SU», or the arithmetic of imaginary quadratic number fields. If you don’t want
to discuss such things in your course, then this is not the book for you.

There are relatively few prerequisites. Students should be familiar with calculus, the
basic properties of the complex numbers, and mathematical induction. An acquaintance with
proofs is obviously useful. The concepts from topology that are used in Chapter 9, Linear
Groups, should not be regarded as prerequisites.

I recommend that you pay attention to concrete examples, especially throughout the
early chapters. This is very important for the students who come to the course without a
clear idea of what constitutes a proof.

One could spend an entire semester on the first five chapters, but since the real fun
starts with symmetry in Chapter 6, that would defeat the purpose of the book. Try to get
to Chapter 6 as soon as possible, so that it can be done at a leisurely pace. In spite of its
immediate appeal, symmetry isn’t an easy topic. It is easy to be carried away and leave the
students behind.

These days most of the students in my classes are familiar with matrix operations and
modular arithmetic when they arrive. I’'ve not been discussing the first chapter on matrices
in class, though I do assign problems from that chapter. Here are some suggestions for

Chapter 2, Groups.

1. Treat the abstract material with a light touch. You can have another go at it in Chapters 6
and 7.
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2. For examples, concentrate on matrix groups. Examples from symmetry are best deferred
to Chapter 6.

3. Don’t spend much time on arithmetic; its natural place in this book is in Chapters 12
and 13.

4. De-emphasize the quotient group construction. °

Quotient groups present a pedagogical problem. While their construction is concep-
tually difficult, the quotient is readily presented as the image of a homomorphism in most
elementary examples, and then it does not require an abstract definition. Modular arithmetic
is about the only convincing example for which this is not the case. And since the integers
modulo 7 form a ring, modular arithmetic isn’t the ideal motivating example for quotients
of groups. The first serious use of quotient groups comes when generators and relations are
discussed in Chapter 7. I deferred the treatment of quotients to that point in early drafts
of the book, but, fearing the outrage of the algebra community, I eventually moved it to
Chapter 2. If you don’t plan to discuss generators and relations for groups in your course,
then you can defer an in-depth treatment of quotients to Chapter 11, Rings, where they play
a central role, and where modular arithmetic becomes a prime motivating example.

In Chapter 3, Vector Spaces, I've tried to set up the computations with bases in such a
way that the students won’t have trouble keeping the indices straight. Since the notation is
used throughout the book, it may be advisable to adopt it.

The matrix exponential that is defined in Chapter 5 is used in the description of one-
parameter groups in Chapter 10, so if you plan to include one-parameter groups, you will
need to discuss the matrix exponential at some point. But you must resist the temptation to
give differential equations their due. You will be forgiven because you are teaching algebra.

Except for its first two sections, Chapter 7, again on groups, contains optional material.
A section on the Todd-Coxeter algorithm is included to justify the discussion of generators
and relations, which is pretty useless without it. It is fun, too.

There is nothing unusual in Chapter 8, on bilinear forms. I haven’t overcome the main
pedagogical problem with this topic — that there are too many variations on the same theme,
but have tried to keep the discussion short by concentrating on the real and complex cases.

In the chapter on linear groups, Chapter 9, plan to spend time on the geometry of SU,.
My students complained about that chapter every year until I expanded the section on SUj,
after which they began asking for supplementary reading, wanting to learn more. Many of
our students aren’t familiar with the concepts from topology when they take the course, but
I've found that the problems caused by the students’ lack of familiarity can be managed.
Indeed, this is a good place for them to get an idea of a manifold.

I resisted including group representations, Chapter 10, for a number of years, on the
grounds that it is too hard. But students often requested it, and I kept asking myself: If the
chemists can teach it, why can’t we? Eventually the internal logic of the book won out and
group representations went in. As a dividend, hermitian forms got an application.

You may find the discussion of quadratic number fields in Chapter 13 too long for a
general algebra course. With this possibility in mind, I've arranged the material so that the
end of Section 13.4, on ideal factorization, is a natural stopping point.

It seemed to me that one should mention the most important examples of fields in a
beginning algebra course, so I put a discussion of function fields into Chapter 15. There is
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always the question of whether or not Galois theory should be presented in an undergraduate
course, but as a culmination of the discussion of symmetry, it belongs here.

Some of the harder exercises are marked with an asterisk.

Though I've taught algebra for years, various aspects of this book remain experimental,
and I would be very grateful for critical comments and suggestions from the people who use it.

ACKNOWLEDGMENTS
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CHAPTER 1

Matrices

Eftlich wied alles dnsfenige cine Grdfe genennt,
welches ciner Bermefheung oder efner Werminderung fiiliy (ft,
oder wwogu fich noch etwas Bingufelen odet davon wegnehmen 1Hft.

—Leonhard Euler!

Matrices play a central role in this book. They form an important part of the theory, and
many concrete examples are based on them. Therefore it is essential to develop facility in
matrix manipulation. Since matrices pervade mathematics, the techniques you will need are
sure to be useful elsewhere.

1.1 THE BASIC OPERATIONS

Let m and n be positive integers. An m Xn matrix is a collection of mn numbers arranged
in a rectangular array

n columns
(25 I SV
(1.1.1) 1 TOWS :
dml - Amn

210
1 35
a symbol such as A4 to denote a matrix.

The numbers in a matrix are the matrix entries. They may be denoted by a; j, where i
and j are indices (integers) with 1 <i <m and 1 < j < n, the index i is the row index, and
J is the column index. So a;j is the entry that appears in the ith row and jth column of the
matrix:

For example, [ ] is a 2 X 3 matrix (two rows and three columns). We usually introduce

J

i aij

IThis is the opening sentence of Euler’s book Algebra, which was published in St. Petersburg in 1770.



2 Chapter 1 Matrices

In the above example, a;1 = 2,a13 = 0, and a3 = 5. We sometimes denote the matrix
whose entries are a;j by (a;;).

An nXn matrix is called a square matrix. A 1X1 matrix [a] contains a single number,
and we do not distinguish such a matrix from its entry.

A 1Xn matrix is an n-dimensional row vector. We drop the index i when m = 1 and
write a row vector as

lay ---an], oras (ai,...,an).
Commas in such a row vector are optional. Similarly, an m X1 matrix is an

m-dimensional column vector:
by
bm
In most of this book, we won’t make a distinction between an n-dimensional column vector

and the point of n-dimensional space with the same coordinates. In the few places where the
distinction is useful, we will state this clearly.

Addition of matrices is defined in the same way as vector addition. Let A = (a;;) and
B = (b;}) be two m X n matrices. Their sum A + B is the m Xn matrix § = (s;;) defined by

sij=aij+ bij.

2 1 0] f1 03] 7313
13 5|74 -31]7[50 6]

Addition is defined only when the matrices to be added have the same shape — when they

Thus

are m X n matrices with the same m and n.
Scalar multiplication of a matrix by a number is also defined as with vectors. The result
of multiplying an m Xn matrix A by a number c is another m Xn matrix B = (b; ), where

b,‘j = caij for all i, ] Thus
2 1 0]_[42 0
1 3 5|12 6 10|

Numbers will also be referred to as scalars. Let’s assume for now that the scalars are real
numbers. In later chapters other scalars will appear. Just keep in mind that, except for
occasional reference to the geometry of real two- or three-dimensional space, everything in
this chapter continues to hold when the scalars are complex numbers.

The complicated operation is matrix multiplication. The first case to learn is the product
AB of a row vector A and a column vector B, which is defined when both are the same size,
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say m. If the entries of A and B are denoted by a; and b;, respectively, the product AB is the
1 X1 matrix, or scalar,

(1.1.2) arby +axby + -+ amby,.
Thus
1
[1 3 5]|-1]=1-3+20=18.
4

The usefulness of this definition becomes apparent when we regard A and B as vectors that
represent indexed quantities. For example, consider a candy bar containing m ingredients.
Let a; denote the number of grams of (ingredient); per bar, and let b; denote the cost of
(ingredient); per gram. The matrix product AB computes the cost per bar:

(grams/bar) - (cost/gram) = (cost/bar).

In general, the product of two matrices A = (a;;) and B = (b;) is defined when the
number of columns of A is equal to the number of rows of B. If A4 is an £ X m matrix and B is
an m X n matrix, then the product will be an £ X»n matrix. Symbolically,

(€Xm)-(mXn) = ({Xn).

The entries of the product matrix are computed by multiplying all rows of A by all columns
of B, using the rule (1.1.2). If we denote the product matrix AB by P = (p; ), then

(1.1.3) pij=apby+apbyj+ -+ aimbm ;-

This is the product of the ith row of A and the jth column of B.

by

For example,

210
(1.1.4) [1 3 s



4 Chapter 1 Matrices

This definition of matrix multiplication has turned out to provide a very convenient
computational tool. Going back to our candy bar example, suppose that there are £ candy
bars. We may form the £ Xm matrix A whose ith row measures the ingredients of (bar);. If
the cost is to be computed each year for n years, we may form the m X n matrix B whose jth
column measures the cost of the ingredients in (year) ;- Again, the matrix product AB = P
computes cost per.bar: p;; = cost of (bar); in (year);.

One reason for matrix notation is to provide a shorthand way of writing linear
equations. The system of equations

anxy + - + AipnXn = b]
anxy + -+ dppxn = by
amiX1 + -+ + AmnXn = by
can be written in matrix notation as
(1.1.5) AX =B

where A denotes the matrix of coefficients, X and B are column vectors, and AX is the
matrix product:

X1 bl

bm

Xn

We may refer to an equation of this form simply as an “‘equation” or as a “system.”

The matrix equation
2 10| 1
13 s|| 21718
X3

represents the following system of two equations in three unknowns:

2x1+ x2 =1
x1 + 3x3 + 5x3 =18.

Equation (1.1.4) exhibits one solution, x; = 1, x; = -1, x3 = 4. There are others.

The sum (1.1.3) that defines the product matrix can also be written in summation or
“sigma’ notation as

m
(1.1.6) pij=Y_aiwbyi=)_aiby;.
v=1 v
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Each of these expressions for p;j is a shorthand notation for the sum. The large sigma
indicates that the terms with the indices v =1, ..., m are to be added up. The right-hand
notation indicates that one should add the terms with all possible indices v. It is assumed
that the reader will understand that, if A is an £ Xm matrix and B is an m X#n matrix, the
indices should run from 1 to m. We’ve used the greek letter “nu,” an uncommon symbol
elsewhere, to distinguish the index of summation clearly.

Our two most important notations for handling sets of numbers are the summation
notation, as used above, and matrix notation. The summation notation is the more versatile
of the two, but because matrices are more compact, we use them whenever possible. One
of our tasks in later chapters will be to translate complicated mathematical structures into
matrix notation in order to be able to work with them conveniently.

Various identities are satisfied by the matrix operations. The distributive laws

(1.1.7) AB+B)=AB+AB, and (A+A)B=AB+A'B

and the associative law

(1.1.8) (AB)C = A(BC)

are among them. These laws hold whenever the matrices involved have suitable sizes, so
that the operations are defined. For the associative law, the sizes should be A = £Xm,
B = mXn, and C = nXp, for some £, m, n, p. Since the two products (1.1.8) are equal,

parentheses are not necessary, and we will denote the triple product by ABC. Itisan £ X p
matrix. For example, the two ways of computing the triple product

1 20
ABC = [2][1 0 1]11 1
0 1
are
20
1 01 2 1 1 2 1
(AB)C__[2 0 2] é i —_[4 2] and A(BC)_[Z][Z 1]—[4 2].
Scalar multiplication is compatible with matrix multiplication in the obvious sense:
(1.1.9) c(AB) = (cA)B = A(cB).

The proofs of these identities are straightforward and not very interesting.
However, the commutative law does not hold for matrix multiplication, that is,

(1.1.10) AB+#BA, usually.



6 Chapter 1 Matrices

Even when both matrices are square, the two products tend to be different. For instance,

o ol v]= 15 o] e 2300 o) -12 1]
0 011 1 0 0} 1 1§10 0 1 1
If it happens that AB = BA, the two matrices are said to commute.

Since matrix multiplication isn’t commutative, we must be careful when working with
matrix equations. We can multiply both sides of an equation B = C on the left by a
matrix A, to conclude that AB = AC, provided that the products are defined. Similarly,
if the products are defined, we can conclude that BA = CA. We cannot derive AB = CA
from B = C.

A matrix all of whose entries are 0 is called a zero matrix, and if there is no danger of
confusion, it will be denoted simply by 0.

The entries a;; of a matrix A are its diagonal entries. A matrix A is a diagonal matrix
if its only nonzero entries are diagonal entries. (The word nonzero simply means ““different
from zero.” It is ugly, but so convenient that we will use it frequently.)

The diagonal n X n matrix all of whose diagonal entries are equal to 1 is called the n Xn
identity matrix, and is denoted by I,,. It behaves like the number 1 in multiplication: If A is
an m Xn matrix, then

(1.1.11) Al,=A and I,A=A.

We usually omit the subscript and write I for I,.
Here are some shorthand ways of depicting the identity matrix:

0 1 1
We often indicate that a whole region in a matrix consists of zeros by leaving it blank or by

putting in a single 0.
We use * to indicate an arbitrary undetermined entry of a matrix. Thus

%k “ee E
*
may denote a square matrix A whose entries below the diagonal are 0, the other entries

being undetermined. Such a matrix is called upper triangular. The matrices that appear in
(1.1.14) below are upper triangular.

Let A be a (square) n X n matrix. If there is a matrix B such that

(1.1.12) AB = In and BA = In,
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then B is called an inverse of A and is denoted by A™1:
(1.1.13) AlA=1=A4"1,
A matrix A that has an inverse is called an invertible matrix.

2 17.. . - sal=| 3 -1
s 3] is invertible. Its inverse is A™1 = [_5 2]’ as

can be seen by computing the products AA™! and A™1A. Two more examples:

wo [T T

We will see later that a square matrix A is invertible if there is a matrix B such that either
one of the two relations AB = I, or BA = I, holds, and that B is then the inverse (see
(1.2.20)) . But since multiplication of matrices isn’t commutative, this fact is not obvious. On
the other hand, an inverse is unique if it exists. The next lemma shows that there can be only
one inverse of a matrix A:

For example, the matrix A = [

Lemma 1.1.15 Let A be a square matrix that has a right inverse, a matrix R such that AR = |
and also a left inverse, a matrix L such that LA = I. Then R = L. So A is invertible and R is
its inverse.

Proof. R=1IR = (LA)YR=L(AR) =LI=L. m)
Proposition 1.1.16 Let A and B be invertible n X n matrices. The product AB and the inverse

A7 are invertible, (AB)™! = B"l4™ and (A1) = A. If A, ..., A, are invertible n Xn
matrices, the product A; - - - A, is invertible, and its inverse is A} - - - A7

Proof. Assume that A and B are invertible. To show that the product B~14™1 = Q is the
inverse of AB = P, we simplify the products PQ and QP, obtaining I in both cases. The
verification of the other assertions is similar. O

s [ ][ ][4« [0 [ )

¢ It is worthwhile to memorize the inverse of a 2 X2 matrix:

-1
a b _ 1 d -b
i ol ]

The denominator ad — bc is the determinant of the matrix. If the determinant is zero, the
matrix is not invertible. We discuss determinants in Section 1.4.
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Though this isn’t clear from the definition of matrix multiplication, we will see that most
square matrices are invertible, though finding the inverse explicitly is not a simple problem
when the matrix is large. The set of all invertible n X n matrices is called the n-dimensional
general linear group. It will be one of our most important examples when we introduce the
basic concept of a group in the next chapter.

For future reference, we note the following lemma:

Lemma 1.1.18 A square matrix that has either a row of zeros or a column of zeros is not
invertible.

Proof. If a row of an nXn matrix A is zero and if B is any other nXn matrix, then the
corresponding row of the product AB is zero too. So AB is not the identity. Therefore A has
no right inverse. A similar argument shows that if a column of A is zero, then A has no left
inverse. a

Block Multiplication

Various tricks simplify matrix multiplication in favorable cases; block multiplication is one
of them. Let M and M’ be m Xn and n X p matrices, and let r be an integer less than n. We
may decompose the two matrices into blocks as follows:

M=[A|B] and M = [i,],
Bl

where A has r columns and A’ has r rows. Then the matrix product can be computed as
(1.1.19) MM' = AA’ + BB'.

Notice that this formula is the same as the rule for multiplying a row vector and a column
vector.

We may also multiply matrices divided into four blocks. Suppose that we decompose an
m Xn matrix M and an n X p matrix M’ into rectangular submatrices

o A|B y A'|B’
“lcip) LoD )

where the number of columns of A and C are equal to the number of rows of A’ and B'. In
this case the rule for block multiplication is the same as for multiplication of 2 X2 matrices:

[A|B][A'|B'] [AA'+BC|AB +BD']
lc|plic|p'] ™ lca'+pe|cp + D |

(1.1.20)

These rules can be verified directly from the definition of matrix multiplication.
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Please use block multiplication to verify the equation

1057 alo ol 736 1
|o13,1010,7830

Besides facilitating computations, block multiplication is a useful tool for proving facts
about matrices by induction.

Matrix Units

The matrix units are the simplest nonzero matrices. The m Xn matrix unit e; jhasalin the
i, j position as its only nonzero entry:

We usually denote matrices by uppercase (capital) letters, but the use of a lowercase letter
for a matrix unit is traditional.

» The set of matrix units is called a basis for the space of all m Xn matrices, because every
mXn matrix A = (a;;) is a linear combination of the matrices e; j:

(1.1.22) A=ajey+apen+---= Zaij €ij.

i,j
The indices i, j under the sigma mean that the sum is to be taken overalli =1, ..., m and
all j=1,...,n.Forinstance,

[:; i]=3|:1 ]+2[ 1]+1[1‘ ]+4[ 1]=3eu+2e12+1e21+4e22.

The product of an m X n matrix unit e; ; and an n X p matrix unit e, is given by the formulas
(1.1.23) eijjejp =ejyp and ejjer =0if j#£k

» The column vector e;, which has a single nonzero entry 1 in the position i, is analogous
to a matrix unit, and the set {eq, ..., e,} of these vectors forms what is called the standard
basis of the n-dimensional space R” (see Chapter 3, (3.4.15)). If X is a column vector with
entries (x1,...,Xn), then

(1.1.24) X =x1e1+ -+ xnep = Zx,-ei.

1
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The formulas for multiplying matrix units and standard basis vectors are

(1.1.25) eijej=¢;, and e;je, =0 if j#k.

1.2 ROW REDUCTION

Left multiplication by an n X n matrix A on n X p matrices, say
(1.2.1) AX =Y,

can be computed by operating on the rows of X. If we let X; and Y; denote the ith rows of
X and Y, respectively, then in vector notation,

(1.2.2) Yi=anX1+ -+ ainXn,
— X — —Y;—
— Xy — — Y, —
A . = .
_-Xﬂ_ _Yn_

For instance, the bottom row of the product

ER I EIE

can be computedas -2[1 2 1]+3[1 3 0]=[1 5 -2].

Left multiplication by an invertible matrix is called a row operation. We discuss these
row operations next. Some square matrices called elementary matrices are used. There are
three types of elementary 2 X2 matrices:

(1.2.3) (i)[(l) ‘1’] or [(11 ‘1)] (ii)[(l) (1)] (iii)[c l]or[l C],

where a can be any scalar and ¢ can be any nonzero scalar.

There are also three types of elementary n Xn matrices. They are obtained by splicing
the elementary 2 X2 matrices symmetrically into an identity matrix. They are shown below
with a $X5 matrix to save space, but the size is supposed to be arbitrary.
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(124)
Type (i): :
J J 1
1 1
i 1 a J 1
1 or 1 G#D.
J 1 i a 1
1 1

. i i
Type (ii): 1 J
i 0 1
1
J 1 0

The ith and jth diagonal entries of the identity matrix are replaced by zero, and 1’s are
added in the (i, j) and (}, i) positions.

Type (iii): i

i c (c#0).
1

One diagonal entry of the identity matrix is replaced by a nonzero scalar c.

* The elementary matrices E operate on a matrix X this way: To get the matrix EX, you
must:

(1.2.5) Type(i): with a in the i, j position, “add a-(row j) of X to (row i),”
Type(ii): “interchange (row i) and (row j) of X,”
Type(iii): “multiply (row i) of X by a nonzero scalar ¢.”

These are the elementary row operations. Please verify the rules.

Lemma 1.2.6 Elementary matrices are invertible, and their inverses are also elementary
matrices.

Proof. The inverse of an elementary matrix is the matrix corresponding to the inverse row
operation: “subtract a-(row j) from (row i),” “interchange (row i) and (row j)” again, or
“multiply (row i) by ¢”1.” O
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We now perform elementary row operations (1.2.5) on a matrix M, with the aim of
ending up with a simpler matrix:
sequence of operations _
_ > .. —> M.
Since each elementary operation is obtained by multiplying by an elementary matrix, we

can express the result of a sequence of such operations as multiplication by a sequence
Eq, ..., E; of elementary matrices:

1.2.7) M =Ey---E,E1M.
This procedure to simplify a matrix is called row reduction.

As an example, we use elementary operations to simplify a matrix by clearing out as
many entries as possible, working from the left.

1121 5 11215
(12.8) M=|112610|>>]00055]|>
1252 7 01312
11215 10-103 10-103
01312 312|>(01 301|=n.
00055 01 1 00 011

The matrix M’ cannot be simplified further by row operations.

Here is the way that row reduction is used to solve systems of linear equations.
Suppose we are given a system of m equations in n unknowns, say AX = B, where A
is an m Xn matrix, B is a given column vector, and X is an unknown column vector. To
solve this system, we form the m X (n + 1) block matrix, sometimes called the augmented
matrix

ay - Ay by
(12.9) M=[AB]=| : : :

am1 - QGmn bn
and we perform row operations to simplify M. Note that EM = [EA|EB]. Let
M =[A'|B)
be the result of a sequence of row operations. The key observation is this:

Proposition 1.2.10 The systems A’X = B’ and AX = B have the same solutions.
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Proof. Since M’ is obtained by a sequence of elementary row operations, there are elemen-
tary matrices E1, ..., E; such that, with P = Ej - - - Eq,

M = Eg---E:M = PM.

The matrix P is invertible, and M’ = [A’|B’] = [PA|PB]. If X is a solution of the original
equation AX = B, we multiply by P on the left: PAX = PB, which is to say, A’X = B'.
So X also solves the new equation. Conversely, if A’X = B/, then P"1A’X = P"1B’, that s,
AX =B. a

For example, consider the system

X1+ x2+2x34+ x3= 5
(1.2.11) X1+ x2 +2x3+ 6x4 =10
X1+2x) +5x3+2x4= 7.

Its augmented matrix is the matrix whose row reduction is shown above. The system of
equations is equivalent to the one defined by the end result M’ of the reduction:

X1 - X3 =3
xy + 3x3 =1
JC4=1

We can read off the solutions of this system easily: If we choose x3 = c arbitrarily, we can
solve for x1, x5, and x4. The general solution of (1.2.11) can be written in the form

x3=c¢, x1=34¢, xo0=1-3c, x4=1,

where c is arbitrary.

We now go back to row reduction of an arbitrary matrix. It is not hard to see that, by
a sequence of row operations, any matrix M can be reduced to what is called a row echelon
matrix. The end result of our reduction of (1.2.8) is an example. Here is the definition: A
row echelon matrix is a matrix that has these properties:

(1.2.12)

(a) If (row i) of M is zero, then (row j) is zero for all j > i.

(b) If (row i) isn’t zero, its first nonzero entry is 1. This entry is called a pivot.

(¢) If (row (i + 1)) isn’t zero, the pivot in (row (i + 1)) is to the right of the pivot in (row 7).
(d) The entries above a pivot are zero. (The entries below a pivot are zero too, by (c).)

The pivots in the matrix M’ of (1.2.8) and in the examples below are shown in boldface.

To make a row reduction, find the first column that contains a nonzero entry, say
m. (If there is none, then M is zero, and is itself a row echelon matrix.) Interchange rows
using an elementary operation of Type (ii) to move m to the top row. Normalize m to 1
using an operation of Type (iii). This entry becomes a pivot. Clear out the entries below
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this pivot by a sequence of operations of Type (i). The resulting matrix will have the
block form

*

*
* ok . . 1/B
, which we write as 1
D,

|1

0--0]1
0--0(0
= M.

0-.010|% - =%
We now perform row operations to simplify the smaller matrix D;. Because the blocks to
the left of D; are zero, these operations will have no effect on the rest of the matrix M;. By
induction on the number of rows, we may assume that D; can be reduced to a row echelon
matrix, say to Dy, and M is thereby reduced to the matrix

1| B,

This matrix satisfies the first three requirements for a row echelon matrix. The entries in By
above the pivots of D, can be cleared out at this time, to finish the reduction to row echelon
form. : O

It can be shown that the row echelon matrix obtained from a matrix M by row reduction
doesn’t depend on the particular sequence of operations used in the reduction. Since this
point will not be important for us, we omit the proof.

As we said before, row reduction is useful because one can solve a system of equations
A’X = B’ easily when A’ is in row echelon form. Another example: Suppose that

has solutions. Choosing x; = ¢ and x4 = ¢’ arbitrarily, we can solve the first equation for x;
and the second for x3. The general rule is this:

Proposition 1.2.13 Let M’ = [A’|B’] be a block row echelon matrix, where B’ is a column
vector. The system of equations A’X = B’ has a solution if and only if there is no pivot in the
last column B'. In that case, arbitrary values can be assigned to the unknown x;, provided
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that (column i) does not contain a pivot. When these arbitrary values are assigned, the other
unknowns are determined uniquely. ]

Every homogeneous linear equation AX = 0 has the trivial solution X = 0. But looking
at the row echelon form again, we conclude that if there are more unknowns than equations
then the homogeneous equation AX = 0 has a nontrivial solution.

Corollary 1.2.14 Every system AX = 0 of m homogeneous equations in n unknowns, with
m < n, has a solution X in which some x; is nonzero.

Proof. Row reduction of the block matrix [A4]0] yields a matrix [A’|0] in which 4’ is in row
echelon form. The equation A’X = 0 has the same solutions as AX = 0. The number. say r,
of pivots of A’ is at most equal to the number m of rows, so it is less than n. The proposition
telis us that we may assign arbitrary values to n — r variables x;. a

We now use row reduction to characterize invertible matrices.

Lemma 1.2.15 A square row echelon matrix M is either the identity matrix I, or else its
bottom row is zero.

Proof. Say that M is an n X n row echelon matrix. Since there are # columns, there are at most
n pivots, and if there are n of them, there has to be one in each column. In this case, M = I.
If there are fewer than n pivots, then some row is zero, and the bottom row is zero too. [

Theorem 1.2.16 Let A be a square matrix. The following conditions are equivalent:

(a) A can be reduced to the identity by a sequence of elementary row operations.
(b) A is a product of elementary matrices.
(c) Aisinvertible.

Proof. We prove the theorem by proving the implications (a) = (b) = (¢) = (a). Suppose
that A can be reduced to the identity by row operations, say Ej --- E1A = I. Multiplying
both sides of this equation on the left by E;*--.E, !, we obtain A = E;*'--- E;!. Since
the inverse of an elementary matrix is elementary, (b) holds, and therefore (a) implies (b).
Because a product of invertible matrices is invertible, (b) implies (¢). Finally, we prove the
implication (c¢) = (a). If A is invertible, so is the end result A’ of its row reduction. Since an
invertible matrix cannot have a row of zeros, Lemma 1.2.15 shows that A’ is the identity. O

Row reduction provides a method to compute the inverse of an invertible matrix A:
We reduce A to the identity by row operations: Ey - - - E1A = I as above. Multiplying both
sides of this equation on the right by A™%,

Ep-Efl=Ey--Ey=A"L.
Corollary 1.2.17 Let A be an invertible matrix. To compute its inverse, one may apply

elementary row operations Eq, ..., Ex to A, reducing it to the identity matrix. The same
sequence of operations, when applied to the identity matrix /, yields AL O
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Example 1.2.18 We invert the matrix A = B g] . To do this, we form the 2X4 block
matrix
15 10
[All] = .
2 6 | 01

We perform row operations to reduce A to the identity, carrying the right side along, and
thereby end up with A™! on the right.

1510 1 5] 10
Il =
[4i] [26'01]"’[0 -4|-2 1]_’
151 0 10| -3 3| _ (.t
(12.19) [0 A _%]_»[O X ' Po| = _

Proposition 1.2.20 Let A be a square matrix that has either a left inverse or a right inverse,
a matrix B such that either BA = [ or AB = I. Then A is invertible, and B is its inverse.

Proof. Suppose that AB = I. We perform row reduction on A. Say that A’ = PA, where
P = Ey---Ep is the product of the corresponding elementary matrices, and A’ is a row
echelon matrix. Then A’B = PAB = P. Because P is invertible, its bottom row isn’t zero.
Then the bottom row of A’ can’t be zero either. Therefore A’ is the identity matrix (1.2.15),
and so P is a left inverse of A. Then A has both a left inverse and a right inverse, so it is
invertible and B is its inverse.

If BA = I, we interchange the roles of A and B in the above reasoning. We find that B
is invertible and that its inverse is A. Then A is invertible, and its inverse is B. d

We come now to the main theorem about square systems of linear equations:

Theorem 1.2.21 Square Systems. The following conditions on a square matrix A are
equivalent:

(a) Aisinvertible.

(b) The system of equations AX = B has a unique solution for every column vector B.

(¢) The system of homogeneous equations AX = 0 has only the trivial solution X = 0.

Proof. Given the system AX = B, we reduce the augmented matrix [A|B] to row echelon
form [A’|B’]. The system A’X = B’ has the same solutions. If A is invertible, then A’ is the
identity matrix, so the unique solution is X = B’. This shows that (a) = (b).

If an n X n matrix A is not invertible, then A" has a row of zeros. One of the equations
making up the system A’X = 0 is the trivial equation. So there are fewer than n pivots.
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The homogeneous system A’X = 0 has a nontrivial solution (1.2.13), and so does AX = 0
(1.2.14). This shows that if (a) fails, then (c) also fails, hence that (¢) = (a).
Finally, it is obvious that (b) = (¢). O

We want to take particular note of the implication (¢) = (b) of the theorem:

If the homogeneous equation AX = 0 has only the trivial solution,
then the general equation AX = B has a unique solution for every column vector B.

This can be useful because the homogeneous system may be easier to handle than the general
system.

Example 1.2.22 There exists a polynomial p(z) of degree n that takes prescribed values, say
p(a;) = b;, at n + 1 distinct points ¢ = ay, .. ., a, on the real line. To find this polynomial,
one must solve a system of linear equations in the undetermined coefficients of p(#). In
order not to overload the notation, we’ll do the case n = 2, so that

p(t) = xo + x11 + x28%.

Letay, ay, az and by, by, by be given. The equations to be solved are obtained by substituting
a; for t. Moving the coefficients x; to the right, they are

X0+ a;jx1 + a%xz = b;

for i = 0,1,2. This is a system AX = B of three linear equations in the three unknowns
X0, X1, X2, with

1 ap a%
1 a a%
1 a a%

The homogeneous equation, in which B = 0, asks for a polynomial with 3 roots ag, a;, az. A
nonzero polynomial of degree 2 can have at most two roots, so the homogeneous equation
has only the trivial solution. Therefore there is a unique solution for every set of prescribed
values b(), bl, bg.

By the way, there is a formula, the Lagrange Interpolation Formula, that exhibits the
polynomial p(z) explicitly. ' a

1.3 THE MATRIX TRANSPOSE

In the discussion of the previous section, we chose to work with rows in order to apply the
results to systems of linear equations. One may also perform column operations to simplify
a matrix, and it is evident that similar results will be obtained.

ZElements of a set are said to be distinct if no two of them are equal.
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Rows and columns are interchanged by the transpose operation on matrices. The
transpose of an m Xn matrix A is the n Xm matrix A' obtained by reﬂectmg about the
diagonal: A' = (b; j), where b; j = aj;. For instance,

t 1
[; ﬂ:[; 3] and [1 2 3]'=]2

Here are the rules for computing with the transpose:
(1.3.1) (AB)'=B'A", (A+B)'=A4"+B', (cA)=cA', Y =A.

Using the first of these formulas, we can deduce facts about right multiplication from the
corresponding facts about left multiplication. The elementary matrices (1.2.4) act by right
multiplication AE as the following elementary column operations

(132) “with a in the i, j position, add a-(column i) to (column j)”’;
“interchange (column i) and (column j)”’;
“multiply (column i) by a nonzero scalar c¢.”

Note that in the first of these operations, the indices i, j are the reverse of those in (1.2.5a).

1.4 DETERMINANTS

Every square matrix A has a number associated to it called its determinant, and denoted by
det A. We define the determinant and derive some of its properties here.
The determinant of a 1 X1 matrix is equal to its single entry

(1.4.1) det [a] = a,

and the determinant of a 2 X2 matrix is given by the formula
a b

(14.2) det [c d] =ad - bc.

The determinant of a 2 X2 matrix A has a geometric interpretation. Left multiplication
by A maps the space R? of real two-dimensional column vectors to itself, and the area of
the parallelogram that forms the image of the unit square via this map is the absolute value
of the determinant of A. The determinant is positive or negative, according to whether the
orientation of the square is preserved or reversed by the operation. Moreover, det A = 0 if
and only if the parallelogram degenerates to a line segment or a point, which happens when
the columns of the matrix are proportional.

A picture of this operation, in which the matrix is [';’ i}, is shown on the following

page. The shaded region is the image of the unit square under the map. Its area is 10.

This geometric interpretation extends to higher dimensions. Left multiplication by a
3% 3 real matrix A maps the space R? of three-dimensional column vectors to itself, and the
absolute value of its determinant is the volume of the image of the unit cube.
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(1.4.3) . ez)ﬁ

The set of all real nXn matrices forms a space of dimension n? that we denote by:
R"*" We regard the determinant of n Xn matrices as a function from this space to the real
numbers:

det :R"*" — R.
The determinant of an n X n matrix is a function of its n2 entries. There is one such function
for each positive integer n. Unfortunately, there are many formulas for these determinants,
and all of them are complicated when 7 is large. Not only are the formulas complicated, but
it may not be easy to show directly that two of them define the same function.

We use the following strategy: We choose one of the formulas, and take it as our
definition of the determinant. In that way we are talking about a particular function: We
shew that our chosen function is the only one having certain special properties. Then, to
show that another formula defines the same determinant function, one needs only to check:
these properties for the other:.function. This is often not too difficult.

We use a formula that computes the determinant of an » X7 matrix in terms of certain
(n —1) X (n — 1) determinants by a process called expansion by minors. The determinants of
submatrices of a matrix are called minors. Expansion by minors allows us to give a recursive
definition of the determinant.

The word recursive means that the definition of the determinant for n Xn matrices
makes use of the determinant for (n — 1) X (n — 1) matrices. Since we have defined the
determinant for 1X1 matrices, we will be able to use our recursive definition :to compute
2 X2 determinants, then knowing this, to compute 3 X3 determinants, and so on.

Let A be an nXn matrix and let A;; denote the (n — 1) X(n — 1) submatrix obtained
by.crossing out the ith row-and the jth-column of A:

J

(4

(1.44) /////\\\////

SIS
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For example, if

A=

(=T S

0
1
5

- N W

, then A21=[(5) :15]

» Expansion by minors on the first column is the formula
(1.4.5) det A = ajjdet Ay — aydet Ay; + apdet Ay — -+ 2 aydet 4,

The signs alternate, beginning with +.

It is useful to write this expansion in summation notation:

(1.4.6) : detA =) tay,detA,.
v

The alternating sign can be written as (-1)V+1. It will appear again. We take this formula,
together with (1.4.1), as a recursive definition of the determinant.

For 1X1 and 2 X2 matrices, this formula agrees with (1.4.1) and (1.4.2). The determinant
of the 3 X3 matrix A shown above is

1 2] . 0 3 0 3
QetA_l-det[S 1]—2-det[5 1]+0-det[1 2]_1.(-9)—2-(-15)..21.

Expansions by minors on other columns and on rows, which we define in Section 1.6, are
among the other formulas for the determinant.

It is important to know the many special properties satisfied by determinants. We
present some of these properties here, deferring proofs to the end of the section. Because
we want to apply the discussion to other formulas, the properties will be stated for an
unspecified function 4.

Theorem 1.4.7 Uniqueness of the Determinant. There is a unique function 8 on the space of
n Xn matrices with the properties below, namely the determinant (1.4.5).

(i) With I denoting the identity matrix, §(I) = 1.

(ii) & is linear in the rows of the matrix A.
(iii) If two adjacent rows of a matrix A4 are equal, then §(A) = 0.

The statement that § is linear in the rows of a matrix means this: Let A; denote the ith row
of a matrix A. Let A, B, D be three matrices, all of whose entries are equal, except for those
in the rows indexed by k. Suppose furthermore that Dy = cAy + ¢’ By for some scalars ¢ and
c’. Then 8(D) = c8(A) + '8(B):

(1.4.8) 8| cAj+cB; |=c8| —A,— |+ 8| —B;—
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This allows us to operate on one row at a time, the other rows being left fixed. For example,

since[0 2 3]=2[0 1 O0]+3[0 0 1],

1 1 1
8 2 3|=28 1 +36 1[=2-1+3-0=2.
1 1 1

Perhaps the most important property of the determinant is its compatibility with matrix
multiplication.

Theorem 1.4.9 Multiplicative Property of the Determinant. For any n X n matrices A and B,
det (AB) = (det A)(det B).

The next theorem gives additional properties that are implied by those listed in (1.4.7).

Theorem 1.4.10 Let § be a function on n X n matrices that has the properties (1.4.7) (i,ii,jii).

Then

(a) If A’ is obtained from A by adding a multiple of (row j) of A to (row i) and i # j, then
8(A") = 8(A).

(b) If A’is obtained by interchanging (row i) and (row j) of A and i # j, then
8(A") = -8(A).

(c) If A’ is obtained from A by multiplying (row i) by a scalar ¢, then §(4") = c5(A).
If a row of a matrix A is equal to zero, then §(A) = 0.

(d) If (row i) of A is equal to a multiple of (row j) and i # j, then §(4) = 0.

We now proceed to prove the three theorems stated above, in reverse order. The fact
that there are quite a few points to be examined makes the proofs lengthy. This can’t be
helped.

Proof of Theorem 1.4.10. The first assertion of (c) is a part of linearity in rows (1.4.7)(ii).
The second assertion of (c) follows, because a row that is zero can be multiplied by 0 without
changing the matrix, and it multiplies §(A) by 0.

Next, we verify properties (a),(b),(d) when i and j are adjacent indices, say j = i+1. To
simplify our display, we represent the matrices schematically, denoting the rows in question

by R = (row i) and S = (row j), and suppressing notation for the other rows. So [?]

denotes our given matrix A. Then by linearity in the ith row,

(L4.11) 5[R§cs]=a[§] + ca[g].

The first term on the right side is §(A4), and the second is zero (1.4.7). This proves (a) for
adjacent indices. To verify (b) for adjacent indices, we use (a) repeatedly. Denoting the rows
by R and S as before:
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(14.12) 5 [5] B [R;S] , [S+R(1;ES)] L, [R; ] =5 [",i] =0 [15]

Finally, (d) for adjacent indices follows from (c) and (1.4.7)(ii).

To complete the proof, we verify (a),(b),(d) for an arbitrary pair of distinct indices.
Suppose that (row i) is a multiple of (row j). We switch adjacent rows a few times to obtain
a matrix A’ in which the two rows in question are adjacent. Then (d) for adjacent rows tells
us that §(A’) = 0, and (b) for adjacent rows tells us that §(A") = £ 8(A). So §(A) =0, and
this proves (d). At this point, the proofs of that we have given for (a) and (b) in the case of
adjacent indices carry over to an arbitrary pair of indices. O

The rules (1.4.10)(a),(b),(¢) show how multiplication by an elerﬁentary matrix affects
8, and they lead to the next corollary.

Corollary 1.4.13 Let § be a function on n Xn matrices with the properties (1.4.7), and let E
be an elementary matrix. For any matrix A, 8(EA) = 8(E)8(A). Moreover,

(i) If E is of the first kind (add a multiple of one row to another), then §(E) = 1.
(ii) If E is of the second kind (row interchange), then 8(E) =-1.
(iii) If E is of the third kind (multiply a row by c), then 3(E) = c.

Proof. The rules (1.4.10)(a),(b),(c) describe the effect of an elementary row operation on
8(A), so they tell us how to compute §(EA) from §(A). They tell us that §(EA) = € §(A),
where € = 1, -1, or ¢ according to the type of elementary matrix. By setting A = I, we find
that §(E) = 8(EI) = €8(]) = €. O

Proof of the multiplicative property, Theorem 1.4.9. We imagine the first step of a row re-
duction of A, say FA = A’. Suppose we have shown that §(A’B) = 5(A")6(B). We apply
Corollary 1.4.13: 8(F)8(A) = §(A’). Since A'B = E(AB) the corollary also tells us that
8(A’B) = 8(E)S(AB). Thus

8(E)S(AB) = 8(A'B) = 8(A")8(B) = 8(E)8(A)S(B).

Canceling 5(E), we see that the multiplicative property is true for A and B as well. This being
s0, induction shows that it suffices to prove the multiplicative property after row-reducing
A. So we may suppose that A is row reduced. Then A is either the identity, or else its bottom
row is zero. The property is obvious when A = [. If the bottom row of A is zero, so is the
bottom row of AB, and Theorem 1.4.10 shows that §(A) = §(AB) = 0. The property is true
in this case as well. a

Proof of uniqueness of the determinant, Theorem 1.4.7. There are two parts. To prove unique-
ness, we perform row reduction on a matrix A, say A" = Ey - -- E1A. Corollary 1.4.13 tells us
how to compute 8(A) from 8(A"). If A’ is the identity, then 8(A’) = 1. Otherwise the bottom
row of A’ is zero, and in that case Theorcm 1.4.10 shows that §(A’) = 0. This determines
8(A) in both cases.
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Note: It is a natural idea to try defining determinants using compatibility with multiplication
and Corollary 1.4.13. Since we can write an invertible matrix as a product of elementary
matrices, these properties determine the determinant of every invertible matrix. But there
are many ways to write a given matrix as such a product. Without going through some steps
as we have, it won’t be clear that two such products will give the same answer. It isn’t easy
to make this idea work.

To completc the proof of Theorem 1.4.7. we must show that the determinant function
(1.4.5) we have defined has the properties (1.4.7). This is done by induction on the size of the
matrices. We note that the properties (1.4.7) are true when n = 1, in which case det [a] = a.
So we assumc that they have been proved for determinants of (n — 1) X (n — 1) matrices.
Then all of the properties (1.4.7), (1.4.10), (1.4.13), and (1.4.9) are true for (n — 1) X(n — 1)
matrices. We proceed to verify (1.4.7) for the function § = det defined by (1.4.5), and for
n Xn matrices. For reference, they are:

(i) With I denoting the identity matrix, det (/) = 1.
(ii) det is linear in the rows of the matrix A.
(iii) If two adjacent rows of a matrix A are equal, then det (4) = 0.

(i) If A = I, then q;; = | and a,; = 0 when v > 1. The expansion (1.4.5) reduces
to det(A) = 1 det(Ay;). Moreover, A;; = [,,_{, so by induction, det(4;;) = 1 and
det (1,,) = 1.

(ii) To prove lincarity in the rows, we return to the notation introduced in (1.4.8). We show
linearity of each of the terms in the expansion (1.4.5), i.e., that

(1.4.14) d, det (D) =cay,det(A,) + c b, det (B,)

for every index v. Let k be asin (1.4.8).

Case 1: v = k. The row that we operate on has been deleted from the minors Agy, By, Dk SO
they are equal, and the values of det on them are equal too. On the other hand, axy, b1, dig
are the first entries of the rows Ay, By, Dy. respectively. So dy = cagy + ¢’ by, and (1.4.14)
follows.

Case 2: v#k. If we let A}, B, D) denote the vectors obtained from the rows Ay, By, Dy,
respectively, by dropping the first entry, then A} is a row of the minor A, etc. Here
D} = ¢ A} + ¢’ B}, and by induction on n, det (D)) = cdet(A};) + ¢’ det (B,;). On the
other hand, since v#k, the coefficients a,1, b,1, d,1 are equal. So (1.4.14) is true in this case
as well.

(iii) Suppose that rows k and k + 1 of a matrix A are equal. Unless v = k or k + 1, the minor
A, has two rows equal, and its determinant is zero by induction. Therefore, at most two
terms in (1.4.5) are different from zero. On the other hand, deleting either of the equal rows
gives us the same matrix. So ax; = axy11 and Agy = Agyq1- Then

det (A) = *ag det (Agy) Fagyr1det (Agyqr) =0.

This completes the proof of Theorem 1.4.7. a
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Corollary 1.4.15

(a) A square matrix A is invertible if and only if its determinant is different from zero. If A
is invertible, then det (A1) = (detA)™1.

(b) The determinant of a matrix A is equal to the determinant of its transpose A'.

(c) Properties (1.4.7) and (1.4.10) continue to hold if the word row is replaced by the word
column throughout.

Proof. (a) If A is invertible, then it is a product of elementary matrices, say A = E1 --- E,
(1.2.16). Then detA = (det E7) - - - (det E). The determinants of elementary matrices are
nonzero (1.4.13), so det A is nonzero too. If A is not invertible, there are elementary matrices
Ejq, ..., E,such that the bottomrowof A’ = E; - - - E,A iszero (1.2.15). Then det A’ = 0, and
det A = 0 as well. If A is invertible, then det(4™1)det A = det(A™!1A) = det I = 1, therefore
det (A1) = (detA)™ L.

(b) 1t is easy to check that det E = det £’ if E is an elementary matrix. If A is invertible,

we write A = Ej - - - Ey as before. Then A’ = E} - -- E{, and by the multiplicative property,
det A = det A’ If A is not invertible, neither is A’. Then both det A and det A’ are zero.

(¢) This follows from (b). O

1.5 PERMUTATIONS

A permutation of a set S is a bijective map p from a set S to itself:
1.5.1) p:S—S.

The table

i 2345

1
(152) pd | 35412

exhibits a permutation p of the set {1, 2, 3, 4, 5} of five indices: p(1) = 3, etc. It is bijective
because every index appears exactly once in the bottom row.

The set of all permutations of the indices {1, 2, ..., n}is called the symmetric group,
and is denoted by Sy. It will be discussed in Chapter 2.

The benefit of this definition of a permutation is that it permits composition of
permutations to be defined as composition of functions. If g is another permutation, then
doing first p then g means composing the functions: g o p. The composition is called the
product permutation, and will be denoted by gp.

Note: People sometimes like to think of a permutation of the indices 1, ..., n as a list of
the same indices in a different order, as in the bottom row of (1.5.2). This is not good for
us. In mathematics one wants to keep track of what happens when one performs two or
more permutations in succession. For instance, we may want to obtain a permutation by
repeatedly switching pairs of indices. Then unless things are written carefully, keeping track
of what has been done becomes a nightmare.

The tabular form shown above is cumbersome. It is more common to use cycle notation.
To write a cycle notation for the permutation p shown above, we begin with an arbitrary
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index, say 3, and follow it along: p(3) = 4, p(4) = 1, and p(1) = 3. The string of three
indices forms a cycle for the permutation, which is denoted by

(1.5.3) (341).

This notation is interpreted as follows: the index 3 is sent to 4, the index 4 is sent to 1, and
the parenthesis at the end indicates that the index 1 is sent back to 3 at the front by the
permutation:

s/

Because there are three indices, this is a 3-cycle.

Also, p(2) = Sand p(5) = 2, so with the analogous notation, the two indices 2, 5 form
a 2-cycle (25). 2-cycles are called transpositions.

The complete cycle notation for p is obtained by writing these cycles one after the
other:

(1.5.4) p =(341) (25).

The permutation can be read off easily from this notation.
One slight complication is that the cycle notation isn’t unique, for two reasons. First,
we might have started with an index different from 3. Thus

(341), (134) and (413)

are notations for the same 3-cycle. Second, the order in which the cycles are written doesn’t
matter. Cycles made up of disjoint sets of indices can be written in any order. We might just

as well write
p =(52)(1349).

The indices (which are 1, 2, 3, 4, 5§ here) may be grouped into cycles arbitrarily, and the
result will be a cycle notation for some permutation. For example, (34)(2)(15) represents
the permutation that switches two pairs of indices, while fixing 2. However, 1-cycles, the
indices that are left fixed, are often omitted from the cycle notation. We might write this
permutation as (34)(15). The 4-cycle

(1.5.5) g =(1452)

is interpreted as meaning that the missing index 3 is left fixed. Then in a cycle notation for a
permutation, every index appears at most once. (Of course this convention assumes that the
set of indices is known.) The one exception to this rule is for the identity permutation. We’d
rather not use the empty symbol to denote this permutation, so we denote it by 1.

To compute the product permutation g p, with p and g as above, we follow the indices
through the two permutations, but we must remember that g p means q o p, “first do p, then
q.” So since p sends 3 — 4 and g sends 4 — 5, gp sends 3 — 5. Unfortunately, we read
cycles from left to right, but we have to run through the permutations from right to left, in a
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zig-zag fashion. This takes some getting used to, but in the end it is not difficult. The result
in our case is a 3-cycle:

then this first do this
gp = [(1452)]-[(341)(25)] = (135),

the missing indices 2 and 4 being left fixed. On the other hand,

pq = (234).
Composition of permutations is not a commutative operation.

There is a permutation matrix P associated to any permutation p. Left multiplication
by this permutation matrix permutes the entries of a vector X using the permutation p.

For example, if there are three indices, the matrix P associated to the cyclic permutation
p = (123) and its operation on a column vector are as follows:

0 01 X1 X3
(1.5.6) PX={1 0 O xy | =1 x1
010 X3 X3

Multiplication by P shifts the first entry of the vector X to the second position and so on.

It is essential to write the matrix of an arbitrary permutation down carefully, and to
check that the matrix associated to a product pg of permutations is the product matrix PQ.
The matrix associated to a transposition (25) is an elementary matrix of the second type,
the one that interchanges the two corresponding rows. This is easy to see. But for a general
permutation, determining the matrix can be confusing.

o To write a permutation matrix explicitly, it is best to use the nXn matrix units e; , the
matrices with a single 1 in the i, j position that were defined before (1.1.21). The matrix
associated to a permutation p of Sy, is

(1.5.7) . P= Z epii.
i

(In order to make the subscript as compact as possible, we have written pi for p(i).)

This matrix acts on the vector X = Y e;x; as follows:

(1.5.8) PX = (Z ep,;i) (Z ejxj) = Zepi,ierj = Zepi.ieixi = Zepixi-
i j ij i i

This computation is made using formula (1.1.25). The terms e; ;e; in the double sum are
zero when i # j.

To express the right side of (1.5.8) as a column vector, we have to reindex so that the
standard basis vectors on the right are in the correct order, e1, ..., e, rather than in the
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permuted order ey, . .., €pn. We set pi = kand i = p~1k. Then
(1.5.9) Zep,'x,' = Zekxp—xk.
i k

This is a confusing point: Permuting the entries x; of a vector by p permutes the
indices by p~1.
For example, the 3 X3 matrix P of (1.5.6) is €31 + e3; + €13, and

PX = (ep1 +epn + e3)(e1x1 + e3xy + e3x3) = e1x3 + exxy + e3xy.

Proposition 1.5.10

(a) A permutation matrix P always has a single 1 in each row and in each column, the rest
of its entries being 0. Conversely, any such matrix is a permutation matrix.

(b) The determinant of a permutation matrix is + 1.

(¢) Let p and g be two permutations, with associated permutation matrices P and Q. The
matrix associated to the permutation pq is the product PQ.

Proof. We omit the verification of (a) and (b). The computation below proves (c):
PQ = (Z ep,-‘,') (Z eqj,j) = Z €pii€qj,j= Z €pqj.qj€qj.j = Z €pqj.j-
i J ij J J

This computation is made using formula (1.1.23). The terms e; jeq;, ; in the double sum are
zero unless i = g j. So PQ is the permutation matrix associated to the product permutation
pq, as claimed. 0O

o The determinant of the permutation matrix associated to a permutation p is called the
sign of the permutation :

(1.5.11) signp =detP = +1.

A permutation p is even if its sign is +1, and odd if its sign is -1. The permutation (12 3) has
sign +1. It is even, while any transposition, such as (12), has sign -1 and is odd.

Every permutation can be written as a product of transpositions in many ways. If a
permutation p is equal to the product 17 - - - T, Where 7; are transpositions, the number k
will always be even if p is an even permutation and it will always be odd if p is an odd
permutation.

This completes our discussion of permutations and permutation matrices. We will come
back to them in Chapters 7 and 10.

1.6 OTHER FORMULAS FOR THE DETERMINANT

There are formulas analogous to our definition (1.4.5) of the determinant that use expansions
by minors on other columns of a matrix, and also ones that use expansions on rows.
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Again, the notation A; j stands for the matrix obtained by deleting the ith row and the
Jjth column of a matrix A.

Expansion by niinors on the jth column:
detA = (-1)!*ajjdetAyj + (-1)?Tayjdet Ay + - - + (-1)"ay, et Ay,
or in summation notation,
n .
(1.6.1) detA =) (-1)"a,;detA,;.
v=1

Expansion by minors on the ith row:

detA = (—1)i+1a,-1detAi1 + (~1)i+2ai2detAi2 + -4 (—1)i+"a,~,1detAi,,,

n
(1.6.2) detd =) (-1)*a;,det Ajy.

v=1

For example, expansion on the second row gives

11 2
det |0 2 1| =-0det|} 2|+2det |} 2|-t1det|} }|=1.
0 0 2 1 2 10

To verify that these formulas yield the determinant, one can check the properties (1.4.7).
The alternating signs that appear in the formulas can be read off of this figure:

+ +

o+

(1.6.3) -4

The notation (-1)'*+/ for the alternating sign may seem pedantic, and harder to remember
than the figure. However, it is useful because it can be manipulated by the rules of algebra.

We describe one more expression for the determinant, the complete expansion. The
complete expansion is obtained by using linearity to expand on all the rows, first on (row 1),
then on (row 2), and so on. For a 2 X2 matrix, this expansion is made as follows:

a b 10 0 1
det[c d] =adet[c d]-i—bdet[c d]

1 0 10 0 1 0 1
=acdet[1 O]—}—addet[o 1:|~%-l)c'd(=,tl:1 0}+bddet[0 1].
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The first and fourth terms in the final expansion are zero, and

det [z Z]=addet[(l) ?]-}—bcdet [(1) é]:ad—bc.

Carrying this out for n X n matrices leads to the complete expansion of the determinant,
the formula

(1.6.4) detA = Z (sign p) ay, p1 - - - an, pn,
permp

in which the sum is over all permutations of the n indices, and (sign p) is the sign of the
permutation.

For a 2X2 matrix, the complete expansion gives us back Formula (1.4.2). For a 3X3
matrix, the complete expansion has six terms, because there are six permutations of three
indices:

(1.6.5) detA =
ayjazazz + appazasy + a;3aaz — agaas — a;pdasz — di3zadsi.

As an aid for remembering this expansion, one can display the block matrix [A|A]:

ail 4ajpp a1z d4dil 4p ap
AN AN x Ve 7
(1.6.6) a1 ax a3 az ax a3
x x x
as] ajz dasz asy asy ass

The three terms with positive signs are the products of the terms along the three diagonals
that go downward from left to right, and the three terms with negative signs are the products
of terms on the diagonals that go downward from right to left.

Warning: The analogous method will not work with 4 X4 determinants.

The complete expansion is more of theoretical than of practical importance. Unless
n is small or the matrix is very special, it has too many terms to be useful for com-
putation. Its theoretical importance comes from the fact that determinants are exhibited
as polynomials in the n? variable matrix entries a;j, with coefficients + 1. For example,
if each matrix entry a;; is a differentiable function of a variable #, then because sums
and products of differentiable functions are differentiable, det A is also a differentiable
function of ¢.

The Cofactor Matrix

The cofactor matrix of an n Xn matrix A is the n Xn matrix cof(4) whose i, j entry is

(1.6.7) cof(A);; = (-1)"*/det 4y,
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where, as before, Aj; is the matrix obtained by crossing out the jth row and the ith column.
So the cofactor matrix is the transpose of the matrix made up of the (n — 1) X (n — 1) minors
of A, with signs as in (1.6.3). This matrix is used to provide a formula for the inverse matrix.

If you need to compute a cofactor matrix, it is safest to make the computation in three
steps: First compute the matrix whose i, j entry is the minor det A;;, then adjust signs, and
finally transpose. Here is the computation for a particular 3 X3 matrix:

(1.6.8)
112 4 -1 -2 4 1 -2 4 -2 -3
A=l0 2 1]:] 2 o0 -1|.|-2 0o 1|,] 1 0 -1]|=cof(A).
102 301 2 3 -1 2 2 1 2

Theorem 1.6.9 Let A be an nXn matrix, let C = cof(A) be its cofactor matrix, and let
a = det A. If @ #0, then A is invertible, and A~} = o 'C. In any case, CA = AC = «al.

Here «l is the diagonal matrix with diagonal entries equal to «. For the inverse of a 2X2
matrix, the theorem gives us back Formula 1.1.17. The determinant of the 3X3 matrix A
whose cofactor matrix is computed in (1.6.8) above happens to be 1, so for that matrix,
A7l = cof(A).

Proof of Theorem 1.6.9. We show that the i, j entry of the product CA is equal to ¢ if i = j
and is zero otherwise. Let A; denote the ith column of A. Denoting the entries of C and A
by ¢;j and q; j, the i, j entry of the product CA is

(1.6.10) Y civayj =) (-1)"*detAya,;.
v v

When i = j, this is the formula (1.6.1) for the determinant by expansion by minors on
column j. So the diagonal entries of CA are equal to «, as claimed.

Suppose that i # j. We form a new matrix M in the following way: The entries of M are
equal to the entries of A, except for those in column i. The ith column M; of M is equal to
the jth column A; of A. Thus the ith and the jth columns of M are both equal to A;, and
detM =0.

Let D be the cofactor matrix of M, with entries d; j. The i, i entry of DM is

Y diymyi =Y (1)’ det Myim,;.
v v

This sum is equal to det M, which is zero.

On the other hand, since the ith column of M is crossed out when forming M,;, that
minor is equal to A,;. And since the ith column of M is equal to the jth column of A,
m,; = a,j. So the i, i entry of DM is also equal to

D_(D"detAyay;,
v
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which is the 7, j entry of CA that we want to determine. Therefore the i, j entry of CA is
zero, and CA = al, as claimed. It follows that A™! = o ! cof (A) if a5 0. The computation
of the product AC is done in a similar way, using expansion by minors on rows. a

A general algebraical determinant in its developed form

may be likened to a mixture of liquids seemingly homogeneous,

but which, being of differing boiling points, admit of being separated
by the process of fractional distillation.

—James Joseph Sylvester

EXERCISES
Section 1 The Basic Operations
125
1.1. What are the entries a1, and ap3 of the matrixA =12 7 8 |?
09 4

1.2. Determine the products AB and BA for the following values of A and B:

8 -4
12 3] ,_ 1 4] . [6 -4
A=[3 3 1]’3‘[_3 _gj] A‘[] 2]’3‘[3 2]'

by

1.3. Let A = [a; ---an] be arow vector,and let B = | ! | be a column vector. Compute
the products AB and BA. b,

011133

Note: This is a self-checking problem. It won’t come out unless you multiply correctly. If
you need to practice matrix multiplication, use this problem as a model.

1 270 1 27|}
1.4. Verify the associative law for the matrix product [ ] [ ] 4.

1.5. 3Let A, B, and C be matrices of sizes £ Xm, m Xn, and n X p. How many multiplications
are required to compute the product AB? In which order should the triple product ABC
be computed, so as to minimize the number of multiplications required?

n
1.6. Compute Lajfl b and 1 a .
1 1 1
11 1"
1.7. Find a formula for 1 1| ,and prove it by induction.
1

3Suggested by Gilbert Strang.
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1.8. Compute the following products by block multiplication:

1 1|1 5({]1 2|10
o 1 oa]lotlon] [loflz s
1 0[0 1{[{1 0 01’[3|01J[5l04J'
0 111 0]J10 1|1 3
1.9. Let A, B be square matrices.
(a) Whenis (A 4+ B)(A — B) = A?> — B?? (b) Expand (A + B)3.
1.10. Let D be the diagonal matrix with diagonal entries d, ..., dn, and let A = (a;;) be an

arbitrary n X n matrix. Compute the products DA and AD.
1.11. Prove that the product of upper triangular matrices is upper triangular.
1.12. In each case, find all 2 X2 matrices that commute with the given matrix.

10 01 2 0 13 2 3
@ [0 0], () [O 0], © [0 6], @ [0 1], © [0 6].
1.13. A square matrix A is nilpotent if AK = 0 for some k > 0. Prove that if A is nilpotent, then

I + A is invertible. Do this by finding the inverse.
1.14. Find infinitely many matrices B such that BA = [, when

2 3
A=|1 24,
11

and prove that there is no matrix C such that AC = I.
1.15. With A arbitrary, determine the products e; jA, Ae;;, ejAey, e;iAejj, and e;jAeyy.

Section2 Row Reduction

-2.1. For the reduction of the matrix M (1.2.8) given in the text, determine the elementary
matrices corresponding to each operation. Compute the product P of these elementary
matrices and verify that PM is indeed the end result.

2.2. Find all solutions of the system of eqdations AX = B when

1 2 11 0 1 0
A=13 0 0 4 and B=@|0|, M1, @]2]{.
1 -4 -2 2 0 0 2

2.3. Find all solutions of the equation x; + x, + 2x3 — x4 = 3.

2.4. Determine the elementary matrices used in the row reduction in Example (1.2.18), and
verify that their product is A™1.
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2.5. Find inverses of the following matrices:

RO e G [ |

2.6. The matrix below is based on the Pascal triangle. Find its inverse.

b et ke
EESNUSI ST
N W
NG

[

2.7. Make a sketch showing the effect of multiplication by the matrix A = [2 -1] on
the plane R?. 2 3
2.8. Prove that if a product AB of n X n matrices is invertible, so are the factors A and B.
2.9. Consider an arbitrary system of linear equations AX = B, where A and B are real
matrices.
(a) Prove that if the system of equations AX = B has more than one solution then it has
infinitely many.
(b) Prove that if there is a solution in the complex numbers then there is also a real
solution.

2.10. Let A be a square matrix. Show that if the system AX = B has a unique solution for some
particular column vector B, then it has a unique solution for all B.

Section 3 The Matrix Transpose

3.1. A matrix B is symmetric if B = B'. Prove that for any square matrices B, BB' and B + B
are symmetric, and that if A is invertible, then (A™1)! = (A1) ~L.

3.2. Let A and B be symmetric n X n matrices. Prove that the product AB is symmetric if and
onlyif AB = BA.

3.3. Suppose we make first a row operation, and then a column operation, on a matrix A.
Explain what happens if we switch the order of these operations, making the column
operation first, followed by the row operation.

3.4. How much can a matrix be simplified if both row and column operations are allowed?

Section 4 Determinants

4.1. Evaluate the following determinants:

1 i 1 1 201
(a)[Z—i 3] (lb)[1 _1], ©[0 101 @

O 00 h =
O AN O
~NWwW oo
O OO
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4.2. (self-checking) Verify the rule det AB = (det A) (det B) for the matrices

23 1 1
A-[l 4], and B_[S _2].
4.3. Compute the determinant of the following n X n matrix using induction on #:

— -

2 -1
-1 2 -1
-1 2 -1
-1 -
2 -1
-1 2

L. =

4.4. Let A be an n Xn matrix. Determine det (-A) in terms of det A.
4.5. Use row reduction to prove that det A' = det A.

A B

4.6. Prove that det [0 D

] = (detA)(det D), if A and D are square blocks.

Section 5 Permutation Matrices
5.1. Write the following permutations as products of disjoint cycles:
12)13)(14)(15), (123)(234)(345), (1234)(2345), (12)(23)(34)(45)(51),
5.2. Let p be the permutation (1342) of four indices.
(a) Find the associated permutation matrix P.

(b) Write p as a product of transpositions and evaluate the corresponding matrix product.
(¢) Determine the sign of p.

5.3. Prove that the inverse of a permutation matrix P is its transpose.

5.4. What is the permutation matrix associated to the permutation of »n indices defined by
p(i) = n— i+ 1? What is the cycle decomposition of p? What is its sign?

5.5. In the text, the products gp and pg of the permutations (1.5.2) and (1.5.5) were seen to
be different. However, both products turned out to be 3-cycles. Is this an accident?

Section 6 Other Formulas for the Determinant

6.1. (a) Compute the determinants of the following matrices by expansion on the bottom

row:
1 2 11 2 4 -1 1 a b ¢
[3 4], 2 4 21, 1 1 =21, 1 0 1].
0 2 1 (1 -1 1 1 11

(b) Compute the determinants of these matrices using the complete expansion.
(¢) Compute the cofactor matrices of these matrices, and verify Theorem 1.6.9
for them.
6.2. Let A be an nXn matrix with integer entries a; ;. Prove that A is invertible, and that its
inverse A™! has integer entries, if and only if det 4 = +1.
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Miscellaneous Problems

*M.1.

M.2.

M.3.

Md4.

M.5.

M.6.

M.7.

*M.8,.

M.9.

A B

C DY
matrix. Suppose that A is invertible and that AC = CA. Use block multiplication to prove
that det M = det (AD — CB). Give an example to show that this formula need not hold if
AC#CA.

Let A be an m X n matrix with m < n. Prove that A has no left inverse by comparing A
to the square n X n matrix obtained by adding (n — m) rows of zeros at the bottom.

Let a 2n X2n matrix be given in the form M = where each block is an nxXn

The trace of a square matrix is the sum of its diagonal entries:
trace A =ay  +ap+---+dpn,

Show that trace (A + B) = trace A + trace B, that trace AB = trace BA, and that if B is
invertible, then trace A = trace BAB™L.

Show that the equation AB — BA = I has no solution in real n Xn matrices A and B.

Write the matrix :13 i] as a product of clementary matrices, using as few as you can,

and prove that your expression is as short as possible.

Determine the smallest integer n such that every invertible 2X 2 matrix can be written as
a product of at most n elementary matrices.

(Vandermonde determinant)

1 1 1
(a) Provethatdet |a b ¢ |=(@-b)(b—-c)(c—a).
a b

(b) Prove an analogous formula for n X matrices, using appropriate row operations to
clear out the first column.

(c) Use the Vandermonde determinant to prove that there is a unique polynomial p(z)
of degree n that takes arbitrary prescribed values at n + 1 points fy, . . ., #5.

(an exercise in logic) Consider a general system AX = B of m linear equations in n
unknowns, where m and n are not necessarily equal. The coefficient matrix A may have
a left inverse L, a matrix such that LA = I,. If so, we may try to solve the system as we
learn to do in school:
AX =B, LAX=LB, X =LB.

But when we try to check our work by running the solution backward, we run into trouble:
If X = LB, then AX = ALB. We seem to want L to be a right inverse, which isn’t what
was given.

(a) Work some examples to convince yourself that there is a problem here.
(b) Exactly what does the sequence of steps made above show? What would the existence
of a right inverse show? Explain clearly.

Let A be areal 2 X2 matrix, and let A1, A, be the columns of A. Let P be the parallelogram
whose vertices are 0, Ay, Az, A1 + A;. Determine the effect of elementary row operations
on the area of P, and use this to prove that the absolute value |det A| of the determinant
of A is equal to the area of P.
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*M.10.

M.11.

Let A, B be mXn and nXm matrices. Prove that I,, — AB is invertible if and only if
I, — BA is invertible.

Hint: Perhaps the only approach available to you at this time is to find an explicit
expression for one inverse in terms of the other. As a heuristic tool, you could try
substituting into the power series expansion for (1 — x)~1. The substitution will make no
sense unless some series converge. and this needn’t be the case. But any way to guess a
formula is permissible, provided that you check your guess afterward.

4(discrete Dirichlet problem) A function f(u,v) is harmonic if it satisfies the Laplace

2 2 . .. . .
equation ‘;—ué + ‘;—{ = 0. The Dirichlet problem asks for a harmonic function on a plane
region R with prescribed values on the boundary. This exercise solves the discrete version
of the Dirichlet problem.

Let f be a real valued function whose domain of definition is the set of integers Z. To

avoid asymmetry, the discrete derivative is defined on the shifted integers Z + %, as the
first difference f'(n + %) = f(n + 1) — f(n). The discrete second derivative is back on
the integers: f(n) = f'(n+ 1) — f/(n—1) = filn+1) =2 f(n) + f(n - 1).

Let f(u, v) be a function whose domain is the lattice of points in the plane with integer

coordinates. The formula for the discrete second derivative shows that the discrete version
of the Laplace equation for f is

Su+1Lv)+ flu—-1,v)+ flu, v+ + fu.v—1) =4 f(u,v) =0.

So f is harmonic if its value at a point (u, v) is the average of the values at its four
neighbors.

A discrete region R in the plane is a finite set of integer lattice points. Its boundary
dR is the set of lattice points that are not in R, but which are at a distance 1 from some
point of R. We’ll call R the interior of the region R = R U dR. Suppose that a function
B is given on the boundary dR. The discrete Dirichlet problem asks for a function f
defined on R, that is equal to B on the boundary, and that satisfies the discrete Laplace
equation at all points in the interior. This problem leads to a system of linear equations
that we abbreviate as LX = B. To set the system up, we write B, for the given value
of the function B at a boundary point. So f(u, v) = B,, at a boundary point (i, v). Let
X,y denote the unknown value of the function f(u, v) at a point («, v) of R. We order
the points of R arbitrarily and assemble the unknowns x,,,, into a column vector X. The
coefficient matrix L expresses the discrete Laplace equation, except that when a point
of R has some neighbors on the boundary, the corresponding terms will be the given
boundary values. These terms are moved to the other side of the equation to form the
vector B.

(a) When R is the set of five points (0, 0), (0, +1), (£1, 0), there are eight boundary
points. Write down the system of linear equations in this case, and solve the Dirichlet
problem when B is the function on dR defined by B,, = 0if v < 0 and By, = 1 if
v>0.

(b) The maximum principle states that a harmonic function takes on its maximal value
on the boundary. Prove the maximum principle for discrete harmonic functions.

(¢) Prove that the discrete Dirichlet problem has a unique solution for every region R
and every boundary function B.

41 learned this problem from Peter Lax, who told me that he had learned it from my father, Emil Artin.



CHAPTER 2

Groups

Il est peu de notions en mathématiques qui soient plus primitives
que celle de loi de composition.

—Nicolas Bourbaki

2.1 LAWS OF COMPOSITION

A law of composition on a set S is any rule for combining pairs a, b of elements of S to get

another element, say p, of S. Some models for this concept are addition and multiplication

of real numbers. Matrix multiplication on the set of # X n matrices is another example.
Formally, a law of composition is a function of two variables, or a map

SXS— S.

Here S X S denotes, as always, the product set, whose elements are pairs a, b of elements
of S.

The element obtained by applying the law to a pair a, b is usually written using a
notation resembling one used for multiplication or addition:

p=ab, aXb, asb, a+b,

or whatever, a choice being made for the particular law in question. The element p may be
called the product or the sum of a and b, depending on the notation chosen.

We will use the product notation ab most of the time. Anything done with product
notation can be rewritten using another notation such as addition, and it will continue to be
valid. The rewriting is just a change of notation.

It is important to note right away that ab stands for a certain element of S, namely for
the element obtained by applying the given law to the elements denoted by a and b. Thus

2 21

if the law is matrix multiplication and if a = [(1) 3] and b = [1 O] , then ab denotes
the matrix [Z ;] Once the product ab has been evaluated, the elements a and b cannot

be recovered from it.
With multiplicative notation, a law of composition is associative if the rule

(2.1.1) (ab)c = a(bc) (associative law)

37
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holds for all a, b, ¢ in S, where (ab)c means first multiply (apply the law to) a and b, then
multiply the result ab by c. A law of composition is commutative if

(2.1.2) ab = ba (commutative law)

holds for all @ and b in S. Matrix multiplication is associative, but not commutative.

It is customary to reserve additive notation a + b for commutative laws — laws such
that a + b = b + a for all a and b. Multiplicative notation carries no implication either way
concerning commutativity.

The associative law is more fundamental than the commutative law, and one reason for
this is that composition of functions is associative. Let 7" be a set, and let g and f be maps
(or functions) from T to T. Let g o f denote the composed map ¢~ g( f(#)): first apply f,
then g. The rule

& f~8of

is a law of composition on the set of maps 7" — 7. This law is associative. If f, g, and & are
three maps from T to T, then (ho g)o f =ho(go f):

hog
R T
T T T T
\_/'

gof

Both of the composed maps send an element 7 to h(g( f(1))).
When T contains two elements, say T = {a, b}, there are four maps T — T

i: the identity map, defined by i(a) = a, i(b) = b;
: the transposition, defined by t(a) = b, t(b) = a;
«: the constant function a(a) = a(b) = a;

B: the constant function B(a) = B(b) = b.

The law of composition on the set {i, 7,«, B} of maps T — T can be exhibited in a
multiplication table:

i T a B

i i T a B
(2.1.3) T T i B a.,

o 0 o0 o o

B | BB BB
which is to be read in this way:

f
g .. 8of

Thus T o a = B, while @ o T = «. Composition of functions is not a commutative law.
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Going back to a general law of composition, suppose we want to define the product of
a string of n elements of a set: ajay ---a, = ? There are various ways to do this using the
given law, which tells us how to multiply two elements. For instance, we could first use the
law to find the product a;a,, then multiply this element by a3, and so on:

((amay)az)as--- .

There are several other ways to form a product with the elements in the given order, but if
the law is associative, then all of them yield the same element of S. This allows us to speak
of the product of an arbitrary string of elements.

Proposition 2.1.4 Let an associative law of composition be given on a set S. There is a
unique way to define, for every integer n, a product of n elements ay, ..., a, of S, denoted
temporarily by [a; - - - a,,], with the following properties:

(i) The product [a;] of one element is the element itself.
(ii) The product [aja;] of two elements is given by the law of composition.
(ili) For any integer i intherangel <i <n, [a1---an]=[a;---aillaii1..-an]

The right side of equation (iii) means that the two products [a; ...a;] and [a;1; . .. a,] are
formed first, and the results are then multiplied using the law of composition.

Proof. We use induction on n. The product is defined by (i) and (ii) for n < 2, and it does
satisfy (iii) when n = 2. Suppose that we have defined the product of » elements when
¥ < n — 1, and that it is the unique product satisfying (iii). We then define the product of n
elements by the rule

[a1---an] = [a1- - an-1][an],

where the terms on the right side are those already defined. If a product satisfying (iii) exists,
then this formula gives the product because it is (iii) when i = n — 1. So if the product of n
elements exists, it is unique. We must now check (iii) fori <n — 1:

lay---an] = [a1 - an-1][an] (our definition)
= ([a1---aillais1 - --an—1])[an] (induction hypothesis)
= [a1---ai]([ait1- - an-1][an]) (associative law)
=[ay---ai]lai+1 - an] (induction hypothesis).

This completes the proof. We will drop the brackets from now on and denote the product by
aj---ap. O

An identity for a law of composition is an element e of S such that

(2.1.5) ea=a and ae =a, forallain S.

There can be at most one identity, for if e and e’ are two such elements, then since e is an
identity, e’ = €/, and since €’ is an identity, e = ee¢’. Thus e = ee’ = €'

Both matrix multiplication and composition of functions have an identity. For n Xn
matrices it is the identity matrix /, and for the set of maps T — T it is the identity map — the
map that carries each element of 7 to itself.
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e The identity element will often be denoted by 1 if the law of composition is written
multiplicatively, and by 0 if the law is written additively. These elements do not need to be
related to the numbers 1 and 0, but they share the property of being identity elements for
their laws of composition.

Suppose that a law of composition on a set S, written multiplicatively, is associative
and has an identity 1. An element a of S is invertible if there is another element b such that

ab=1 and ba =1,

and if so, then b is called the inverse of a. The inverse of an element is usually denoted by
a”!, or when additive notation is being used, by -a.

We list without proof some elementary properties of inverses. All but the last have
already been discussed for matrices. For an example that illustrates the last statement, see
Exercise 1.3.

» If an element a has both a left inverse £ and a right inverse r, i.e., if £a = 1 and
ar =1, then £ = r, a is invertible, r is its inverse.

« If a is invertible, its inverse is unique.

o Inverses multiply in the opposite order: If a and b are invertible, so is the product
ab,and (ab)~! = b la™l.

¢ An element @ may have a left inverse or a right inverse, though it is not invertible.

Power notation may be used for an associative law: Withn > 0,a” = a - - - a (n factors),
a”=a'...a”, and @ = 1. The usual rules for manipulation of powers hold: a"a® = a’*+*
and (a”)* = a”. When additive notation is used for the law of composition, the power
notation a” is replaced bZ the notationna =a+--- +a.

Fraction notation 7 is not advisable unless the law of composition is commutative,
because it isn’t clear from the notation whether the fraction stands for ba™! or for a™'b, and

these two elements may be different.

2.2 GROUPS AND SUBGROUPS
A group is a set G together with a law of composition that has the following properties:

e The law of composition is associative: (ab)c = a(bc) foralla, b, cin G.
« G contains an identity element 1, such that la =a andal =aforallain G.
o Every element a of G has an inverse, an element b such that ab = 1 and ba = 1.

An abelian group is a group whose law of composition is commutative.

For example, the set of nonzero real numbers forms an abelian group under multipli-
cation, and the set of alt real numbers forms an abelian group under addition. The set of
invertible n X n matrices, the general linear group, is a very important group in which the
law of composition is matrix multiplication. It is not abelian unless n = 1.

When the law of composition is evident, it is customary to denote a group and the set
of its elements by the same symbol.

The order of a group G is the number of elements that it contains. We will often denote

the order by |G|:
(2.2.1) |G| = number of elements, the order, of G.
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If the order is finite, G is said to be a finite group. If not, G is an infinite group. The same
terminology is used for any set. The order |S] of a set § is the number of its elements.
Here is our notation for some familiar infinite abelian groups:

the set of integers, with addition as its law of composition

222) Z*: — the additive group of integers,
R+ the set of real numbers, with addition as its law of
’ composition — the additive group of real numbers;
R%: Fhe set of nonzero .real numbers,‘ with multiplication as
’ its law of composition — the multiplicative group,
c+, o5 the analogous groups, where the set C of complex num-

bers replaces the set R of real numbers.

Warning: Others might use the symbol R* to denote the set of positive real numbers. To
be unambiguous, it might be better to denote the additive group of reals by (R, +), thus
displaying its law of composition explicitly. However, our notation is more compact. Also,
the symbol R* denotes the multiplicative group of nonzero real numbers. The set of all real
numbers is not a group under multiplication because 0 isn’t invertible. a

Proposition 2.2.3 Cancellation Law. Let a, b, ¢ be elements of a group G whose law of
composition is written multiplicatively. If ab = ac or if ba = ca, then b = c. If ab = a or if
ba =a,thenb = 1.

Proof. Multiply both sides of ab = ac on the left by a”! to obtain b = c. The other proofs
are analogous. O

Multiplication by a! is essential for this proof. The Cancellation Law needn’t hold when

the element a is not invertible. For instance,

|3 o B R

Two basic examples of groups are obtained from laws of composition that we have
considered - multiplication of matrices and composition of functions — by leaving out the
elements that are not invertible.

o The n Xn general linear group is the group of all invertible n Xn matrices. It is denoted by
(2.2.4) GL, = {n Xn invertible matrices A}.

If we want to indicate that we are working with real or with complex matrices, we write
GL,(R) or GL,(C), according to the case.

Let M be the set of maps from a set T to itself. A map f:7 — T has an inverse
function if and only if it is bijective, in which case we say f is a permutation of T. The
permutations of 7 form a group, the law being composition of maps. As in section 1.5, we
use multiplicative notation for the composition of permutations, writing g p for g o p.

» The group of permutations of the set of indices {1, 2, . . ., n} is called the symmetric group,
and is denoted by Spu:

(2.2.5) S, is the group of permutations of the indices 1, 2, ..., n.
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There are n! (‘n factorial’ = 1-2-3-..-n) permutations of a set of n elements. so the
symmetric group S, is a finite group of order n!.

The permutations of a set {a, b} of two elements are the identity i and the transposition
7T (see 2.1.3). They form a group of order two. If we replace a by 1 and b by 2, we see that
this is the same group as the symmetric group S,. There is essentially only one group G of
order two. To see this, we note that one of its elements must be the identity 1; let the other
element be g. The multiplication table for the group contains the four products 11, 1g, g1,
and gg. All except gg are determined by the fact that 1 is the identity element. Moreover,
the Cancellation Law shows that gg s g. The only possibility is gg = 1. So the multiplication
table is completely determined. There is just one group law.

We describe the symmetric group S3 next. This group, which has order six, serves
as a convenient example because it is the smallest group whose law of composition isn’t

_commutative. We will refer to it often. To describe it, we pick two particular permutations
in terms of which we can write all others. We take the cyclic permutation (123), and the
transposition (12), and label them as x and y, respectively. The rules

(2.2.6) =1,y =1, yx=x%y

arc easy to verify. Using the cancellation law, one sees that the six elements 1, x, x2, Vv, XY, x2 y
are distinct. So they are the six elements of the group:

(2.2.7) ‘ Sy ={1,x, x% y, xy, x*y}.

In the future, we will refer to (2.2.6) and (2.2.7) as our “usual presentation’ of the symmetric
group S3. Note that S5 is not a commutative group, because yx#xy.

The rules (2.2.6) suffice for computation. Any product of the elements x and y and of
their inverses can be shown to be equal to one of the products (2.2.7) by applying the rules
repeatedly. To do so, we move all occurrences of y to the right side using the last rule, and
we use the first two rules to keep the exponents small. For instance,

(2.2.8) x Py = xPyxly = X2(yx)xy = x> (x*y)xy = xyxy = x(ny)y = 1.

One can write out a multiplication table for S3 with the aid of the rules (2.2.6), and because
of this, those rules are called defining relations for the group. We study defining relations in
Chapter 7.

We stop here. The structure of S, becomes complicated very rapidly as n increases.

One reason that the general linear groups and the symmetric groups are important is
that many other groups are contained in them as subgroups. A subset /{ of a group G is a
subgroup if it has the following properties:

(2.2.9)
o Closure: If aand b are in H, thenabisin H.

e Identity: 1isin H.
e Inverses: Ifaisin H,thena 'isin H.

These conditions are explained as follows: The first one tells us that the law of composition
on the group G defines a law of composition on H. called the induced law. The second and
third conditions say that H is a group with respect to this induced law. Notice that (2.2.9)
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mentions all parts of the definition of a group except for the associative law. We don’t need
to mention associativity. It carries over automatically from G to the subset H.

Notes: (i) In mathematics, it is essential to learn the definition of each term. An intuitive
feeling will not suffice. For example, the set T of invertible real (upper) triangular 2 X 2
matrices is a subgroup of the general linear group G L, and there is only one way to verify
this, namely to go back to the definition. It is true that 7 is a subset of G L;. One must verify
that the product of invertible triangular matrices is triangular, that the identity is triangular,
and that the inverse of an invertible triangular matrix is triangular. Of course these points
are very easy to check.

(if) Closure is sometimes mentioned as one of the axioms for a group, to indicate that the
product ab of elements of G is again an element of G. We include closure as a part of what
is meant by a law of composition. Then it doesn’t need to be mentioned separately in the
definition of a group. O

Examples 2.2.10

(a) The set of complex numbers of absolute value 1, the set of points on the unit circle in
the complex plane, is a subgroup of the multiplicative group C* called the circle group.

(b) The group of real n X n matrices with determinant 1 is a subgroup of the general linear
group G L., called the special linear group. 1t is denoted by SL,:

(22.11) SL,(R) is the set of real n X n matrices A with determinant equal to 1.
The defining properties (2.2.9) are often very easy to verify for a particular subgroup, and
we may not carry the verification out.

o Every group G has two obvious subgroups: the group G itself, and the trivial subgroup
that consists of the identity clement alone. A subgroup is a proper subgroup if it is not one
of those two.

2.3 SUBGROUPS OF THE ADDITIVE GROUP OF INTEGERS

We review some elementary number theory here, in terms of subgroups of the additive
group Z* of integers. To begin, we list the axioms for a subgroup when additive notation is
used in the group: A subset S of a group G with law of composition written additively is a
subgroup if it has these properties:

(23.1)
e Closure:If aand b arein S, thena + b isin S.

o Identity:Oisin S.

o Inverses: Ifaisin Sthen-aisin S.

Let a be an integer different from 0. We denote the subset of Z that consists of all
multiples of a by Za:
(2.32) Za = {n € Z | n = ka for some k in Z}.

This is a subgroup of Z™. Its elements can also be described as the integers divisible by a.
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Theorem 2.3.3 Let S be a subgroup of the additive group Z*. Either S is the trivial subgroup
{0}, or else it has the form Za, where a is the smallest positive integer in S.

Proof. Let S be a subgroup of Z*. Then 0 is in S, and if 0 is the only element of S then S
is the trivial subgroup. So that case is settled. Otherwise, S contains an integer » different
from 0, and either # or -n is positive. The third property of a subgroup tells us that -n is in
S, so in either case, S contains a positive integer. We must show that S is equal to Za, when
a is the smallest positive integer in S.

We first show that Za is a subset of S, in other words, that ka is in S for every integer
k. If k is a positive integer, then ka = a +a + - - - + a (k terms). Since a is in §, closure and
induction show that ka is in S. Since inverses are in S,-kaisin S. Finally, 0 =0a isin S.

Next we show that S is a subset of Za, that is, every element n of S is an integer
multiple of a. We use division with remainder to write n = ga + r, where g and r are integers
and where the remainder r is in the range 0 < r < a. Since Za is contained in S, ga is in S,
and of course n is in S. Since S is a subgroup, r = n — ga is in S too. Now by our choice, a is
the smallest positive integer in S, while the remainder 7 is in the range 0 < r < a. The only
remainder that can be in S is 0. So » = 0 and 7 is the integer multiple ga of a. d

There is a striking application of Theorem 2.3.3 to subgroups that contain two integers
a and b. The set of all integer combinations ra + sb of a and b,

(23.4) S=2Za+Zb={ne€Z|n=ra+ sbforsome integers r, s}

is a subgroup of Z*. It is called the subgroup generated by a and b because it is the smallest
subgroup that contains both a and b. Let’s assume that a and b aren’t both zero, so that S
is not the trivial subgroup {0}. Theorem 2.3.3 tells us that this subgroup S has the form Zd
for some positive integer d; it is the set of integers divisible by d. The generator d is called
the greatest common divisor of a and b, for reasons that are explained in parts (a) and (b)
of the next proposition. The greatest common divisor of a and b is sometimes denoted by
ged(a, b).

Proposition 2.3.5 Let a and b be integers, not both zero, and let d be their greatest common
divisor, the positive integer that generates the subgroup S = Za + Zb. So Zd = Za + Zb.
Then

(a) d divides a and b.

(b) If an integer e divides both a and b, it also divides d.

(¢) There are integers r and s such that d = ra + sb.

Proof. Part (c) restates the fact that d is an element of S. Next, a and b are elements of S
and S = Zd, so d divides a and b. Finally, if an integer e divides both a and b, then e divides
the integer combination ra + sb = d. O

Note: If e divides a and b, then e divides any integer of the form ma + nb. So (¢) implies
(b). But (b) does not imply (c¢). As we shall see, property (c) is a powerful tool. O

One can compute a greatest common divisor easily by repeated division with remainder:
For example, if a = 314 and b = 136, then

314 =2-136+42, 136=3-42+10, 42=4-1042.
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Using the first of these equations, one can show that any integer combination of 314 and 136
can also be written as an integer combination of 136 and the remainder 42, and vice versa. So
Z(314) + Z(136) = Z(136) + Z(42), and therefore gcd(314, 136) = gcd(136, 42). Similarly,
gcd(136, 42) = ged(42, 10) = gecd(10, 2) = 2. So the greatest common divisor of 314 and 136
is 2. This iterative method of finding the greatest common divisor of two integers is called
the Euclidean Algorithm.

If integers a and b are given, a second way to find their greatest common divisor is
to factor each of them into prime integers and then to collect the common prime factors.
Properties (a) and (b) of Proposition 2.3.5 are easy to verify using this method. But without
Theorem 2.3.3, property (c), that the integer determined by this method is an integer
combination of @ and b wouldn’t be clear at all. Let’s not discuss this point further here. We
come back to it in Chapter 12.

Two nonzero integers a and b are said to be relatively prime if the only positive integer
that divides both of them is 1. Then their greatest common divisor is 1: Za + Zb = Z.

Corollary 2.3.6 A pair a, b of integers is relatively prime if and only if there are integers r
and s such that ra + sb = 1. O

Corollary 2.3.7 Let p be a prime integer. If p divides a product ab of integers, then p
divides a or p divides b. '

Proof. Suppose that the prime p divides ab but does not divide a. The only positive divisors
of p are 1 and p. Since p does not divide a, gcd(a, p) = 1. Therefore there are integers r
and s such that ra + sp = 1. We multiply by b: rab + spb = b, and we note that p divides
both rab and spb. So p divides b. 0O

There is another subgroup of Z* associated to a pair a, b of integers, namely the
intersection Za N Zb, the set of integers contained both in Za and in Zb. We assume now
that neither a nor b is zero. Then Za N Zb is a subgroup. It is not the trivial subgroup {0}
because it contains the product ab, which isn’t zero. So Za N Zb has the form Zm for some
positive integer m. This integer m is called the least common multiple of a and b, sometimes
denoted by lem(a, b), for reasons that are explained in the next proposition.

Proposition 2.3.8 Let a and b be integers different from zero, and let m be their least
common multiple — the positive integer that generates the subgroup S = Za N Zb. So
Zm = Za N Zb. Then

(a) m is divisible by both a and b.

(b) If an integer n is divisible by a and by b, then it is divisible by m.

Proof. Both statements follow from the fact that an integer is divisible by a and by b if and
only if it is contained in Zm = Za N Zb. a
Corollary 2.3.9 Let d = gcd(a, b) and m = Iem(a, b) be the greatest common divisor and

least common multiple of a pair a, b of positive integers, respectively. Then ab = dm.

Proof. Since b/d is an integer, a divides ab/d. Similarly, b divides ab/d. So m divides
ab/d, and dm divides ab. Next, we write d = ra + sb. Then dm = ram + sbm. Both terms
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on the right are divisible by ab, so ab divides dm. Since ab and dm are positive and each
one divides the other, ab = dm. 0

2.4 CYCLIC GROUPS

We come now to an important abstract example of a subgroup, the cyclic subgroup generated
by an arbitrary element x of a group G. We use multiplicative notation. The cyclic subgroup
H generated by x is the set of all elements.that are powers of x:

(2.4.1) H={... . x2x"1,xx. ..}

This is the smallest subgroup of G that contains x, and it is often denoted by {x>. But to
interpret (2.4.1) correctly, we must remember that the notation x" represents an element
of the group that is obtained in a particular way. Different powers may represent the same
element. For example, if G is the multiplicative group R* and x = -1, then all elements in
the list are equal to 1 or to -1, and H is the set {1, -1}.

There are two possibilities: Either the powers x” represent distinct elements, or they
do not. We analyze the case that the powers of .x are not distinct.

Propesition 2.4.2 Let (x> be the cyclic subgroup of-a group G generated by an element x,
and let S denote the set of integers k such that x* = 1.

(a) The set S is a subgroup of the additive group Z+.

(b). Two powers x” = x%, with r > s, are equal if and only if x" ™% =1, i.e.,,ifand only if r — 5
isin S.

(c) Suppose that S is not the trivial subgroup. Then S = Zn for some positive integer n.
The powers 1, x, x%, ..., x"" ! are the distinct elements of the subgroup {x>, and the
order of (x> is n.

Proof. (a) If x* =1 and x¢ = 1, then x**¢ = xkx? = 1. This shows that if k and ¢ are in S,
then k + £ is in S. So the first property (2.3.1) for a subgroup is verified. Also, x? = 1, s0 0 is
in S. Finally, if kisin S, i.e., x¥ = 1, then x % = (x¥)™! = 1 too, so —k isin S.

(b) This follows from the Cancellation Law 2.2.3.

(¢) Suppose that §#{0}. Theorem 2.3.3 shows that S = Zn, where n is the smallest positive
integer in S. If xX is an arbitrary power, we divide k by n, writing k = gn + r with r in the
range 0 < r.<n.Thenx9" =19 =1, and xk = xanxr = xT. Therefore x* is equal to one of
the powers 1, x, ..., x"~1_ Tt follows from (b) that these powers are distinct, because x” is
the smallest positive power equal to 1. O

The group <x> = {1, x, ..., x* !} described by part (¢c) of this proposition is called a
cyclic group of order n. It is called cyclic because repeated multiplication by x cycles through
the n elements.,

An element.x of.a group has order n if n is the smallest positive integer with the
property x" = 1, which is the same thing as saying that the cyclic subgroup {x> generated .
by x has order n.

With the usual presentation of the symmetric group S3, the element x has order 3, and
y has order 2. In any group, the identity element is the only.element of order 1.
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If x™ #1 for all n > 0, one says that x has infinite order. The matrix [(1) i ] has
infinite order in G Ly(R), while [_} é] has order 6.

When x has infinite order, the group (x> is said to be infinite cyclic. We won’t have
much to say about that case.

Proposition 2.4.3 Let x be an element of finite order n in a group, and let k be an integer
that is written as kK = ng + r where q and r are integers and r is in the range 0 < r < n.

o xk=x".

o x*¥ =1ifandonlyif r = 0.
o Let d be the greatest common divisor of k and n. The order of x* is equal
ton/d. O

One may also speak of the subgroup of a group G generated by a subset U. This is
the smallest subgroup of G that contains U, and it consists of all elements of G that can be
expressed as a product of a string of elements of U and of their inverses. A subset U of G
is said to generate G if every element of G is such a product. For example, we saw in (2.2.7)
that the set U = {x, y} generates the symmetric group S3. The elementary matrices generate
G L, (1.2.16). In both of these examples, inverses aren’t needed. That isn’t always true. An
infinite cyclic group {x> is generated by the element x, but negative powers are needed to
fill out the group.

The Klein four group V, the group consisting of the four matrices

(2.4.4) [il 11]’

is the simplest group that is not cyclic. Any two of its elements different from the identity
generate V. The quaternion group H is another example of a small group. It consists of the
eight matrices

(2.4.5) H={+1, i, £j, k],

1=[(1) ‘1)]-=[(’) ?]’ZH é]kz[? 5]

These matrices can be obtained from the Pauli matrices of physics by multiplying by i.
The two elements i and j generate H. Computation leads to the formulas

where

(2.4.6) = ==-1, ij=-ji=k, jk=-kj=i, ki=-ik=].

2.5 HOMOMORPHISMS

Let G and G’ be groups, written with multiplicative notation. A homomorphism ¢:G — G’
is amap from G to G’ such that for alla and b in G,

(2.5.1) p(ab) = p(a)p(b).
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The left side of this equation means
first multiply a and b in G, then send the product to G’ using the map @,
while the right side means
first send a and b individually to G’ using the map ¢, then multiply their images in G'.

Intuitively, a homomorphism is a map that is compatible with the laws of composition in the
two groups, and it provides a way to relate different groups.

Examples 2.5.2 The following maps are homomorphisms:

(a) the determinant function det:G L, (R) — R* (1.4.10),

(b) the sign homomorphism o: S, — {+1} that sends a permutation to its sign (1.5.11),
(¢) the exponential map exp:R* — R* defined by x ~ &*,

(d) the map ¢:Z* — G defined by ¢(n) = a”, where a is a given element of G,

(e) the absolute value map | |: C* — R*.

In examples (¢) and (d), the law of composition is written additively in the domain and
multiplicatively in the range. The condition (2.5.1) for a homomorphism must be rewritten
to take this into account. It becomes

pla+b) =p(@)e(b).

The formula showing that the exponential map is a homomorphism is e?+? = ¢%¢?.

The following homomorphisms need to be mentioned, though they are less interesting.
The trivial homomorphism ¢:G — G’ between any two groups maps every element of G to
the identity in G'. If H is a subgroup of G, the inclusion map i: H — G defined by i(x) = x
for x in H is a homomorphism.

Proposition 2.5.3 Let ¢: G — G’ be a group homomorphism.

(a) Ifay,...,agareelements of G, then p(a; ---ag) = ¢(ay) - - p(ay).

(b) ¢ maps the identity to the identity: p(1g) = 1.

(c) @ maps inverses to inverses: @(a~!) = p(a)™L.

Proof. The first assertion follows by induction from the definition. Next, since 1 - 1 = 1 and
since @ is a homomorphism, (D) @(1) = ¢(1 1) = ¢(1). We cancel ¢(1) from both sides
(2.2.3) to obtain ¢(1) = 1. Finally, ¢(a™ ) ¢(a) = p(a”'a) = ¢(1) = 1. Hence p(a!) is the
inverse of ¢(a). O

A group homomorphism determines two importaht subgroups: its image and its kernel.

o The image of a homomorphism ¢: G — G’, often denoted by im ¢, is simply the image of
@ as a map of sets:

(2.5.4) img = {x € G’ | x = p(a) for some a in G},

Another notation for the image would be ¢(G).
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The image of the map Z* — G that sends n ~ a” is the cyclic subgroup {a > generated
by a. ’

The image of a homomorphism is a subgroup of the range. We will verify closure and
omit the other verifications. Let x and y be elements of the image. This means that there
are elements a and b in G such that x = ¢(a) and y = ¢(b). Since ¢ is a homomorphism,
xy = @(a)p(b) = @(ab). So xy is equal to @(something). It is in the image too.

» The kernel of a homomorphism is more subtle and also more important. The kernel of ¢,
often denoted by ker ¢, is the set of elements of G that are mapped to the identity in G”:

(2.5.5) kergp ={ae G |p(a) =1}

The kernel is a subgroup of G because, if a and b are in the kernel, then p(ab) = p(a)p(b) =
1.1 =1, soabisin the kernel, and so on.

The kernel of the determinant homomorphism G L, (R) — RX is the special linear
group SL,(R) (2.2.11). The kernel of the sign homomorphism S,, — {=+ 1} is called the
alternating group. It consists of the even permutations, and is denoted by A:

(2.5.6) The alternating group A, is the group of even permutations.

The kernel is important because it controls the entire homomorphism. It tells us not
only which elements of G are mapped to the identity in G’, but also which pairs of elements
have the same image in G'.

» If H is a subgroup of a group G and a is an element of G, the notation a H will stand for
the set of all products ah with A in H:

(2.5.7) aH = {g € G|g = ah for some h in H}.

This set is called a left coset of H in G, the word ““left” referring to the fact that the element
a appears on the left.

Proposition 2.5.8 Let ¢ : G — G’ be a homomorphism of groups, and let a and b be
elements of G. Let K be the kernel of ¢. The following conditions are equivalent:

* p(a) = p(b),

e albisin K,

e b isin the coset akK,

» The cosets bK and aK are equal.

Proof. Suppose that ¢(a) = @(b). Then (@ 1b) = p(@ D) = p(a)p®) = 1.
Therefore a~1b is in the kernel K. To prove the converse, we turn this argument around.
If a lbisin K, then 1 = p(a™'b) = p(a) 1o(b), so p(a) = p(b). This shows that the first
two bullets are equivalent. Their equivalence with the other bullets follows. O

Corollary 2.5.9 A homomorphism ¢:G — G’ is injective if and only if its kernel K is the
trivial subgroup {1} of G.
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Proof. 1If K = {1}, Proposition 2.5.8 shows that ¢(a) = ¢(b) onlywhena b =1,ie.,a = b.
Conversely, if ¢ is injective, then the identity is the only element of G such that p(a) = 1,
so K = {1}. O

The kernel of a homomorphism has another important property that is explained in
the next proposition. If @ and g are elements of a group G, the element gag™! is called the
conjugate of a by g.

Definition 2.5.10 A subgroup N of a group G is a normal subgroup if for every a in N and
every g in G, the conjugate gag™!isin N.

Proposition 2.5.11 The kernel of a homomorphism is a normal subgroup.

Proof. If a is in the kernel of a homomorphism ¢: G — G’ and if g is any element of G,

then p(gag™) = p(g)p(@e(g™!) = p(g)lp(g)~! = 1. Therefore gag‘1 is in the kernel
too. d

Thus the special linear group SL, (R) is a normal subgroup of the general linear group
G L, (R), and the alternating group A, is a normal subgroup of the symmetric group S,.
Every subgroup of an abelian group is normal, because if G is abelian, then gag™! = a for
all a and all g in the group. But subgroups of nonabelian groups needn’t be normal. For
example, in the symmetric group S3, with its usual presentation (2.2.7), the cyclic subgroup
<y of order two is not normal, because yis in G, but xyx™! = x?y isn’t in { y.

 The center of a group G, which is often denoted by Z, is the set of elements that commute
with every element of G:

(25.12) Z=|zeG|zx=xzforallx e G}.

It is always a normal subgroup of G. The center of the special linear group SL;(R) consists
of the two matrices I, -I. The center of the symmetric group S, is trivial if n > 3.

Example 2.5.13 A homomorphism ¢: S4 — S3 between symmetric groups.
There are three ways to partition the set of four indices {1, 2, 3, 4} into pairs of subsets
of order two, namely

(2.5.14) I :{1,2}u{3,4}, TII:{1,3jU{2,4}, TII3:{1,4}U(2,3}.

An element of the symmetric group Ss permutes the four indices, and by doing so it
also permutes these three partitions. This defines the map ¢ from S4 to the group of
permutations of the set {I1q, Iy, I13}, which is the symmetric group S3. For example, the
4-cycle p = (1234) acts on subsets of order two as follows:

{1,2}~{2,3} {1,3}~{2,4} {1,4}~{1,2}
{2,3}~{3,4) {2,4~(1,3} {3,4~({1,4].

Looking at this action, one sees that p acts on the set {ITy, I, 1 3} of partitions as the
transposition (ITy I13) that fixes Il and interchanges I'Ty and IT3.
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If p and g are elements of Sy, the product pq is the composed permutation p o g,
and the action of pq on the set {ITy, Iy, I3} is the composition of the actions of g and p.
Therefore ¢(pq) = ¢(p)e(q), and ¢ is a homomorphism.

The map is surjective, so its image is the whole group S3. Its kernel can be computed.
It is the subgroup of S4 consisting of the identity and the three products of disjoint trans-
positions:

(2.5.15) K = {1, (12)(34), (13)(24), 14(23)}. O

2.6 ISOMORPHISMS

An isomorphism ¢: G — G’ from a group G to a group G’ is a bijective group homomor-
phism - a bijective map such that p(ab) = p(a)@(b) forallaand bin G.

Examples 2.6.1

» The exponential map e* is an isomorphism, when it is viewed as a map from the
additive group R* to its image, the multiplicative group of positive real numbers.

o If a is an element of infinite order in a group G, the map sending n ~~a" is an
isomorphism from the additive group Z* to the infinite cyclic subgroup <a)of G.

o The set P of n Xn permutation matrices is a subgroup of GL,, and the map S, —> P
that sends a permutation to its associated matrix (1.5.7) is an isomorphism. O

Corollary 2.5.9 gives us a way to verify that a homomorphism ¢ : G — G’ is an
isomorphism. To do so, we check that ker ¢ = {1}, which implies that ¢ is injective, and also
that im ¢ = G/, that is, ¢ is surjective.

Lemma 2.6.2 If 9:G — G’ is an isomorphism, the inverse map ¢ !: G’ — G is also an
isomorphism. '

Proof. The inverse of a bijective map is bijective. We must show that for all x and y in G’,
e (XN 1(y) = ¢ 1 (xy). Weseta = ¢ 1(x), b = ¢"1(y), and ¢ = ¢ 1(xy). What has to
be shown is that ab = ¢, and since ¢ is bijective, it suffices to show that ¢(ab) = ¢(c). Since
@ is a homomorphism,

p(ab) = p(@)p(b) = xy = p(c). O

This lemma shows that when ¢: G — G'isanisomorphism, we can make a computation
in either group, then use ¢ or ¢! to carry it over to the other. So, for computation with the
group law, the two groups have identical properties. To picture this conclusion intuitively,
suppose that the elements of one of the groups are put into unlabeled boxes, and that
we have an oracle that tells us, when presented with two boxes, which box contains their
product. We will have no way to decide whether the elements in the boxes are from G or
from G’.

Two groups G and G’ are said to be isomorphic if there exists an isomorphism ¢ from
G to G'. We sometimes indicate that two groups are isomorphic by the symbol =

(2.6.3) G ~ G’ means that G is isomorphic to G'.
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Since isomorphic groups have identical properties, it is often convenient to identify them with
each other when speaking informally. For instance, we often blur the distinction between
the symmetric group S, and the isomorphic group P of permutation matrices.

 The groups isomorphic to a given group G form what is called the isomorphism class of G.

Any two groups in an isomorphism class are isomorphic. When one speaks of classifying
groups, what is meant is to describe these isomorphism classes. This is too hard to do for all
groups, but we will see that every group of prime order p is cyclic. So all groups of order
p are isomorphic. There are two isomorphism classes of groups of order 4 (2.11.5) and five
isomorphism classes of groups of order 12 (7.8.1).

An interesting and sometimes confusing point about isomorphisms is that there exist
isomorphisms ¢ : G — G from a group G to itself. Such an isomorphism is called an
automorphism. The identity map is an automorphism, of course, but there are nearly always
others. The most important type of automorphism is conjugation: Let g be a fixed element
of a group G. Conjugation by g is the map ¢ from G to itself defined by

(2.6.4) o(x) = gxg L.

This is an automorphism because, first of all, it is a homomorphism:
e(xy) = gxyg ' = gxg 'gyg™" = w(DP(y),

and second, it is bijective because it has an inverse function — conjugation by g™ 1.

If the group is abelian, conjugation by any element g is the identity map: gxg™! = x.
But any noncommutative group has nontrivial conjugations, and so it has automorphisms
different from the identity. For instance, in the symmetric group 53, presented as usual,
conjugation by y interchanges x and x2.

As was said before, the element gxg™! is the conjugate of x by g, and two elements
x and x’ of a group G are conjugate if x' = gxg™! for some g in G. The conjugate gxg 1
behaves in much the same way as the element x itself; for example, it has the same order in
the group. This follows from the fact that it is the image of x by an automorphism. (See the
discussion following Lemma 2.6.2.)

Note: One may sometimes wish to determine whether or not two elements x and y of a
group G are conjugate, i.e., whether or not there is an element g in G such that y = gxg™ ..
It is almost always simpler to rewrite the equation to be solved for g as yg = gx. O

e The commutator aba='b"! is another element associated to a pair a, b of elements of a
group.

The next lemma follows by moving things from one side of an equation to the other.
Lemma2.6.5 Two elements a and b of a group commute, ab = ba, if and only if aba™! = b,
and this is true if and only if aba™1b™! = 1. m)
2.7 EQUIVALENCE RELATIONS AND PARTITIONS

A fundamental mathematical construction starts with a set S and forms a new set by equating
certain elements of S. For instance, we may divide the set of integers into two classes, the
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even integers and the odd integers. The new set we obtain consists of two elements that
could be called Even and Odd. Or, it is common to view congruent triangles in the plane
as equivalent geometric objects. This very general procedure arises in several ways that we
discuss here.

A partition TT of a set S is a subdivision of S into nonoverlapping, nonempty subsets:
2.7.1) S = union of disjoint nonempty subsets.

The two sets Even and Odd partition the set of integers. With the usual notation,
the sets

272) {1} (. xy, X*, {x, x4

form a partition of the symmetric group 53.

* An equivalence relation on a set S is a relation that holds between certain pairs of elements.
of S. We may write it as a ~ b and speak of it as equivalence of a and b. An equivalence
relation is required to be:

(2.7.3)
o transitive: If a~b and b~ c,then a~c.
o symmetric: If a~ b, then b~a.
e reflexive: For all a, a~a.

Congruence of triangles is an example of an equivalence relation on the set of triangles
in the plane. If A, B, and C are triangles, and if A is congruent to .B and B is congruent to
C, then A is congruent to C, etc.

Conjugacy is an equivalence relation on a group. Two group elements are conjugate,
a~b,if b = gag™! for some group element g. We check transitivity: Suppose that a~ b
and b ~ c¢. This means that b = glagfl and ¢ = gzbgg1 for some group elements g; and g;.

Then ¢ = g,(g1a871)&;" = (8281)a(g281) Lsoa~c.

The concepts of a partition of S and an equivalence relation on § are logically
equivalent, though in practice one may be presented with just one of the two.

Proposition 2.7.4 An equivalence relation on a set S determines a partition of S, and
conversely.

Proof. Given a partition of S, the corresponding equivalence relation is defined by the rule
that a ~ b if a and b lie in the same subset of the partition. The axioms for an equivalence
relation are obviously satisfied. Conversely, given an equivalence relation, one defines a
partition this way: The subset that contains a is the set of all elements b such that a ~ b. This
subset is called the equivalence class of a. We’ll denote it by C, here:

(2.1.5) Cao={beS|a~b}.

The next lemma completes the proof of the proposition. g
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Lemma2.7.6 Given an equivalence relation on a set S, the subsets of S that are equivalence
classes partition S.

Proof. This is an important point, so we will check it carefully. We must remember that the
notation C, stands for a subset defined in a certain way. The partition consists of the subsets,
and several notations may describe the same subset.

The reflexive axiom tells us that a is in its equivalence class. Therefore the class Cy, is
nonempty, and since a can be any element, the union of the equivalence classes is the whole
set S. The remaining property of a partition that must be verified is that equivalence classes
are disjoint. To show this, we show:

(2.7.7) If C, and Cj, have an element in common, then C,; = Cy,.

Since we can interchange the roles of a and b, it will suffice to show that if C, and Cj, have
an element, say d, in common, then Cp, C Cyg, i.e., any element x of C}, is also in Cy. If x is
in Cp, then b ~ x. Since d is in both sets, a ~d and b ~ d, and the symmetry property tells
us that d ~ b. So we have a~d, d ~ b, and b~ x. Two applications of transitivity show that
a~ x, and therefore that x is in C,. O

For example, the relation on a group defined by a~ b if a and b are elements of the
same order is an equivalence relation. The corresponding partition is exhibited in (2.7.2) for
the symmetric group 3.

If a partition of a set S is given, we may construct a new set S whose elements are
the subsets. We imagine putting the subsets into separate piles, and we regard the piles as
the elements of our new set S. It seems advisable to have a notation to distinguish a subset
from the element of the set S (the pile) that it represents. If U is a subset, we will denote by
[U] the corresponding element of S. Thus if S is the set of integers and if Even and Odd
denote the subsets of even and odd integers, respectively, then S contains the two elements
[Even] and [Odd].

We will use this notation more generally. When we want to regard a subset U of S as
an element of a set of subsets of S, we denote it by [U].

When an equivalence relation on § is given, the equivalence classes form a partition,
and we obtain a new set S whose elements are the equivalence classes [C,]. We can think of
the elements of this new set in another way, as the set obtained by changing what we mean
by equality among elements. If a and b are in S, we interpret a ~ b to mean that a and b
become equal in S, because Cg = Cp. With this way of looking at it, the difference between
the two sets S and S is that in S more elements have been declared “equal,” i.e., equivalent.
It seems to me that we often treat congruent triangles this way in school.

For any equivalence relation, there is a natural surjective map
(2.7.8) 7:S—> 8§

that maps an element a of S to its equivalence class: 7(a) = [C,]. When we want to regard
S as the set obtained from § by changing the notion of equality, it will be convenient to
denote the element {C,] of S by the symbol @. Then the map 7t becomes

n(a)=a
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We can work in S with the symbols used for elements of S, but with bars over them to
remind us of the new rule:

(2.7.9) Ifaand b are in S, then @ = b means a ~ b.

A disadvantage of this bar notation is that many symbols represent the same element
of S. Sometimes this disadvantage can be overcome by choosing a particular element, a
representative element, in each e_quivalence class. For example, the even and the odd integers
are often represented by 0 and 1:

(2.7.10) {[Even], [0dd]} = {0, 1}.

Though the pile picture may be easier to grasp at first, the second way of viewing S is often
better because the bar notation is easier to manipulate algebraically.

The Equivalence Relation Defined by a Map

Any map of sets f: S — T gives us an equivalence relation on its domain S. It is defined by

the rule a~ b if f(a) = f(b).

o The inverse image of an element ¢ of 7 is the subset of S consisting of all elements s such
that f(s) = ¢. It is denoted symbolically as

(2.7.11) i =|seS| fis) =1t}

This is symbolic notation. Please remember that unless f is bijective, f~! will not be a map.
The inverse images are also called the fibres of the map f, and the fibres that are not empty
are the equivalence classes for the relation defined above.

Here the set S of equivalence classes has another incarnation, as the image of the map.
The elements of the image correspond bijectively to the nonempty fibres, which are the
equivalence classes.

(2.7.12) Some Fibres of the Absolute Value Map C* — R*.

Example 2.7.13 If G is a finite group, we can define amap f:G — Ntotheset{1,2,3, ...}
of natural numbers, letting f(a) be the order of the element a of G. The fibres of this map
are the sets of elements with the same order (see (2.7.2), for example). O
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We go back to a group homomorphism ¢: G — G’. The equivalence relation on G
defined by ¢ is usually denoted by =, rather than by ~, and is referred to as congruence:

(27.14) a=b if g(a) = p(b).

We have seen that elements a and b of G are congruent, i.e., p(a) = @(b), if and only if b is
in the coset aK of the kernel K (2.5.8).

Proposition 2.7.15 Let K be the kernel of a homomorphism ¢: G — G’. The fibre of ¢ that
contains an element a of G is the coset aK of K. These cosets partition the group G, and
they correspond to elements of the image of ¢. a

(2.7.16) A Schematic Diagram of a Group Homomorphism.

2.8 COSETS
As before, if H is a subgroup of G and if a is an element of G, the subset

(2.8.1) aH = {ah | hin H}.

is called a left coset. The subgroup H is a particular left coset because H = 1H.
The cosets of H in G are equivalence classes for the congruence relation

(2.8.2) a=b if b=ah forsome h in H.

This is very simple, but let’s verify that congruence is an equivalence relation.

Transitivity: Suppose that a=b and b=c. This means that b = ah and ¢ = bh’ for some
elements 4 and A’ of H. Therefore ¢ = ahh’. Since H is a subgroup, Ak’ is in H, and thus
a=c.

Symmetry: Suppose a=b, so that b = ah. Thena = bh™! and h™ isin H,s0 b=a.
Reflexivity:a=al and lisin H,soa=a.

Notice that we have made use of all the defining properties of a subgroup here: closure,
inverses, and identity.
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Corollary 2.8.3 The left cosets of a subgroup H of a group G partition the group.

Proof. The left cosets are the equivalence classes for the congruence relation (2.8.2). ]

Keep in mind that the notation aH defines a certain subset of G. As with any
equivalence relation, several notations may define the same subset. For example, in the
symmetric group S3, with the usual presentation (2.2.6), the element y generates a cyclic
subgroup H = {y) of order 2. There are three left cosets of H in G:

(2.8.4) H={1,y}=yH, xH={x,xy}=xyH, x*H={x? x*y}=x*yH.

These sets do partition the group.
Recapitulating, let H be a subgroup of a group G and let a and b be elements of G.
The following are equivalent:

(2.8.5)
e b=ah forsome hin H,or, a 'bisanelement of H,

¢ bis an element of the left coset aH,

o the left cosets aH and bH are equal.

The number of left cosets of a subgroup is called the index of H in G. The index is
denoted by
(2.8.6) [G:H].

Thus the index of the subgroup < y> of S3 is 3. When G is infinite, the index may be infinite
too. :

Lemma 2.8.7 All left cosets aH of a subgroup H of a group G have the same order.

Proof. Multiplication by a defines a map H — aH that sends A ~ ah. This map is bijective
because its inverse is multiplication by a™1. a

Since the cosets all have the same order, and since they partition the group, we obtain
the important Counting Formula

(2.8.8) |G| = |H|[G: H]
(order of G) = (order of H)(number of cosets),

where, as always, |G| denotes the order of the group. The equality has the obvious meaning
if some terms are infinite. For the subgroup { y> of S3, the formula reads 6 = 2 - 3.

It follows from the counting formula that the terms on the right side of (2.8.8) divide
the left side. One of these facts is called Lagrange’s Theorem:

Theorem 2.8.9 Lagrange’s Theorem. Let H be a subgroup of a finite group G. The order of
H divides the order of G. . O

Corollary 2.8.10 The order of an element of a finite group divides the order of the group.
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Proof. The order of an element a of a group G is equal to the order of the cyclic subgroup
{a> generated by a (Proposition 2.4.2). a

Corollary 2.8.11 Suppose that a group G has prime order p. Let a be any element of G
other than the identity. Then G is the cyclic group {a> generated by a.

Proof. The order of an element a1 is greater than 1 and it divides the order of G, which
is the prime integer p. So the order of a is equal to p. This is also the order of the cyclic
subgroup <a > generated by a. Since G has order p,{a>=G. O

This corollary classifies groups of prime order p. They form one isomorphism class, the class
of the cyclic groups of order p. '

The counting formula can also be applied when a homomorphism ¢: G — G’ is given.
As we have seen (2.7.15), the left cosets of the kernel ker ¢ are the nonempty fibres of the
map . They are in bijective correspondence with the elements of the image.

(2.8.12) [Gker¢] =|im¢].

Corollary 2.8.13 Let ¢:G — G’ be a homomorphism of finite groups. Then

* |G| = [kerg]| - |im ¢],
o |ker ¢| divides |G|, and
e |im | divides both |G| and |G'|.

Proof. The first formula is obtained by combining (2.8.8) and (2.8.12), and it implies that
Iker ¢| and |im ¢| divide |G|. Since the image is a subgroup of G’, Lagrange’s theorem tells
us that its order divides |G’| too. O

For example, the sign homomorphism o : S, — {+1} (2.5.2)(b) is surjective, so its
image has order 2. Its kernel, the alternating group A,, has order %n!. Half of the elements
of S, are even permutations, and half are odd permutations.

The Counting Formula 2.8.8 has an analogue when a chain of subgroups is given.

Proposition 2.8.14 Multiplicative Property of the Index. Let G O H D K be subgroups of
agroup G. Then [G: K] =[G:H][H:K].

Proof. We will assume that the two indices on the right are finite, say [G : H] = m and
[H: K] = n. The reasoning when one or the other is infinite is similar. We list the m cosets
of H in G, choosing representative elements for each coset, say as g1H, ..., gn H. Then
g1HU---U g, H is a partition of G. Similarly, we choose representative elements for each
coset of K in H, obtaining a partition H = h; K U --- U h, K. Since multiplication by g; is
an invertible operation, g;H = g;h1 K U --- U g;h, K will be a partition of the coset g; H.
Putting these partitions together, G is partitioned into the mn cosets g;h; K. d

Right Cosets

Let us go back to the definition of cosets. We made the decision to work with left cosets aH.
One can also define right cosets of a subgroup H and repeat the above discussion for them.
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The right cosets of a subgroup H of a group G are the sets

(2.8.15) Ha = |ha | h € H}.

They are equivalence classes for the relation (right congruence)
a=b if b= ha, forsome hin H.

Right cosets also partition the group G, but they aren’t always the same as left cosets. For
instance, the right cosets of the subgroup < y> of S3 are

(2.8.16) H={1,y} = Hy, Hx={x, x>y} = Hx’y, Hx*={x?, xy} = Hxy.

This isn’t the same as the partition (2.8.4) into left cosets. However, if a subgroup is normal,
its right and left cosets are equal.

Proposition 2.8.17 Let H be a subgroup of a group G. The following conditions are
equivalent:

(i) H is anormal subgroup: Forall 4 in H and all gin G, ghg isin H.
(i) Forallgin G,gHg ! = H.
(iii) For all gin G, the left coset gH is equal to the right coset Hg.
(iv) Every left coset of H in G is a right coset.

Proof. The notation g Hg™! stands for the set of all elements ghg™!, with & in H.

Suppose that H is normal. So (i) holds, and it implies that gHg™! C H for all gin G.
Substituting g1 for g shows that g™! Hg C H as well. We multiply this inclusion on the left
by g and on the right by g”! to conclude that H C gHg™!. Therefore gHg ' = H. This
shows that (i) implies (ii). It is clear that (ii) implies (i). Next, if gHg ' = H, we multiply
this equation on the right by g to conclude that gH = Hg. This shows that (ii) implies (iii).
One sees similarly that (iii) implies (ii). Since (iii) implies (iv) is obvious, it remains only to
check that (iv) implies (iii).

We ask: Under what circumstances can a left coset be equal to a right coset? We recall
that the right cosets partition the group G, and we note that the left coset g H and the right
coset Hg have an element in common, namely g = g-1 =1 g. So if the left coset g H is
equal to any right coset, that coset must be Hg. O

Proposition 2.8.18

(a) If H is a subgroup of a group G and g is an element of G, the set gHg ! is also a
subgroup.

(b) If a group G has just one subgroup H of order r, then that subgroup is normal.

Proof. (a) Conjugation by g is an automorphism of G (see (2.6.4)), and g Hg™ ! is the image
of H. (b) See (2.8.17): gHg™ ! is a subgroup of order r. 0O

Note: If H is a subgroup of a finite group G, the counting formulas using right cosets or left
cosets are the same, so the number of left cosets is equal to the number of right cosets. This
is also true when G is infinite, though the proof can’t be made by counting (see Exercise
M.8). O
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2.9 MODULAR ARITHMETIC

This section contains a brief discussion of one of the most important concepts in number
theory, congruence of integers. If you have not run across this concept before, you will want
to read more about it. See, for instance, [Stark]. We work with a fixed positive integer n
throughout the section.

¢ Two integers a and b are said to be congruent modulo n
(29.1) a=>b modulo n,

if n divides b — a, or if b = a + nk for some integer k. For instance, 2=17 modulo 5.

It is easy to check that congruence is an equivalence relation, so we may consider
the equivalence classes, called congruence classes, that it defines. We use bar notation, and
denote the congruence class of an integer a modulo n by the symbol a. This congruence
class is the set of integers

(29.2) a={...,a-n,a,a+n,a+2n,...}.

If a and b are integers, the equation @ = b means that a=b modulo #, or that n divides
b — a. The congruence class 0 is the subgroup

0=Zn={...,-n,0,n,2n,...} = {kn | k e Z}

of the additive group Z*. The other congruence classes are the cosets of this subgroup.
Please note that Zn is not a right coset — it is a subgroup of Z*. The notation for a coset of
a subgroup H analogous to aH, but using additive notation for the law of composition, is
a+ H = {a+h | h e H}. To simplify notation, we denote the subgroup Zn by H. Then
the cosets of H, the congruence classes, are the sets

(29.3) a+H={a+kn|kelZ).

The n integers 0, 1, ..., n — 1 are representative elements for the n congruence classes.
Proposition 2.9.4 There are n congruence classes modulo , namely 0, 1, ..., n — 1. The
index [Z:Zn] of the subgroup Zn in Z is n. a

Let @ and b be congruence classes represented by integers a and b. Their sum is defined
to be the congruence class of a + b, and their product is the class of ab. In other words, by
definition,

(2.9.5) G+b=a+b and ab=ab.

This definition needs some justification, because the same congruence class can be repre-
sented by many different integers. Any integer @’ congruent to @ modulo n represents the
same class as a does. So it had better be true that if a’=a and b'=b, thend’ +b'=a+ b
and a'b’ = ab. Fortunately, this is so.

Lemma 2.9.6 If ad=a and b'=b modulo n, then a’ +b'=a+ b and a'b'=ab
modulo ~n.
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Proof. Assume that a’=a and b'=b, so that @’ = a + rn and b’ = b + sn for some
integers r and s. Then @’ + b’ = a + b + (r + s)n. This shows that @’ + b'=a + b. Similarly,
a'b' = (a+rn)(b+sn) =ab+ (as+rb +rns)n,soa'b'=ab. a

The associative, commutative, and distributive laws hold for addition and multiplication
of congruence classes because they hold for addition and multiplication of integers. For
example, the distributive law is verified as follows:

ab+c)y=ab+c)=al+ c) (definition of + and X for congruence classes)
=ab +ac ’ (distributive law in the integers)

=ab+ac=ab+ac (definition of + and X for congruence classes).

The verifications of other laws are similar, and we omit them.

The set of congruence classes modulo n may be denoted by any one of the symbols
Z/Zn,Z/nZ, or Z/(n). Addition, subtraction, and multiplication in Z/Zn can be made
explicit by working with integers and taking remainders after division by ». That is what the
formulas (2.9.5) mean. They tell us that the map

(2.9.7) 7 7)Zn

thatsends aninteger a to its congruence class @ is compatible with addition and multiplication.
Therefore computations can be made in the integers and then carried over to Z/Zn at the
end. However, computations are simpler if the numbers are kept small. This can be done by
computing the remainder after some part of a computation has been made.

Thus if n = 29, so that Z/Zn = {0,1, 2, ..., 28}, then (35)(17 + 7) can be computed
as35-24=6-(-5) =-30 =-1.

In the long run, the bars over the numbers become a nuisance. They are often left off.
When omitting bars, one just has to remember this rule:

(2.9.8) Tosay a = b in Z/Zn means that a=b modulo n.

Congruences modulo a prime integer have special properties, which we discuss at the
beginning of the next chapter.
2.10 THE CORRESPONDENCE THEOREM
Let ¢: G — G be a group homomorphism, and let H be a subgroup of G. We may restrict ¢
to H, obtaining a homomorphism

(2.10.1) olu:H—G.

This means that we take the same map ¢ but restrict its domain: So by definition, if 4 is in
H, then [¢p|g](h) = @(h). (We’ve added brackets around the symbol ¢| g for clarity.) The
restriction is a homomorphism because ¢ is one, and the kernel of ¢| g is the intersection of
the kernel of ¢ with H:

(2.10.2) ker (p|g) = (kerp) N H.
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This is clear from the definition of the kernel. The image of ¢|g is the same as the image
@(H) of H under the map ¢.

The Counting Formula may help to describe the restriction. According to Corollary
(2.8.13), the order of the image divides both |H| and |G|. If |H| and |G| have no common
factor, ¢(H) = {1}, so H is contained in the kernel. '

Example 2.10.3 The image of the sign homomorphism o: S, — {+£ 1} has order 2. If a
subgroup H of the symmetric group S, has odd order, it will be contained in the kernel
of o, the alternating group A, of even permutations. This will be so when H is the cyclic
subgroup generated by a permutation g that is an element of odd order in the group. Every
permutation whose order in the group is odd, such as an n-cycle with n» odd, is an even
permutation. A permutation that has even order in the group may be odd or even. O

Proposition 2.10.4 Let ¢ : G — G be a homomorphism with kernel K and let H be a
subgroup of G. Denote the inverse image ¢~ !(H) by H. Then H is a subgroup of G that
contains K. If H is a normal subgroup of G, then H is a normal subgroup of G. If ¢ is
surjective and if H is a normal subgroup of G, then H is a normal subgroup of G.

For example, let ¢ denote the determinant homomorphism G L,(R) — R*. The set of
positive real numbers is a subgroup of R*; it is normal because R* is abelian. Its inverse
image, the set of invertible matrices with positive determinant, is a normal subgroup of
GL,(R).

Proof. This proof is simple, but we must keep in mind that ¢! is not a map. By definition,
¢ 1(H) = H is the set of elements x of G such that ¢(x) is in H. First, if x is in the kernel
K, then ¢(x) = 1. Since 1isin H, x is in H. Thus H contains K. We verify the conditions
for a subgroup.

Closure: Suppose that x and y are in H. Then ¢(x) and ¢(y) are in H. Since H is a subgroup,
@(x)p(y) is in H. Since ¢ is a homomorphism, @(x)@(y) = @(xy). So ¢(xy) is in H, and
xyisin H.

Identity: 1 is in H because ¢(1) = 1isin H.

Inverses: Let x be an element of H. Then ¢(x) is in H, and since H is a subgroup, ¢(x)~!
is also in H. Since ¢ is a homomorphism, ¢(x)™! = p(x™1), so @(x71) is in H, and x~1 is
in H.

Suppose that H is a normal subgroup. Let x and g be elements of H and G, respec-
tively. Then p(gxg~1) = @(g)p(x)¢(g) ! is a conjugate of ¢(x), and ¢(x) is in H. Because
H is normal, ¢(gxg™!) is in H, and therefore gxg™! is in H.

Suppose that ¢ is surjective, and that H is a normal subgroup of G. Let a be in
H, and let b be in G. There are elements x of H and y of G such that ¢(x) = a
and @(y) = b. Since H is normal, yxy ! is in H, and therefore @(yxy™!) = bab™! is
in H. O

Theorem 2.10.5 Correspondence Theorem. Let ¢ : G — § be a surjective group homo-
morphism with kernel K. There is a bijective correspondence between subgroups of G and
subgroups of G that contain K:

{subgroups of G that contain K} «— {subgroups of G}.
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This correspondence is defined as follows:
a subgroup H of G that contains K ~ its image @(H) in G,
a subgroup H of G ~ its inverse image ¢~ '(H) in G.

If H and H are corresponding subgroups, then H is normal in G if and only if H is normal
ing.
If H and 'H are corresponding subgroups, then | H| = |H|| K.

Example 2.10.6 We go back to the homomorphism ¢: S5 — S3 that was defined in Example
2.5.13, and its kernel K (2.5.15).

The group S3 has six subgroups, four of them proper. With the usual presentation,
there is one proper subgroup of order 3, the cyclic group < x >, and there are three subgroups
of order 2, including < y>. The Correspondence Theorem tells us that there are four proper
subgroups of S4 that contain K. Since | K| = 4, there is one subgroup of order 12 and there
are three of order 8.

We know a subgroup of order 12, namely the alternating group A4. That is the subgroup
that corresponds to the cyclic group <x> of Ss.

The subgroups of order 8 can be explained in terms of symmetries of a square. With
vertices of the square labeled as in the figure below, a counterclockwise rotation through
the angle 77/2 corresponds to the 4-cycle (1234). Reflection about the diagonal through the
vertex 1 corresponds to the transposition (24). These two permutations generate a subgroup
of order 8. The other subgroups of order 8 can be obtained by labeling the vertices in
other ways.

2 1

3 4

There are also some subgroups of S; that do not contain K. The Correspondence
Theorem has nothing to say about those subgroups. d

Proof of the Correspondence Theorem. Let H be a subgroup of G that contains K, and let
'H be a subgroup of G. We must check the following points:

e @(H) is a subgroup of G.

e g l(H)isa subgroup of G, and it contains K.

o M is a normal subgroup of ¢ if and only if ¢! (H) is a normal subgroup of G.
(bijectivity of the correspondence) ¢(¢™ (H)) = Hand ¢ ! (p(H)) = H.

lo™ (M) = IHIIK].

L[]

L[]

Since @(H) is the image of the homomorphism ¢| g, it is a subgroup of G. The second and
third bullets form Proposition 2.10.4.

Concerning the fourth bullet, the equality (¢~ 1(H)) = H is true for any surjective
map of sets ¢:S — S’ and any subset H of S'. Also, H C ¢~ (¢(H)) is true for any map
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@ of sets and any subset H of S. We omit the verification of these facts. Then the only
thing remaining to be verified is that H D ¢~ 1(¢(H)). Let x be an element of ¢~ (p(H)).
We must show that x is in H. By definition of the inverse image, ¢(x) is in @(H), say
@(x) = p(a), with a in H. Then a”lx is in the kernel K (2.5.8), and since H contains K,
a lxisin H. Since both @ and @~ 'x are in H, x is in H too.

We leave the proof of the last bullet as an exercise. ]

2.11  PRODUCT GROUPS

Let G, G’ be two groups. The product set G X G, the set of pairs of elements (a, a’) with
ain G and @’ in G’, can be made into a group by component-wise multiplication - that is,
multiplication of pairs is defined by the rule

(.11.1) (a.d) - (b,b) = (ab, dV).

The pair (1, 1) is the identity, and the inverse of (a, a’) is (a1, @™ !). The associative law in
G X G’ follows from the fact that it holds in G and in G'.

The group obtained in this way is called the product of G and G’ and is denoted by
G X G'. Itis related to the two factors G and G’ in a simple way that we can sum up in terms
of some homomorphisms

G p G
\ GXG' /

(2.11.2) G/ P\' G’

They are defined by i(x) = (x,1), '(x') = (1,x), p(x,xX)=x, p'(x,x)=x".The
injective homomorphisms ¢ and i’ may be used to identify G and G’ with their images, the
subgroups G X1 and 1 X G’ of G X G'. The maps p and p’ are surjective, the kernel of p is
1X G’, and the kernel of p’ is G X 1. These are the projections.

It is obviously desirable to decompose a given group G as a product, that is, to find
groups H and H’ such that G is isomorphic to the product H X H'. The groups H and H’
will be simpler, and the relation between H X H’ and its factors is easily understood. It is
rare that a group is a product, but it does happen occasionally.

For example, it is rather surprising that a cyclic group of order 6 can be decomposed:
A cyclic group Cj of order 6 is isomorphic to the product Cy X Cs of cyclic groups of orders
2 and 3. To see this, say that C, = {y)> and C3 =<z, with y?> = 1 and 73 =1, and let x
denote the element (y, z) of the product group C3 X C3. The smallest positive integer k such
that x* = (y*, z¥) is the identity (1, 1) is k = 6. So x has order 6. Since C, X C3 also has
order 6, it is equal to the cyclic group <x>. The powers of x, in order, are

a,D, 2, 4,25, O, 4,2). (v, 2%). O

There is an analogous statement for a cyclic group of order rs, whenever the two
integers r and s have no common factor.

Proposition 2.11.3 Let r and s be relatively prime integers. A cyclic group of order rs is
isomorphic to the product of a cyclic group of order r and a cyclic group of order s. [
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On the other hand, a cyclic group of order 4 is not isomorphic to a product of two cyclic
groups of order 2. Every element of C; X C; has order 1 or 2, whereas a cyclic group of order
4 contains two elements of order 4.

The next proposition describes product groups.

Proposition 2.11.4 Let H and K be subgroups of a group G, and let f: HX K — G be the
multiplication map, defined by f(h, k) = hk.Itsimage is the set HK = {hk|h € H, k € K}.

(a) fisinjective if and only if HN K = {1}.

(b) fis a homomorphism from the product group H X K to G if and only if elements of K
commute with elements of H: hk = kh.

(c) If H is a normal subgroup of G, then HK is a subgroup of G.

(d) f is an isomorphism from the product group H X K to G if and only if H N K = {1},
HK = G, and also H and K are normal subgroups of G.

It is important to note that the multiplication map may be bijective though it isn’t a group
homomorphism. This happens, for instance, when G = 83, and with the usual notation,
H=<{x>and K =<{y>.

Proof. (a) If HN K contains an element x# 1, then x lisin H,and f(x"!,x) =1 = f(1, 1),
so f is not injective. Suppose that H N K = {1}. Let (hy, k1) and (h3, k) be elements of
H X K such that h1k; = haks. We multiply both sides of this equation on the left by 47! and
on the right by k;l, obtaining k1 k! = h;lhz. The left side is an element of K and the right
side is an element of H. Since H N K = {1}, k1k;' = hi'hy = 1. Then k1 = kz, by = hy,
and (h1, k1) = (h2, k2).

(b) Let (hy, k1) and (h3, k) be elements of the product group H X K. The product of these
elements in the product group H X K is (h1ha, k1kz), and f(hih;y, kiky) = hihokiky, while
f(hy, k1) f(hay, k) = h1ki1hoky. These elements are equal if and only if hyk; = k1hs.

(c) Suppose that H is a normal subgroup. We note that K H is a union of the left cosets
kH with k in K, and that HK is a union of the right cosets Hk. Since H is normal,
kH = Hk, and therefore HK = K H. Closure of HK under multiplication follows, because
HKHK = HHKK = HK. Also, (hk)™!' = k"'h™lisin K H = HK. This proves closure of
HK under inverses.

(d) Suppose that A and K satisfy the conditions given. Then f is both injective and surjective,
so it is bijective. According to (b), it is an isomorphism if and only if #k = kh for all h in H
and k in K. Consider the commutator (hkh™)k™! = h(kh—1k™1). Since K is normal, the left
side is in K, and since H is normal, the right side is in H. Since H N K = {1}, hkh™ k™! =1,
and hk = kh. Conversely, if f is an isomorphism, one may verify the conditions listed in the
isomorphic group H X K instead of in G. g

We use this proposition to classify groups of order 4:

Proposition 2.11.5 There are two isomorphism classes of groups of order 4, the class of the
cyclic group Cy of order 4 and the class of the Klein Four Group, which is isomorphic to the

product Cy X C; of two groups of order 2.
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Proof. Let G be a group of order 4. The order of any element x of G divides 4, so there are
two cases to consider:

Case 1: G contains an element of order 4. Then G is a cyclic group of order 4.
Case 2: Every element of G except the identity has order 2.

In this case, x = x”! for every element x of G. Let x and y be two elements of G. Then
xy has order 2, so xyx~1y™1 = (xy)(xy) = 1. This shows that x and y commute (2.6.5), and
since these are arbitrary elements, G is abelian. So every subgroup is normal. We choose
distinct elements x and y in G, and we let H and K be the cyclic groups of order 2 that they
generate. Proposition 2.11.4(d) shows that G is isomorphic to the product group H X K. O

2.12 QUOTIENT GROUPS

In this section we show that a law of composition can be defined on the set of cosets of a
normal subgroup N of any group G. This law makes the set of cosets of a normal subgroup
into a group, called a quotient group.

Addition of congruence classes of integers modulo n is an example of the quotient
construction. Another familiar example is addition of angles. Every real number represents
an angle, and two real numbers represent the same angle if they differ by an integer multiple
of 27r. The group N of integer multiples of 27 is a subgroup of the additive group R* of real
numbers, and angles correspond naturally to (additive) cosets 8 + N of N in G. The group
of angles is the quotient group whose elements are the cosets.

The set of cosets of a normal subgroup N of a group G is often denoted by G/ N.

(2.12.1) G /N is the set of cosets of Nin G.

When we regard a coset C as an element of the set of cosets, the bracket notation [C]
may be used. If C = aN, we may also use the bar notation to denote the element [C] by @,
and then we would denote the set of cosets by G:

G =G/N.

Theorem 2.12.2 Let N be a normal subgroup of a group G, and let G denote the set of
cosets of N in G. There is a law of composition on G that makes this set into a group, such
that the map w: G — G defined by 7w(a) = @ is a surjective homomorphism whose kernel
is N.

« The map 7 is often referred to as the canonical map from G to G. The word “canonical”
indicates that this is the only map that we might reasonably be talking about.

The next corollary is very simple, but it is important enough to single out:

Corollary 2.12.3 Let N be a normal subgroup of a group G, and let G denote the set
of cosets of N in G. Let 7: G — G be the canonical homomorphism. Let aj, ..., ax be
elements of G such that the producta; ---aisin N. Thena; ---ax = 1.

Proof. Let p = ay ---ax. Then pisin N, so m(p) = P = 1. Since m is a homomorphism,
a---ax=7p. O
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Proof of Theorem 2.12.2. There are several things to be done. We must

o define a law of composition on G,

» prove that the law makes G into a group,

¢ prove that 77 is a surjective homomorphism, and
» prove that the kernel of 7w is V.

We use the following notation: If A and B are subsets of a group G, then A B denotes the
set of products ab:

(2.12.4) AB={xe G |x=abforsomea c Aandb € Bj.

We will call this a product set, though in some other contexts the phrase “‘product set” refers
to the set A X B of pairs of elements.

Lemma 2.12.5 Let N be a normal subgroup of a group G, and let a/N and bN be cosets of
N. The product set (aN)(bN) is also a coset. It is equal to the coset abN.

We note that the set (aN)(bN) consists of all elements of G that can be written in the
form anbn’, with n and n’ in N.

Proof. Since N is a subgroup, NN = N. Since N is normal, left and right cosets are equal:
Nb = bN (2.8.17). The lemma is proved by the following formal manipulation:

(aN)(bN) = a(Nb)N = a(bN)N = abNN = abN. a

This lemma allows us to define multiplication on the set G = G /N. Using the bracket
notation (2.7.8), the definition is this: If C; and C; are cosets, then [C1][C2] = [C1C,],
Where C1C3 is the product set. The lemma shows that this product set is another coset. To
compute the product [C1][C2], take any elements a in C; and b in C;. Then C1 = aN,
C, = bN, and CC; is the coset abN that contains ab. So we have the very natural formula

(2.12.6) [aN][bN] = [abN] or ab=ab.
Then by definition of the map 7 in (2.12.2),
(2.12.7) n(a)(b) = ab = ab = n(ab).

. The fact that 77 is a homomorphism will follow from (2.12.7), once we show that G is a group.
Since the canonical map 7 is surjective (2.7.8), the next lemma proves this.

Lemma 2.12.8 Let G be a group, and let Y be a set with a law of composition, both
laws written with multiplicative notation. Let ¢ : G — Y be a surjective map with the
homomorphism property, that ¢(ab) = ¢(a)@(b) for all a and b in G. Then Y is a group
and ¢ is 2 homomorphism.
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Proof. The group axioms that are true in G are carried over to Y by the surjective map ¢.
Here is the proof of the associative law: Let yy, ¥, y3 be elements of Y. Since ¢ is surjective,
vi = @(x;) for some x; in G. Then

(1y2)ys = (@(x1)e(x2))p(x3)=p(x1x2)(x3)=@((x1x2) X3)
= o(x1(x2x3)) = P(x1)P(x2x3)=0(x1) (P(x2)P(x3)) = y1(¥23)-

The equality marked with an asterisk is the associative law in G. The other equalities follow
from the homomorphism property of ¢. The verifications of the other group axioms are
similar. 0

The only thing remaining to be verified is that the kernel of the homomorphism 7 is
the subgroup N. Well, m(a) = w(1) if and only if @ = 1, or [aN] = [1/N], and this is true if
and only if a is an element of N. a

(2.12.9) A Schematic Diagram of Coset Multiplication.

Note: Our assumption that N be a normal subgroup of G is crucial to Lemma 2.12.5. If H
is not normal, there will be left cosets C1 and C, of H in G such that the product set C1C,
does not lie in a single left coset. Going back once more to the subgroup H = {y) of S3,
the product set (1 H)(x H) contains four elements: {1, y}{x, xy} = {x, xy, xzy, x2}. It is not
a coset. The subgroup H is not normal. a

The next theorem relates the quotient group construction to a general group homo-
morphism, and it provides a fundamental method of identifying quotient groups.

Theorem 2.12.10 First Isomorphism Theorem. Let ¢ : G — G’ be a surjective group
homomorphism with kernel N. The quotient group G = G /N is isomorphic to the image
G'. To be precise, let 7: G — G be the canonical map. There is a unique isomorphism
9:G — G'suchthatp = go.

i

;
,
s
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,
,

G
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Proof. The elements of G are the cosets of N, and they are also the fibres of the map ¢
(2.7.15). The map @ referred to in the theorem is the one that sends a nonempty fibre to
its image: @(X) = @(x). For any surjective map of sets ¢: G — G’, one can form the set
G of fibres, and then one obtains a diagram as above, in which ¢ is the bijective map that
sends a fibre to its image. When ¢ is a group homomorphism, ¢ is an isomorphism because

@(ab) = p(ab) = p(a)p(b) = (@) p(b). O

Corollary 2.12.11 Let ¢:G — G’ be a group homomorphism with kernel N and image H'.
The quotient group G = G /N is isomorphic to the image H'. a

Two quick examples: The image of the absolute value map C* — R* is the group
of positive real numbers, and its kernel is the unit circle U. The theorem asserts that the
quotient group C*/U is isomorphic to the multiplicative group of positive real numbers.
The determinant is a surjective homomorphism G L, (R) — R*, whose kernel is the special
linear group SL, (R). So the quotient G L, (R)/SL,(R) is isomorphic to R*.

There are also theorems called the Second and the Third Isomorphism Theorems,
though they are less important.

&g giebt alfo fehie viel vetfchieSene JAtten von Stofen,

svelche fich nicht ol Heezehlen lafen;

und dafet entftehen 8fe SerfthieSene Ifeile Ser Iathematic,

Seren efne feqliche mit einet befondeen et bon Sevfen Gelchiiftiget ift.

—Leonhard Euler

EXERCISES

Section1 Laws of Composition

1.1. Let S be a set. Prove that the law of composition defined by ab = a for alla and b in S'is
associative. For which sets does this law have an identity?

1.2. Prove the properties of inverses that are listed near the end of the section.

1.3. Let N denote the set {1, 2, 3, ..., } of natural numbers, and let s:N — N be the shift map,
defined by s(n) = n + 1. Prove that s has no right inverse, but that it has infinitely many
left inverses.

Section 2 Groups and Subgroups

2.1. Make a multiplication table for the symmetric group S3.

2.2. Let S be a set with an associative law of composition and with an identity element. Prove
that the subset consisting of the invertible elements in S is a group.
2.3. Let x, y, z, and w be elements of a group G.

(a) Solve for y, given that xyz lw = 1.

(b) Suppose that xyz = 1. Does it follow that yzx = 1? Does it follow that yxz = 1?
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2.4.

2.5.

2.6.

In which of the following cases is H a subgroup of G?

(@ G=GL,(C)and H=GL,(R).

(b) G =R*and H = {1,-1}.

(¢) G =7Z% and H is the set of positive integers.
(d) G =R*and H is the set of positive reals.

() G = GL,(R) and H is the set of matrices [g g], with a#0.

In the definition of a subgroup, the identity element in H is required to be the identity
of G. One might require only that H have an identity element, not that it need be the
same as the identity in G. Show that if H has an identity at all, then it is the identity in
G. Show that the analogous statement is true for inverses.

Let G be a group. Define an opposite group G° with law of composition a b as follows:
The underlying set is the same as G, but the law of composition is a * b = ba. Prove that
G° is a group.

Section3 Subgroups of the Additive Group of Integers

3.1.

3.2

3.3.

Let a = 123 and b = 321. Compute d = ged(a, b), and express d as an integer
combination ra + bs.

Prove that if @ and b are positive integers whose sum is a prime p, their greatest common
divisor is 1.

(a) Define the greatest common divisor of a set {ay, ..., a,} of n integers. Prove that it
exists, and that it is an integer combination of ay, ..., an.

(b) Prove that if the greatest common divisor of {ay, ..., ay} is d, then the greatest
common divisor of {a1/d, ..., a,/d}is 1.

Section4 Cyclic Groups

4.1.

4.2.

4.3.
4.4.
4.5.

4.6.

4.7.

Let a and b be elements of a group G. Assume that @ has order 7 and that a*b = ba?.
Prove that ab = ba.

An nth root of unity is a complex number z such that z"* = 1.

(a) Prove that the nth roots of unity form a cyclic subgroup of C* of order n.
(b) Determine the product of all the nth roots of unity.

Let a and b be elements of a group G. Prove that ab and ba have the same order.
Describe all groups G that contain no proper subgroup.

Prove that every subgroup of a cyclic group is cyclic. Do this by working with exponents,
and use the description of the subgroups of Z™.

(a) Let G be a cyclic group of order 6. How many of its elements generate G? Answer
the same question for cyclic groups of orders 5 and 8.

(b) Describe the number of elements that generate a cyclic group of arbitrary order n.

Let x and y be elements of a group G. Assume that each of the elements x, y, and xy has
order 2. Prove that the set H = {1, x, y, xy} is a subgroup of G, and that it has order 4.



4.8.

4.9.
4.10.

4.11.

Exercises 71

(a) Prove that the elementary matrices of the first and third types (1.2.4) generate
GL,(R).

(b) Prove that the elementary matrices of the first type generate SL,(R). Do the 2 X2
case first.
How many elements of order 2 does the symmetric group .S4 contain?

Show by example that the product of elements of finite order in a group need not have
finite order. What if the group is abelian?

(a) Adapt the method of row reduction to prove that the transpositions generate the
symmetric group S,.
(b) Prove that, for n > 3, the three-cycles generate the alternating group A,,.

Section5 Homomorphisms
5.1

5.2

53.

54.

5.5.

5.6

-

Let ¢: G — G’ be a surjective homomorphism. Prove that if G is cyclic, then G’ is cyclic,
and if G is abelian, then G’ is abelian.

Prove that the intersection K N H of subgroups of a group G is a subgroup of H, and
that if K is a normal subgroup of G, then K N H is a normal subgroup of H.
b ] , and

a
0 d
let ¢: U — R* be the map that sends A ~a?. Prove that ¢ is a homomorphism, and
determine its kernel and image.

Let U denote the group of invertible upper triangular 2 X 2 matrices A = [

Let f:R* — C*be the map f(x) = e'*. Prove that f is a homomorphism, and determine
its kernel and image.

A B
0 D
Ain GL,(R) and D in GL,_,(R), form a subgroup H of GL,(R), and that the
map H — GL,(R) that sends M ~» A is a homomorphism. What is its kernel?
Determine the center of G L, (R).

Hint: You are asked to determine the invertible matrices A that commute with every
invertible matrix B. Do not test with a general matrix B. Test with elementary matrices.

Prove that the n X n matrices that have the block form M = , with

Section 6 Isomorphisms

6.1. Let G’ be the group of real matrices of the form [1 x]. Is the map R* — G’ that

. ; . . 1
sends x to this matrix an isomorphism?

6.2. Describe all homomorphisms @ : Z* — Z*. Determine which are injective, which are

surjective, and which are isomorphisms.

6.3. Show that the functions f = 1/x, g = (x — 1) /x generate a group of functions, the law of

composition being composition of functions, that is isomorphic to the symmetric group S3.

6.4. Prove that in a group, the products ab and ba are conjugate elements.

1

6.5. Decide whether or not the two matrices A = [3 2] and B = [_2 ‘1‘] are conjugate

elements of the general linear group G L (R).
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1 11

conjugate elements of SL,(R)?

6.6. Are the matrices [1 1 ], [1 ] conjugate elements of the group G L,(R)? Are they

6.7. Let H be a subgroup of G, and let g be a fixed element of G. The conjugate subgroup
gHg ™! is defined to be the set of all conjugates ghg™!, with 4 in H. Prove that gHg ! is
a subgroup of G.

6.8. Prove that the map A ~ AH1is an automorphism of G L, (R).
6.9. Prove that a group G and its opposite group G° (Exercise 2.6) are isomorphic.
6.10. Find all automorphisms of
(a) a cyclic group of order 10, (b) the symmetric group S3.

6.11. Let a be an element of a group G. Prove that if the set {1, a} is a normal subgroup of G,
then a is in the center of G.

Section7 Equivalence Relations and Partitions

7.1. Let G be a group. Prove that the relation a~b if b = gag™! for some g in G is an
equivalence relation on G.

7.2. An equivalence relation on S is determined by the subset R of the set § X § consisting of
those pairs (a, b) such that a ~ b. Write the axioms for an equivalence relation in terms
of the subset R.

7.3. With the notation of Exercise 7.2, is the intersection R N R’ of two equivalence relations
R and R’ an equivalence relation? Is the union?

7.4. A relation R on the set of real numbers can be thought of as a subset of the (x, y)-plane.
With the notation of Exercise 7.2, explain the geometric meaning of the reflexive and
symmetric properties.

7.5. With the notation of Exercise 7.2, each of the following subsets R of the (x, y)-plane
defines a relation on the set R of real numbers. Determine which of the axioms (2.7.3)
are satisfied: (a) the set {(s, s) | s € R}, (b) the empty set, (c) the locus {xy + 1 =0},
(d) the locus {x?y — xy? —x+ y = 0}.

7.6. How many different equivalence relations can be defined on a set of five elements?

Section 8 Cosets

8.1. Let H be the cyclic subgroup of the alternating group A4 generated by the permutation
(123). Exhibit the left and the right cosets of H explicitly.

8.2. In the additive group R™ of vectors, let W be the set of solutions of a system of homo-
geneous linear equations AX = 0. Show that the set of solutions of an inhomogeneous
system AX = B is either empty, or else it is an (additive) coset of W.

8.3. Does every group whose order is a power of a prime p contain an element of order p?
8.4. Does a group of order 35 contain an element of order 5? of order 7?

8.5. A finite group contains an element x of order 10 and also an element y of order 6. What
can be said about the order of G?

8.6. Let ¢: G — G’ be a group homomorphism. Suppose that |G| = 18, |G| = 15, and that
@ is not the trivial homomorphism. What is the order of the kernel?
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8.7. A group G of order 22 contains elements x and y, where x# 1 and y is not a power of x.
Prove that the subgroup generated by these elements is the whole group G.

8.8. Let G be a group of order 25. Prove that G has at least one subgroup of order 5, and that
if it contains only one subgroup of order 5, then it is a cyclic group.

8.9. Let G be a finite group. Under what circumstances is the map ¢: G — G defined by
@(x) = x? an automorphism of G?

8.10. Prove that every subgroup of index 2 is a normal subgroup, and show by example that a
subgroup of index 3 need not be normal.

Let G and H be the following subgroups of G L (R):

_)xy _J|x 0
o={[5 31} =105 1)
with x and y real and x > 0. An element of G can be represented by a point in the right

half plane. Make sketches showing the partitions of the half plane into left cosets and into
right cosets of H.

8.12. Let S be a subset of a group G that contains the identity element 1, and such that the left
cosets aS, with a in G, partition G. Prove that S is a subgroup of G.

8.11

8.13. Let S be a set with a law of composition: A partition I1; UTI, U ... of S is compatible
with the law of composition if for all i and j, the product set

ILIT; ={xy|xeIl;,yell
is contained in a single subset I1; of the partition.

(a) The set Z of integers can be partitioned into the three sets [Pos], [Neg], [{0}]. Discuss
the extent to which the laws of composition + and X are compatible with this
partition.

(b) Describe all partitions of the integers that are compatible with the operation +.

Section 9 Modular Arithmetic
9.1. For which integers n does 2 have a multiplicative inverse in Z/Zn?
9.2. What are the possible values of a? modulo 4? modulo 8?
9.3. Prove that every integer a is congruent to the sum of its decimal digits modulo 9.
9.4. Solve the congruence 2x =5 modulo 9 and modulo 6.

9.5. Determine the integers n for which the pair of congruences 2x — y=1 and 4x +
3y=2 modulo rn has a solution.

9.6. Prove the Chinese Remainder Theorem: Let a, b, u, v be integers, and assume that the
greatest common divisor of @ and b is 1. Then there is an integer x such that x=u modulo
a and x= v modulo b.
Hint: Do the case u = 0 and v = 1 first.

11

9.7. Determine the order of each of the matrices A = [0 1] and B = [} (1)] when the

matrix entries are interpreted modulo 3.



74 Chapter 2 Groups

Section 16 The Correspondence Theorem

10.1.
10.2.

10.3.

10.4.

10.5.

Describe how to tell from the cycle decomposition whether a permutation is odd or even.

Let H and K be subgroups of a group G.

(a) Prove that the intersection x H N yK of two cosets of H and K is either empty or
else is a coset of the subgroup H N K.

(b) Prove thatif H and K have finite index in G then H N K also has finite index in G.

Let G and G’ be cyclic groups of orders 12 and 6, generated by elements x and y,
respectively, and let ¢ : G — G’ be the map defined by ¢(x') = y'. Exhibit the
correspondence referred to in the Correspondence Theorem explicitly.

With the notation of the Correspondence Theorem, let H and H’ be corresponding
subgroups. Prove that [G: H] = [G': H'].

With reference to the homomorphism S; — S3 described in Example 2.5.13, determine
the six subgroups of S4 that contain K.

Section 11 Product Groups

11.1.

11.2.

11.3.
11.4.

11.5.

11.6.

11.7.

11.8.

11.9.

Let x be an element of order r of a group G, and let y be an element of G’ of order s.
What is the order of (x, y) in the product group G X G'?

What does Proposition 2.11.4 tell us when, with the usual notation for the symmetric
group S3, K and H are the subgroups { y> and {x>?
Prove that the product of two infinite cyclic groups is not infinite cyclic.

In each of the following cases, determine whether or not G is isomorphic to the product
group H X K.

(a) G =R*, H = {+1}, K = {positive real numbers}.

(b) G = {invertible upper triangular 2 X 2 matrices}, H = {invertible diagonal matrices},
K = {upper triangular matrices with diagonal entries 1}.

(¢) G =C*, H = {unit circle}, K = {positive real numbers}.

Let G; and G, be groups, and let Z; be the center of G;. Prove that the center of the
product group G1 X G, is Z1 X Z;.

Let G be a group that contains normal subgroups of orders 3 and 5, respectively. Prove
that G contains an element of order 15.

Let H be a subgroup of a group G, let ¢: G — H be a homomorphism whose restriction
to H is the identity map, and let N be its kernel. What can one say about the product
map HXN - G?

Let G, G’, and H be groups. Establish a bijective correspondence between homomor-
phisms ®: H - G X G’ from H to the product group and pairs (¢, ¢') consisting of a
homomorphism ¢: H — G and a homomorphism ¢’: H — G'.

Let H and K be subgroups of a group G. Prove that the product set HK is a subgroup
of G ifand only if HK = KH.

Section 12 Quotient Groups

12.1.

Show that if a subgroup H of a group G is not normal, there are left cosets a{ and bH
whose product is not a coset.



12.2.

12.3.

124.

12.5.
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In the general linear group G L3(R), consider the subsets

1 *x =% 1 0 x
H={01 x|, and K={0 1 0,
0 0 1 0 01

where * represents an arbitrary real number. Show that H is a subgroup of G L3, that K
is a normal subgroup of H, and identify the quotient group H/ K. Determine the center
of H.

Let P be a partition of a group G with the property that for any pair of elements A, B of
the partition, the product set A B is contained entirely within another element C of the

partition. Let N be the element of P that contains 1. Prove that N is a normal subgroup
of G and that P is the set of its cosets.

Let H = { £ 1, i} be the subgroup of G = C* of fourth roots of unity. Describe the
cosets of H in G explicitly. Is G/ H isomorphic to G?

a b
0 d
from zero. For each of the following subsets, determine whether or not S is a subgroup,
and whether or not S is a normal subgroup. If S is a normal subgroup, identify the
quotient group G/ S.

(i) S is the subset defined by b = 0.
(ii) S is the subset defined byd = 1.
(iii) S is the subset defined by a = d.

Let G be the group of upper triangular real matrices I: , with a and d different

Miscellaneous Problems

M.1L

M.2.

M.3.

M.

M.S.

*ML6.

Describe the column vectors (a, ¢)” that occur as the first column of an integer matrix A
whose inverse is also an integer matrix.

(a) Prove that every group of even order contains an element of order 2.

(b) Prove that every group of order 21 contains an element of order 3.

Classify groups of order 6 by analyzing the following three cases:

(i) G contains an element of order 6.
(ii) G contains an element of order 3 but none of order 6.
(iii) All elements of G have order 1 or 2.

A semigroup S is a set with an associative law of composition and with an identity.
Elements are not required to have inverses, and the Cancellation Law need not hold. A
semigroup S is said to be generated by an element s if the set {1, s, %, . ..} of nonnegative
powers of s is equal to S. Classify semigroups that are generated by one element.

Let S be a finite semigroup (see Exercise M.4) in which the Cancellation Law 2.2.3 holds.
Prove that § is a group.

Leta = (ai,...,ay) and b = (by, ..., by) be points in k-dimensional space Rk, A
path from a to b is a continuous function on the unit interval [0, 1] with values in Rk, a
function X : [0, 1] — RX, sending t~ X(1) = (x1(0), . .., xx(£)), such that X(0) = a and
X(1) = b. If S is a subset of R* and if @ and b are in S, define a~ b if a and b can be
joined by a path lying entirely in S.
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(a) Show that ~ is an equivalence relation on S. Be careful to check that any paths you
construct stay within the set S.

(b) A subset S is path connected if a ~ b for any two points a and b in S. Show that every
subset S is partitioned into path-connected subsets with the property that two points
in different subsets cannot be connected by a path in S.

(c) Which of the following loci in R? are path-connected: {x? + y? = 1}, {xy = 0},
{xy=1}?

*M.7. The set of n X n matrices can be identified with the space R™". Let G be a subgroup of
G L, (R). With the notation of Exercise M.6, prove:

(a) IfA, B, C, D arein G, and if there are paths in G from A to B and from C to D, then
there is a path in G from AC to BD.

(b) The set of matrices that can be joined to the identity I forms a normal subgroup of
G. (It is called the connected component of G.)

*M.8. (a) The group SL,(R) is generated by elementary matrices of the first type (see
Exercise 4.8). Use this fact to prove that SL, (R) is path-connected.

(b) Show that G L, (R) is a union of two path-connected subsets, and describe them.

M.9. (double cosets) Let H and K be subgroups of a group G, and let g be an element of G.
The set HgK = {x € G | x = hgk for some h € H, k € K} is called a double coset. Do
the double cosets partition G?

M.10. Let H be a subgroup of a group G. Show that the double cosets (see Exercise M.9)
HgH = {hlghzlhl, hy e H}

are the left cosets g H if and only if H is normal.

*M.11. Most invertible matrices can be written as a product A = LU of a lower triangular matrix
L and an upper triangular matrix U, where in addition all diagonal entries of U are 1.

(a) Explain how to compute L and U when the matrix A is given.
(b) Prove uniqueness, that there is at most one way to write A as such a product.

(¢) Show that every invertible matrix can be written as a product LPU, where L, U are
as above and P is a permutation matrix.

(d) Describe the double cosets LgU (see Exercise M.9).

M.12. (postage stamp problem) Let a and b be positive, relatively prime integers.

(a) Prove that every sufficiently large positive integer n can be obtained as ra + sb,
where r and s are positive integers.

(b) Determine the largest integer that is not of this form.

M.13. (a game) The starting position is the point (1, 1), and a permissible “‘move” replaces a
point (a, b) by one of the points (a + b, b) or (a, a + b). So the position after the first
move will be either (2, 1) or (1, 2). Determine the points that can be reached.

M.14. (generating SL,(Z)) Prove that the two matrices

11l L _[ro0
o1 e[ ]



M.15.

M.16.
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generate the group SL;(Z) of all integer matrices with determinant 1. Remember that
the subgroup they generate consists of all elements that can be expressed as products
using the four elements E, E/, E™, E™ .

Hint: Do not try to write a matrix directly as a product of the generators. Use row
reduction.

(the semigroup generated by elementary matrices) Determine the semigroup S (see
Exercise M.4) of matrices A that can be written as a product, of arbitrary length, each of
whose terms is one of the two matrices

o] o 1)

Show that every element of S can be expressed as such a product in exactly one way. -

L(the homophonic group: a mathematical diversion) By definition, English words have
the same pronunciation if their phonetic spellings in the dictionary are the same. The
homophonic group H is generated by the letters of the alphabet, subject to the following
relations: English words with the same pronunciation represent equal elements of the
group. Thus be = bee, and since H is a group, we can cancel be to conclude that e = 1.
Try to determine the group H.

11 learned this problem from a paper by Mestre, Schoof, Washington and Zagier.



CHAPTER 3

Vector Spaces

Immer mit den einfachsten Beispielen anfangen.

—David Hilbert

3.1 SUBSPACES OF R”

Our basic models of vector spaces, the topic of this chapter, are subspaces of the space R” of
n-dimensional real vectors. We discuss them in this section. The definition of a vector space
is given in Section 3.3.

Though row vectors take up less space, the definition of matrix multiplication makes
column vectors more convenient, so we usually work with them. To save space, we sometimes
use the matrix transpose to write a column vector in the form (ay, ..., a,)!. As mentioned
in Chapter 1, we don’t distinguish a column vector from the point of R” with the same
coordinates. Column vectors will often be denoted by lowercase letters such as v or w, and
if vis equal to (ay, ..., an)', wecall (ay, ..., a,)" the coordinate vector of v.

We consider two operations on vectors:

ai by a; + b
vector addition: S+ = : , and
(3.1.1) an bp an + by
ay cay
scalar multiplication: c|l : | = :
an cap

These operations make R” into a vector space.

A subset W of R” (3.1.1) is a subspace if it has these properties:

(3.12)

(a) If wand w’ arein W, then w + w’ isin W.

78
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(b) If wisin W and cisin R, then cw isin W.
(¢) The zero vectorisin W.

There is another way to state the conditions for a subspace:

(3.1.3) W isnot empty, and if wy, ..., w, are elements of W and ¢y, .. ., ¢, are scalars,
the linear combination cywy + -+ chwy is alsoin W.

Systems of homogeneous linear equations provide examples. Given an m X n matrix
A with coefficients in R, the set of vectors in R” whose coordinate vectors solve the
homogeneous equation AX = 0 is a subspace, called the nullspace of A. Though this is very
simple, we’ll check the conditions for a subspace:

e AX=0and AY =0imply A(X +Y) =0:If X and Y are solutions, so is X + Y.
e AX = 0implies AcX = 0: If X is a solution, so is cX.
e A0 = 0: The zero vector is a solution.

The zero space W = {0} and the whole space W = R” are subspaces. A subspace is proper
if it is not one of these two. The next proposition describes the proper subspaces of R

Proposition 3.1.4 Let W be a proper subspace of the space R?, and let w be a nonzero
vector in W. Then W consists of the scalar multiples cw of w. Distinct proper subspaces
have only the zero vector in common.

The subspace consisting of the scalar multiples cw of a given nonzero vector w is called the
subspace spanned by w. Geometrically, it is a line through the origin in the plane R2.

Proof of the proposition. We note first that a subspace W that is spanned by a nonzero
vector w is also spanned by any other nonzero vector w’ that it contains. This is true
because if w’ = cw with ¢ # 0, then any multiple aw can also be written in the form ac™lw'.
Consequently, if two subspaces W; and W, that are spanned by vectors w; and w; have a
nonzero element v in common, then they are equal.

Next, a subspace W of R2, not the zero space, contains a nonzero element wj. Since
W is a subspace, it contains the space W; spanned by w1, and if W1 = W, then W consists
of the scalar multiples of one nonzero vector. We show that if W is not equal to W1, then it
is the whole space R2. Let w; be an element of W not in W, and let W, be the subspace
spanned by w,. Since Wj# W>, these subspaces intersect only in 0. So neither of the two
vectors wy and w; is a multiple of the other. Then the coordinate vectors, call them A;, of w;
aren’t proportional, and the 2X2 block matrix A = [A1]A;] with these vectors as columns has
a nonzero determinant. In that case we can solve the equation AX = B for the coordinate
vector B of an arbitrary vector v, obtaining the linear combination v = wix; + wyx;. This
shows that W is the whole space R?. O

It can also be seen geometrically from the parallelogram law for vector addition that
every vector is a linear combination c;w; + cows.
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CiW] + CoW)

Cawz
Ciw;

wi

The description of subspaces of R? that we have given is clarified in Section 3.4 by the
concept of dimension.

3.2 FIELDS

As mentioned at the beginning of Chapter 1, essentially all that was said about matrix
operations is true for complex matrices as well as for real ones. Many other number systems
serve equally well. To describe these number systems, we list the properties of the “scalars”
that are needed, and are led to the concept of a field. We introduce fields here before turning
to vector spaces, the main topic of the chapter.

Subfields of the field C of complex numbers are the simplest fields to describe. A
subfield of C is a subset that is closed under the four operations of addition, subtraction,
multiplication, and division, and which contains 1. In other words, F is a subfield of C if it
has these properties:

321 (+,-,%+,1)

e Ifaand barein F,thena+ bisin F.

e Ifaisin F,then-aisin F.

e Ifaand barein F,thenabisin F.

e Ifaisin Fand a#0, thenag™ ! isin F.

e lisin F.
These axioms imply that 1 — 1 = 0 is an element of F. Another way to state them is to say
that F is a subgroup of the additive group C*, and that the nonzero elements of F form a
subgroup of the multiplicative group C*.

Some examples of subfields of C:
(a) the field R of real numbers,
(b) the field Q of rational numbers (fractions of integers),

(c) the field Q[ﬁ] of all complex numbers of the form a + b+/2, with rational numbers
aand b.

The concept of an abstract field is only slightly harder to grasp than that of a subtield,
and it contains important new classes of fields, including finite fields.

Definition 3.2.2 A field F is a set together with two laws of composition

FXxF35F and FXF3F
called addition: a, b ~» a + b and multiplication: a, b ~» ab, which satisfy these axioms:
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(i) Addition makes F into an abelian group F; its identity element is denoted by 0.

(ii) Multiplication is commutative, and it makes the set of nonzero elements of F' into an
abelian group F*; its identity element is denoted by 1.

(iii) distributive law: Foralla, b,andcin F, a(b + ¢) = ab + ac.

The first two axioms describe properties of the two laws of composition, addition and
multiplication, separately. The third axiom, the distributive law, relates the two laws.

You will be familiar with the fact that the real numbers satisfy these axioms, but the fact
that they are the only ones needed for the usual algebraic operations can only be understood
after some experience.

The next lemma explains how the zero element multiplies.

Lemma 3.2.3 Let F be a field.

(a) The elements 0 and 1 of F are distinct.
(b) Forallain F,a0 =0and Oa = 0.
(c) Multiplication in F'is associative, and 1 is an identity element.

Proof. (a) Axiom (ii) implies that 1 is not equal to 0.

(b) Since 0 is the identity for addition, 0 4+ 0 = 0. Then a0 + a0 = a(0 + 0) = a0. Since F*
is a group, we can cancel a0 to obtain a0 = 0, and then Oa = 0 as well.

(¢) Since F — {0} is an abelian group, multiplication is associative when restricted to this
subset. We need to show that a(bc) = (ab)c when at least one of the elements is zero. In
that case, (b) shows that the products in question are equal to zero. Finally, the element 1 is
an identity on F — {0}. Setting a = 1 in (b) shows that 1 is an identity on all of F. 0

Aside from subfields of the complex numbers, the simplest examples of fields are
certain finite fields called prime fields, which we describe next. We saw in the previous
chapter that the set Z/nZ of congruence classes modulo an integer n has laws of addition
and multiplication derived from addition and multiplication of integers. All of the axioms
for a field hold for the integers, except for the existence of multiplicative inverses. And as
noted in Section 2.9, such axioms carry over to addition and multiplication of congruence
classes. But the integers aren’t closed under division, so there is no reason to suppose that
congruence classes have multiplicative inverses. In fact they needn’t. The class of 2, for
example, has no multiplicative inverse modulo 6. It is somewhat surprising that when p is a
prime integer, all nonzero congruence classes modulo p have inverses, and therefore the set
Z/ pZis a field. This field is called a prime field, and is often denoted by F.

Using bar notation and choosing the usual representative elements for the p congruence
classes,

(3.2.4) Fp,=1{0,1,..., p-1} = Z/pZ.

Theorem 3.2.5 Let p be a prime integer. Every nonzero congruence class modulo p has a
multiplicative inverse, and therefore Fj, is a field of order p.

We discuss the theorem before giving the proof.
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If a and b are integers, then @# 0 means that p does not divide @, and ab = 1 means
ab=1 modulo p. The theorem can be stated in terms of congruence in this way:

Let p be a prime, and let a be an integer not divisible by p.

(3:26) There is an integer b such that ab=1 modulo p.

Finding the inverse of a congruence class @ modulo p can be done by trial and error if p is
small. A systematic way is to compute the powers of @. If p = 13 and @ = 3, then @> = 9 and

@ =27 = 1. We are lucky: @ has order 3, and therefore 371 =3% = 9. On the other hand,
the powers of 6 run through every nonzero congruence class modulo 13. Computing powers
may not be the fastest way to find the inverse of 6. But the theorem tells us that the set F} of
nonzero congruence classes forms a group. So every element @ of IF;,‘ has finite order, and if

a has order r, its inverse will be atr-v,
To make a proof of the theorem using this reasoning, we need the cancellation law:

Proposition 3.2.7 Cancellation Law. Let p be a prime integer, and let @, b and ¢ be
elements of Fp,.

(a) Ifab=0,thena=0o0rb =0.
() Ifa#0andifab =ac, thenb ==C.

Proof. (a) We represent the congruence classes @ and b by integers a and b, and we translate
into congruence. The assertion to be proved is that if p divides ab then p divides a or p
divides b. This is Corollary 2.3.7.

(b) It follows from (a) that if a#0 and @(b — ) =0, then b— ¢ =0. O

Proof of Theorem (3.2.5). Let a be a nonzero element of F,. We consider the powers
1,a,a% @, ... Since there are infinitely many exponents and only finitely many elements

in Fp, there must be two powers that are equal, say a™ =a", where m < n. We cancel @™
from both sides: T = @™~ . Then @™ ™1 is the inverse of @. O

It will be convenient to drop the bars over the letters in what follows, trusting
ourselves to remember whether we are working with integers or with congruence classes,
and remembering the rule (2.9.8):

If a and b are integers, then a = b in F, means a=b modulo p.

As with congruences in general, computation in the field F, can be done by working
with integers, except that division cannot be carried out in the integers. One can ope-
rate with matrices A whose entries are in a field, and the discussion of Chapter 1 can be
repeated with no essential change.

Suppose we ask for solutions of a system of »n linear equations in n unknowns in
the prime field Fp. We represent the system of equations by an integer system, choosing
representatives for the congruence classes, say AX = B, where A is an n X n integer matrix
and B is an integer column vector. To solve the system in F,, we invert the matrix A
modulo p. The formula cof (4)A = 8 I, where § = det A (Theorem 1.6.9), is valid for integer
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matrices, so it also holds in F, when the matrix entries are replaced by their congruence
classes. If the congruence class of § isn’t zero, we can invert the matrix A in F), by computing

571 cof(A).

Corollary 3.2.8 Let AX = B be a system of n linear equations in » unknowns, where the
entries of A and B are in Fp, and let § = det A. If § is not zero, the system has a unique
solution in . O

Consider, for example, the system AX = B, where

a=[8 wan=[ 3]

The coefficients are integers, so AX = B defines a system of equations in I, for any prime
p. The determinant of A is 42, so the system has a unique solution in F,, for all p that do
not divide 42, i.e., all p different from 2, 3, and 7. For instance, det A = 3 when evaluated
modulo 13. Since 37! = 9in Fy3,

A‘1=9[_6 ’3]=[2 “1] and X:A‘lB:[7

5 8 8 7 4],modulol?:.

The system has no solution in IF; or F3. It happens to have solutions in F7, though detA = 0
modulo 7.

Invertible matrices with entries in the prime field F, provide new examples of finite
groups, the general linear groups over finite fields:

G L, (Fp) = {n Xn invertible matrices with entries in Fp}
SL,(Fp) = {n Xn matrices with entries in [, and with determinant 1}

For example, the group of invertible 2 X 2 matrices with entries in [, contains the six
elements

(3.2.9) GL2(1F2)=”1 1][1 1]’[1 ”[1 1}’[1 }][} 1]]

This group is isomorphic to the symmetric group S3. The matrices have been listed in an
order that agrees with our usual list {1, x, x2, y, xy, x2y} of the elements of S;.

One property of the prime fields IF,, that distinguishes them from subfields of C is that
adding 1 to itself a certain number of times, in fact p times, gives zero. The characteristic of
a field F is the order of 1, as an element of the additive group F*, provided that the order
is finite. It is the smallest positive integer m such that the sum 1 + --- + 1 of m copies of
1 evaluates to zero. If the order is infinite, that is, 1 4+ .-- + 1 is never 0 in F, the field is,
somewhat perversely, said to have characteristic zero. Thus subfields of C have characteristic
zero, while the prime field F, has characteristic p.

Lemma 3.2.10 The characteristic of any field F is either zero or a prime number.
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Proof. To avoid confusion, we let 0 and 1 denote the additive and the multiplicative identities
in the field F, respectively, and if k is a posmve integer, we let k denote the sum of k copies
of 1. Suppose that the characteristic m is not zero. Then 1 generates a cyclic subgroup H of
F* of order m, and m = 0. The distinct elements of the cyclic subgroup H generated by 1
are the elements k with k = 0, 1, ..., m-1 (Proposition 2.4.2). Suppose that m isn’t prime,
saym =rs,withl <r,s <m. Then 7' and 5 are in the multiplicative group F* = F — {0},
but the product 75, which is equal to 0, is not in F*. This contradicts the fact that F> is a
group. Therefore m must be prime. d

The prime fields I, have another remarkable property:

Theorem 3.2.11 Structure of the Multiplicative Group. Let p be a prime integer. The
multiplicative group IF‘;< of the prime field is a cyclic group of order p — 1.

We defer the proof of this theorem to Chapter 15, where we prove that the multiplicative
group of every finite field is cyclic (Theorem 15.7.3).

« A generator for the cyclic group IF‘;< is called a primitive root modulo p.

There are two primitive roots modulo 7, namely 3 and 5, and four primitive roots
modulo 11. Dropping bars, the powers 3031 32 of the primitive root 3 modulo 7 list the
nonzero elements of F7 in the following order:

(3.2.12) F¥=1{1,3,2,6,4,5} = {1,3,2,-1,-3,-2}.

Thus there are two ways to list the nonzero elements of Fp, additively and multiplica-
tively. If « is a primitive root modulo p,

(3.2.13) Fy=1{1,2,3,....p-1}={l,a,0?, ..., 0P},

3.3 VECTOR SPACES

Having some examples and the concept of a field, we proceed to the definition of a vector
space.

Definition 3.3.1 A vector space V over a field F is a set together with two laws of

composition:

(a) addition: VXV —» V, written v, w~»v+ w, forvand win V,

(b) scalar multiplication by elements of the field: F XV — V, written ¢, v~ cv, for cin
Fandvin V.

These laws are required to satisfy the following axioms:

» Addition makes V into a commutative group V*, with identity denoted by 0.
e lu=v,forallvin V.
e associative law: (ab)v = a(bv), forallaand bin F and all vin V.

e distributive laws: (a + b)v = av + bv and a(v + w) = av + aw, for alla and b in
Fandallvand win V.
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The space F" of column vectors with entries in the field F forms a vector space over F,
when addition and scalar multiplication are defined as usual (3.1.1).
Some more examples of real vector spaces (vector spaces over R):

Examples 3.3.2

(a) Let V = C be the set of complex numbers. Forget about multiplication of two complex
numbers. Remember only addition « + 8 and multiplication ro of a complex number o
by a real number . These operations make V into a real vector space.

(b) The set of real polynomials p(x) = a,x™ + --- + ap is a real vector space, with
addition of polynomials and multiplication of polynomials by real numbers as its laws of
composition.

(c) The set of continuous real-valued functions on the real line is a real vector space, with
addition of functions f + g and multiplication of functions by real numbers as its laws
of composition.

(d) The set of solutions of the differential equation %2,% = -y is a real vector space. O
Each of our examples has more structure than we look at when we view it as a vector space.
This is typical. Any particular example is sure to have extra features that distinguish it from
others, but this isn’t a drawback. On the contrary, the strength of the abstract approach lies
in the fact that consequences of the axioms can be applied in many different situations.

Two important concepts, subspace and isomorphism, are analogous to subgroups and
isomorphisms of groups. As with subspaces of R”, a subspace W of a vector space V
over a field F is a nonempty subset closed under the operations of addition and scalar
multiplication. A subspace W is proper if it is neither the whole space V nor the zero
subspace {0}. For example, the space of solutions of the differential equation (3.3.2)(d) is a
proper subspace of the space of all continuous functions on the real line.

Proposition 3.3.3 Let V = F? be the vector space of column vectors with entries in a field
F. Every proper subspace W of V consists of the scalar multiples {cw} of a single nonzero
vector w. Distinct proper subspaces have only the zero vector in common.

The proof of Proposition 3.1.4 carries over. ]

Example 3.3.4 Let F be the prime field Fy. The space F % contains p? vectors, p? — 1
of which are nonzero. Because there are p — 1 nonzero scalars, the subspace W = {cw}
spanned by a nonzero vector w will contain p — 1 nonzero vectors. Therefore F? contains
(p?* —1)/(p —1) = p + 1 proper subspaces. O

An isomorphism ¢ from a vector space V to a vector space V', both over the same field
F, is a bijective map ¢:V — V' compatible with the two laws of composition, a bijective
map such that

(3.3.5) p(v+w) =) +e(w) and @(cv) = ce(v),

forallvand win Vandall cin F.
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Examples 3.3.6

(a) Let F™* denote the set of n X n matrices with entries in a field F. This set is a vector
space over F, and it is isomorphic to the space of column vectors of length 2.

(b) If we view the set of complex numbers as a real vector space, as in (3.3.2)(a), the map
¢:R? — C sending (a, b)' ~ a + bi is an isomorphism. O

3.4 BASES AND DIMENSION

We discuss the terminology used when working with the operations of addition and scalar
multiplication in a vector space. The new concepts are span, independence, and basis.

We work with ordered sets of vectors here. We put curly brackets around unordered
sets, and we enclose ordered sets with round brackets in order to make the distinction clear.
Thus the ordered set (v, w) is different from the ordered set (w, v), whereas the unordered
sets {v, w} and {w, v} are equal. Repetitions are allowed in an ordered set. So (v, v, w) is
an ordered set, and it is different from (v, w), in contrast to the convention for unordered
sets, where {v, v, w} and {v, w} denote the same sets.

» Let V be a vector space over a field F, and let § = (vq, ..., vs) be an ordered set of
elements of V. A linear combination of S is a vector of the form

(34.1) w= cijv1+---+cpv,, Wwithc;in F.

It is convenient to allow scalars to appear on either side of a vector. We simply agree
that if v is a vector and c is a scalar, then the notations vc and cv stand for the same vector,
the one obtained by scalar multiplication. So vic; + -+ - + vpcp = c1v1 + -+ - + Cp Up.

Matrix notation provides a compact way to write a linear combination, and the way we
write ordered sets of vectors is chosen with this in mind. Since its entries are vectors, we call
an array S = (v, ..., Uy) a hypervector. Multiplication of two elements of a vector space
is not defined, but we do have scalar multiplication. This allows us to interpret a product of
the hypervector § and a column vector X in F'”, as the matrix product

X1
(3.4.2) SX=W1,...,vn) | ! |=vix1+ -+ vpxp.

Xn
Evaluating the right side by scalar multiplication and vector addition, we obtain another
vector, a linear combination in which the scalar coefficients x; are on the right.

We carry along the subspace W of R? of solutions of the linear equation
(34.3) 2x1—x3 —2x3=0, or AX =0, where A = (2,-1,-2)

as an example. Two particular solutions w; and w; are shown below, together with a linear
combination wy yy + wpy2.

1 1 +y
(3.4.4) wi=|0], wa=|2|, wiytwy=| 2y
1 0 »n
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If we write S = (wy, wy) with w; as in (3.4.4) and Y = (y1, y2)}, then the combination
w1y; + way, can be written in matrix form as SY.

o The set of all vectors that are linear combinations of § = (vy, ..., v,) forms a subspace
of V, called the subspace spanned by the set.

As in Section 3.1, this span is the smallest subspace of V that contains S, and it will
often be denoted by Span S. The span of a single vector (v) is the space of scalar multiples
CV1 of V1.

One can define span also for an infinite set of vectors. We discuss this in Section 3.7.
Let’s assume for now that the sets are finite.

Lemma 3.4.5 Let S be an ordered set of vectors of V, and let W be a subspace of V. If
SC W, then SpanSC W. (]

The column space of an m X n matrix with entries in F is the subspace of F'™ spanned
by the columns of the matrix. It has an important interpretation:

Proposition 3.4.6 Let A be an m X n matrix, and let B be a column vector, both with entr es
in a field F. The system of equations AX = B has a solution for X in F'" if and only if B is
in the column space of A.

Proof. Let Ay, ..., A, denote the columns of A. For any column vector X = (x1, ..., X,)!,
the matrix product AX is the column vector A1xy + - - - + ApX,. This is a linear combination
of the columns, an element of the column space, and if AX = B, then B is this linear

combination. O
A linear relation among vectors vy, . .., Un is any linear combination that evaluates to

zero — any equation of the form

(3.4.7) ViX]+vxp+ -+ Upxy, =0

that holds in V, where the coefficients x; are in F. A linear relation can be useful because, if
Xy, is not zero, the equation (3.4.7) can be solved for v,,.

Definition 3.4.8 An ordered set of vectors S = (vy, ..., v,) is independent, or linearly
independent if there is no linear relation SX = 0 except for the trivial one in which X = 0,
i.e., in which all the coefficients x; are zero. A set that is not independent is dependent.

An independent set S cannot have any repetitions. If two vectors v; and v; of S are
equal, then v; — v; = 0 is a linear relation of the form (3.4.7), the other coefficients being
zero. Also, no vector v; in an independent set is zero, because if v; is zero, then v; = 0is a
linear relation.

Lemma 3.4.9

(a) A set (v1) of one vector is independent if and only if v; #0.
(b) A set (v, v2) of two vectors is independent if neither vector is a multiple of the other.
(¢) Any reordering of an independent set is independent. (]
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Suppose that V is the space F'™ and that we know the coordinate vectors of the vectors
in the set § = (vy, ..., v,). Then the equation SX = 0 gives us a system of m homogeneous
linear equations in the n unknowns x;, and we can decide independence by solving this
system.

Example 3.4.10 LetS = (v1, v, v3, v4) be the set of vectors in R3 whose coordinate vectors
are

1 1 2 1
(3.4.11) Ai1=(01|, Ax=121|, A3=1|1]|, As=|1
1 0 2 3

Let A denote the matrix made up of these column vectors:

1
(34.12) A=|0
1

[l N R
N =N
Q) = b

A linear combination will have the form SX = v;x1 + vaxy + v3x3 + v4X4, and its coordinate
vector will be AX = A1x1 + Arxy + Azx3 + Asxs. The homogeneous equation AX = O has a
nontrivial solution because it is a system of three homogeneous equations in four unknowns.
So the set S is dependent. On the other hand, the determinant of the 3 X 3 matrix A’ formed
from the first three columns of (3.4.12) is equal to 1, so the equation A’X = 0 has only the
trivial solution. Therefore (v1, v2, v3) is an independent set. O

Definition 3.4.13 A basis of a vector space V is a set (vy, ..., vy) of vectors that is
independent and also spans V.

We will often use a boldface symbol such as B to denote a basis. The set (v, vy, v3)
defined above is a basis of R because the equation A’X = B has a unique solution for all
B (see 1.2.21). The set (w1, wy) defined in (3.4.4) is a basis of the space of solutions of the
equation 2x1 — xp — 2x3 = 0, though we haven’t verified this.

Proposition 3.4.14 The set B = (vy, ..., V) is a basis of V if and only if every vector w in
V can be written in a unique way as a combination w = vixi + -+ + UpX, = BX.

Proof. The definition of independence can be restated by saying that the zero vector can be
written as a linear combination in just one way. If every vector can be written uniquely as a
combination, then B is independent, and spans V, so it is a basis. Conversely, suppose that B
is a basis. Then every vector w in V can be written as a linear combination. Suppose that w
is written as a combination in two ways,say w = BX =BX’.Let Y = X — X’. Then BY = 0.
This is a linear relation among the vectors vy, ..., U,, which are independent. Therefore
X — X’ = 0. The two combinations are the same. 0

Let V = F'™ be the space of column vectors. As before, e; denotes the column vector
with 1 in the ith position and zeros elsewhere (see (1.1.24)). The set E = (e1, ..., ey) is
a basis for F" called the standard basis. If the coordinate vector of a vector v in F" is
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X =(x1,...,xn), thenv =EX = eyx; + - + e, Xy is the unique expression for v in terms
of the standard basis.

We now discuss the main facts that relate the three concepts, of span, independence,
and basis. The most important one is Theorem 3.4.18.

Proposition 3.4.15 Let S = (vy, ..., v,) be an ordered set of vectors, let w be any vector in
V,and let §' = (S, w) be the set obtained by adding w to S.

(a) Span S = Span §' if and only if w is in Span S.
(b) Suppose that § is independent. Then §’ is independent if and only if w is not in Span S.

Proof. This is very elementary, so we omit most of the proof. We show only that if S is
independent but §' is not, then w is in the span of S. If §’ is dependent, there is some linear
relation

Vixy + -+ UnXp + wy =0,

in which the coefficients x1, ..., x, and y are not all zero. If the coefficient y were zero,
the expression would reduce to SX = 0, and since S is assumed to be independent, we could
conclude that X = 0 too. The relation would be trivial, contrary to our hypothesis. So y#0,
and then we can solve for w as a linear combination of vq, ..., vy,. O

» A vector space V is finite-dimensional if some finite set of vectors spans V. Otherwise, V
is infinite-dimensional.

For the rest of this section, our vector spaces are finite-dimensional.

Proposition 3.4.16 Let V be a finite-dimensional vector space.

(a) Let S be a finite subset that spans V, and let L be an independent subset of V. One can
obtain a basis of V by adding elements of S to L.

(b) Let S be a finite subset that spans V. One can obtain a basis of V by deleting elements
from S.

Proof. (a) If S is contained in Span L, then L spans V, and so it is a basis (3.4.5). If not,
we choose an element v in S, which is not in Span L. By Proposition 3.4.15, L' = (L, v)
is independent. We replace L by L’. Since S is finite, we can do this only finitely often. So
eventually we will have a basis.

{b) If S is dependent, there is a linear relation vic; +- - -+ v, ¢, = 0in which some coefficient,
sav Cp, is not zero. We can solve this equation for v,, and this shows that vy, is in the span of
the set Sy of the first n — 1 vectors. Proposition 3.4.15(a) shows that Span § = Span S;. So §;
spans V. We replace S by S;. Continuing this way we must eventually obtain a family that is
independent but still spans V: a basis.

Note: There is a problem with this reasoning when V is the zero vector space {0}. Starting
with an arbitrary set S of vectors in V, all equal to zero, our procedure will throw them
out one at a time until there is only one vector v; left. And since v is zero, the set (vy) is
dependent. How can we proceed? The zero space isn’t particularly interesting, but it may
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lurk in a corner, ready to trip us up. We have to allow for the possibility that a vector space
that arises in the course of some computation, such as solving a system of homogeneous
linear equations, is the zero space, though we aren’t aware of this. In order to avoid having
to mention this possibility as a special case, we adopt the following definitions:

(3.4.17)
e The empty set is independent.
» The span of the empty set is the zero space {0}.

Then the empty set is a basis for the zero vector space. These definitions allow us to throw
out the last vector vy, which rescues the proof. O

We come now to the main fact about independence:

Theorem 3.4.18 Let S and L be finite subsets of a vector space V. Assume that § spans V
and that L is independent. Then S contains at least as many elements as L does: |S| > |L|.

As before, |S| denotes the order, the number of elements, of the set S.

Proof. Say that § = (vq, ..., Un) and that L = (w1, ..., w,). We assume that |S| < |L|,
i.e., that m < n, and we show that L is dependent. To do this, we show that there is a linear
relation wyx1 + - -+ + wpx, = 0, in which the coefficients x; aren’t all zero. We write this
undetermined relation as LX = 0.

Because § spans V, each element w; of L is a linear combination of §, say w; =
viaij + - + Umamj = SAj, where Aj is the column vector of coefficients. We assemble
these column vectors into an m X n matrix

| |

(3.4.19) A=A - A,

Then

(3.4.20) SA = (SA1,...,84,) = (wy,...,wy) =L.

We substitute SA for L into our undetermined linear combination:
LX = (SA)X.

The associative law for scalar multiplication implies that (SA)X = S(AX). The proof is the
same as for the associative law for multiplication of scalar matrices (which we omitted). If
AX = 0, then our combination LX will be zero too. Now since A is an m X n matrix with
m < n, the homogeneous system AX = 0 has a nontrivial solution X. Then LX = 0 is the
linear relation we are looking for. a

Proposition 3.4.21 Let V be a finite-dimensional vector space.

(a) Any two bases of V have the same order (the same number of elements).
(b) Let B be a basis. If a finite set S of vectors spans V, then |S| > |B|, and |S| = |B| if and
only if § is a basis.
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(c) Let B be a basis. If a set L of vectors is independent, then |L| < |B|, and |L| = |B| if and
only if L is a basis.

Proof. (a) We note here that two finite bases B; and B, have the same order, and we will
show in Corollary 3.7.7 that every basis of a finite-dimensional vector space is finite. Taking
S = B; and L = B in Theorem 3.4.18 shows that |B;| > |B;|, and similarly, |By| > |By].
Parts (b) and (c) follow from (a) and Proposition 3.4.16. O

Definition 3.4.22 The dimension of a finite-dimensional vector space V is the number of
vectors in a basis. This dimension will be denoted by dim V.

The dimension of the space F'" of column vectors is n because the standard basis E =
(e1, ..., en) contains n elements.

Proposition 3.4.23 If W is a subspace of a finite-dimensional vector space V, then W is
finite-dimensional, and dim W < dim V. Moreover, dim W = dim V if and only if W = V.

Proof. We start with any independent set L of vectors in W, possibly the empty set. If L
doesn’t span W, we choose a vector w in W not in the span of L. Then L' = (L, w) will be
independent (3.4.15). We replace L by L'.

Now it is obvious that if L is an independent subset of W, then it is also independent
when thought of as a subset of V. So Theorem 3.4.18 tells us that |L| < dim V. Therefore
the process of adding elements to L must come to an end, and when it does, we will have a
basis of W. Since L contains at most dim V elements, dim W < dim V. If |L| = dim V, then
Proposition 3.4.21(c) shows that L is a basis of V, and therefore W = V. O

3.5 COMPUTING WITH BASES

The purpose of bases is to provide a method of computation, and we learn to use them in
this section. We consider two topics: how to express a vector in terms of a basis, and how to
relate different bases of the same vector space.

Suppose we are given a basis B = (vy, . .., v,) of a vector space V over F. Remember:
This means that every vector v in V can be expressed as a combination

(3.5.1) V=viXxX] + -+ UnXxp, withx;in F,

in exactly one way (3.4.14). The scalars x; are the coordinates of v, and the column vector
X1

(352) X=
Xn

is the coordinate vector of v, with respect to the basis B.

For example, (cos ¢, sin £) is a basis of the space of solutions of the differential equation
y" = -y. Every solution of this differential equation is a linear combination of this basis. If
we are given another solution f(z), the coordinate vector (xi, x2)t of f is the vector such
that f(f) = (cos#)x1 + (sin#)x. Obviously, we need to know something about f to find X.
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Not very much: just enough to determine two coefficients. Most properties of f are implicit
in the fact that it solves the differential equation.

What we can always do, given a basis B of a vector space of dimension #, is to define
an isomorphism of vector spaces (see 3.3.5) from the space F" to V:

(3.5.3) Y:F" — V that sends X ~ BX.
We will often denote this isomorphism by B, because it sends a vector X to BX.

Proposition 3.5.4 LetS = (vy, ..., v,y) be asubset of a vector space V,andlet y: F"* — V
be the map defined by ¥/(X) = SX. Then

(a) yisinjective if and only if S is independent,
(b) is surjective if and only if S spans V, and
(¢) ¥ is bijective if and only if S is a basis of V.

This follows from the definitions of independence, span, and basis. O

Given a basis, the coordinate vector of a vector v in V is obtained by inverting the map
¥ (3.5.3). We won’t have a formula for the inverse function unless the basis is given more
explicitly, but the existence of the isomorphism is interesting:

Corollary 3.5.5 Every vector space V of dimension »n over a field F is isomorphic to the
space F'" of column vectors. O

Notice also that F'" is not isomorphic to F™ when m +#n, because F'" has a basis of n
elements, and the number of elements in a basis depends only on the vector space. Thus the
finite-dimensional vector spaces over a field F’ are completely classified. The spaces F'" of
column vectors are representative elements for the isomorphism classes.

The fact that a vector space of dimension »n is isomorphic to F" will allow us to
translate problems on vector spaces to the familiar algebra of column vectors, once a basis
is chosen. Unfortunately, the same vector space V will have many bases. Identifying V with
the isomorphic space F” is useful when a natural basis is in hand, but not when a basis is
poorly suited to a given problem. In that case, we will need to change coordinates, i.e., to
change the basis.

The space of solutions of a homogeneous linear equation AX = 0, for instance, almost
never has a natural basis. The space W of solutions of the equation 2x; — xp —2x3 = 0
has dimension 2, and we exhibited a basis before: B = (w;, w;), where w; = (1,0, 1)? and
wy = (1,2, 0)" (see (3.4.4)). Using this basis, we obtain an isomorphism of vector spaces
R? — W that we may denote by B. Since the unknowns in the equation are labeled x;, we
need to choose another symbol for variable elements of R here. We'll use Y = (yq, y2)u.
The isomorphism B sends Y to the coordinate vector of BY = wjy; + wyy, that was
displayed in (3.4.4).

However, there is nothing very special about the two particular solutions w; and w.
Most other pairs of solutions would serve just as well. The solutions w} = (0, 2, -1)' and
w) = (1,4,-1)" give us a second basis B’ = (w/, w,) of W. Either basis suffices to express
the solutions uniquely. A solution can be written in either one of the forms
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/

yi+y2 Y
(3.5.6) 2y, or 2y’1l + 4}//2
Y1 V1= 0
Change of Basis
Suppose that we are given two bases of the same vector space V, say B = (vq, ..., v,) and
B' = (v}, ..., v),). We wish to make two computations. We ask first: How are the two bases

related? Second, a vector v in V will have coordinates with respect to each of these bases,
but they will be different. So we ask: How are the two coordinate vectors related? These are
the basechange computations, and they will be very important in later chapters. They can
also drive you nuts if you don’t organize the notation carefully.

Let’s think of B as the o/d basis and B’ as a new basis. We note that every vector of the
new basis B’ is a linear combination of the old basis B. We write this combination as

(3.5.7) Vi =v1p1j+veprj+ e+ UnPaj.

The column vector P; = (pyj, ..., p,,‘,-)t is the coordinate vector of the new basis vector
v}., when it is computed using the old basis. We collect these column vectors into a square

matrix P, obtaining the matrix equation B’ = BP:
(3.5.8) B = (V],...,v,) =(Vi,..., Un) P = BP.

The jth column of P is the coordinate vector of the new basis vector v} with respect to the

old basis. This matrix P is the basechange matrix. !

Proposition 3.5.9

(a) Let B and B’ be two bases of a vector space V. The basechange matrix P is an invertible
matrix that is determined uniquely by the two bases B and B'.

(b) LetB = (vy, ..., vy) be a basis of a vector space V. The other bases are the sets of the
form B’ = BP, where P can be any invertible n X n matrix.

Proof. (a) The equation B’ = BP expresses the basis vectors v; as linear combinations of
the basis B. There is just one way to do this (3.4.14), so P is unique. To show that P is
an invertible matrix, we interchange the roles of B and B’. There is a matrix Q such that
B = B'Q. Then

B =BQ =BPQ, or (vi,...,un)=(v1,...,0Up) PO

This equation expresses each v; as a combination of the vectors (v1, ..., v,). The entries
of the product matrix PQ are the coefficients. But since B is a basis, there is just one way to

1 This basechange matrix is the inverse of the one that was used in the first edition.
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write v; as a combination of (vy, ..., v,), namely v; = v;, or in matrix notation, B = BI. So
PQ=1.

(b) We must show that if B is a basis and if P is an invertible matrix, then B’ = BP is also a
basis. Since P is invertible, B = B’P~. This tells us that the vectors v; are in the span of B’.
Therefore B’ spans V, and since it has the same number of elements as B, it is a basis. I

Let X and X’ be the coordinate vectors of the same arbitrary vector v, computed with
respect to the two bases B and B’, respectively, that is, v = BX and v = B'X’. Substituting
B = B'P"! gives us the matrix equation

(3.5.10) v=BX =BP lx.

This shows that the coordinate vector of v with respect to the new basis B’, which we call X’,
is P"1X. We can also write this as X = PX’.

Recapitulating, we have a single matrix P, the basechange matrix, with the dual
properties

(3.5.11) B'=BP and PX =X,

where X and X' denote the coordinate vectors of the same arbitrary vector v, with respect
to the two bases. Each of these properties characterizes P. Please take note of the positions
of P in the two relations.

Going back once more to the equation 2x; — x3 — 2x3 = 0, let B and B’ be the bases
of the space W of solutions described above, in (3.5.6). The basechange matrix solves the
equation

0 1 11 14
2 4| =10 2 [”“ ”12]. It is P=[ ]
-1 -1 1 0 p21 pn2 1 2

The coordinate vectors Y and Y’ of a given vector v with respect to these two bases, the ones
that appear in (3.5.6), are related by the equation

R FIMER

Another example: Let B be the basis (cos?, sin #) of the space of solutions of the differential
equation % = -y. If we allow complex valued functions, then the exponential functions

eti! = cost+isint are also solutions, and B’ = (e, ¢"¥*) is a new basis of the space of
solutions. The basechange computation is

I -

(3.5.12) (€, &) = (cost, sint) [1 1] .

One case in which the basechange matrix is easy to determine is that V is the space
F" of column vectors, the old basis is the standard basis E = (e, ..., e,), and the new
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basis, we’ll denote it by B = (v1, ..., vp) here, is arbitrary. Let the coordinate vector of v;,
with respect to the standard basis, be the column vector B;. So v; = EB;. We assemble these
column vectors into an n X n matrix that we denote by [B]:

(3.5.13)

[Bl]=| By --- B,|-Then(vi,...,v,) = (e1,....,€n) | By --- Bp |,

i.e., B = E[B]. Therefore [B] is the basechange matrix from the standard basis E to B.

3.6 DIRECT SUMS

The concepts of independence and span of a set of vectors have analogues for subspaces.

If Wy, ..., W are subspaces of a vector space V, the set of vectors v that can be written
as a sum
(3.6.1) V= w1++wk,

where w; is in W; is called the sum of the subspaces or their span, and is denoted by
Wi+ + Wi

(3.6.2) Wi+ -+ Wig={ve V|v=wi+ -+ wg, withw;in W;}.

The sum of the subspaces is the smallest subspace that contains all of the subspaces
Wi, ..., Wi. Itis analogous to the span of a set of vectors.

The subspaces Wy, ..., Wy are called independent if no sum wq + - - - + wy with w; in
Wi, is zero, except for the trivial sum, in which w; = 0 for all i. In other words, the spaces are
independent if

(3.6.3) wy + -+ + wg =0, with w; in W;, implies w; = 0 for all i.
Note: Suppose that vy, ..., vg are elements of V, and let W; be the span of the vector
v;. Then the subspaces Wy, ..., W are independent if and only if the set (vy,..., v,) is

independent. This becomes clear if we compare (3.4.8) and (3.6.3). The statement in terms
of subspaces is actually the neater one, because scalar coefficients don’t need to be put in
front of the vectors w; in (3.6.3). Since each of the subspaces W; is closed under scalar
multiplication, a scalar multiple cwj; is simply another element of W;. a

We omit the proof of the next proposition.

Proposition 3.6.4 Let Wy, ..., Wy be subspaces of a finite-dimensional vector space V, and
let B; be a basis of W;.

(a) The following conditions are equivalent:
o The subspaces W; are independent, and the sum W; + .-+ Wy isequalto V.
e The set B = (Bq, ..., Bg) obtained by appending the bases B; is a basis of V.

() dim(Wy + --- + Wy) < dim Wj + - - - + dim W, with equality if and only if the spaces
are independent.
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(c) If Wlf is a subspace of W; fori =1, ..., k, and if the spaces Wy, ..., Wy are independent,
then so are the Wi, ..., W;. O

If the conditions of Proposition 3.6.4(a) are satisfied, we say that V is the direct sum of
Wi, ..., Wy,andwewrite V=W, & ..-& W

V=W &..- W, if Wi+ - + W=V

(3.6.5) and Wi, ..., W} are independent.

If V is the direct sum, every vector v in V can be written in the form (3.6.1) in exactly one
way.

Proposition 3.6.6 Let W and W, be subspaces of a finite-dimensional vector space V.

(a) dim Wp + dim W) = dim(WnW,) + dim(W; + W>).

(b) W and W, are independent if and only if W) N W, = {0}.

(¢) Visthe direct sum Wy @ W, if and only if WiNnW, = {0} and Wy + W, = V.
(d) If Wy + W, =V, there is a subspace W} of W, such that W1 & W), = V.

Proof. We prove the key part (a): We choose a basis, U = (uy, . .., ug) for WiNW,, and we
extend it to a basis (U, V) = (uq, ..., Ug; v, ..., Uy) of Wi. We also extend U to a basis
(U, W) = (uq, ..., U wi, ..., wy) of Wo. Then dim(W; N Wy) =k, dim Wy =k + m,
and dim W, = k + n. The assertion will follow if we prove that the set of kK +m + n elements
(U, V,W) = (U1, ..., Up; V1, ..., Up; Wi, ..., Wy) is a basis of Wi + W,.

We must show that (U, V, W) is independent and spans W; + W,. An element v of
W1 + W5 has the form w’ + w” where w’ is in Wy and w” is in W;. We write w’ in terms of
our basis (U, V) for Wi, say w' =UX+ VY =uix;+ - + X +viy1+- -+ + Umym. We
also write w" as a combination UX’ 4+ WZ of our basis (U, W) for W5. ThenV = w' 4+ w” =
UX+X)+VY+WZ.

Next, suppose we are given a linear relation UX + VY + WZ = 0, among the elements
(U, V, W). We write this as UX + VY = -WZ. The left side of this equation is in Wj and the
right side is in W,. Therefore -WZ is in Wy N W5, and so it is a linear combination UX” of the
basis U. This gives us an equation UX’ + WZ = 0. Since the set (U, W) is a basis for W», it is
independent, and therefore X’ and Z are zero. The given relation reduces to UX + VY = 0.
But (U, V) is also an independent set. So X and Y are zero. The relation was trivial. O

3.7 INFINITE-DIMENSIONAL SPACES

Vector spaces that are too big to be spanned by any finite set of vectors are called infinite-
dimensional. We won’t need them very often, but they are important in analysis, so we
discuss them briefly here.

One of the simplest examples of an infinite-dimensional space is the space R™ of
infinite real row vectors

(37.1) @) =(m,a,a3,...).

An infinite vector can be thought of as a sequence ay, ay, . . . of real numbers.
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The space R® has many infinite-dimensional subspaces. Here are a few; you will be
able to make up some more:

Examples 3.7.2

(a) Convergent sequences: C = {(a) € R® ! the limit lim a, exists }.
n—->oo

oo
(b) Absolutely convergent serics: £! = {(a) € R®| 3" jan| < oc}.
1

(¢) Sequences with finitely many terms different from zero.
7 = {(a) € R® |an = 0 for all but finitely many n}.

Now suppose that V is a vector space, infinite-dimensional or not. What do we mean
by the span of an infinite set § of vectors? It isn’t always possible to assign a value to
an infinite combination cjvy + cavy + ---. If V is the vector space R", then a value can
be assigned provided that the series cjv; + cavy + - - converges. But many series don’t
converge, and then we don’t know what value to assign. In algebra it is customary to speak
only of combinations of finitely many vectors. The span of an infinite set S is defined to be
the set of the vectors v that are combinations of finitely many elements of S:

(3.7.3) v=cv1+---+cvp, where vy,...,v, areinS.

The vectors v; in § can be arbitrary, and the number r is allowed to depend on the vector v
and to be arbitrarily large:

finite combinations
(374) Span§ = of elements of §
For example, let ¢; = (0,...,0,1,0,...) be the row vector in R* with 1 in the ith
position as its only nonzero coordinate. Let E = (eq, e, e3, . ..) be the set of these vectors.
This set does not span R, because the vector

w=(1,1,1,...)

is not a (finite) combination. The span of the set E is the subspace Z (3.7.2)(c).
A set S, finite or infinite, is independent if there is no finite linear relation

(3.7.5) civi+ - +cv, =0, with vg,...,v,1in S,

except for the trivial relation in which ¢; = - -+ = ¢, = 0. Again, the number r is allowed to
be arbitrary, that is, the condition has to hold for arbitrarily large r and arbitrary elements
v1, ..., Uy of S. For example, the set §' = (w; eq, €2, €3, ...) isindependent, if w and e; are
the vectors defined above. With this definition of independence, Proposition 3.4.15 continues
to be true.

As with finite sets, a basis S of V is an independent set that spans V. The set
S = (ej, €3, ...) is a basis of the space Z. The monomials x! form a basis for the space
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of polynomials. It can be shown, using Zorn’s Lemma or the Axiom of Choice, that every
vector space V has a basis (see the appendix, Proposition A.3.3). However, a basis for R®
will have uncountably many elements, and cannot be made very explicit.

Let us go back for a moment to the case that our vector space V is finite-dimensional
(3.4.16), and ask if there can be an infinite basis. We saw in (3.4.21) that any two finite bases
have the same number of elements. We complete the picture now, by showing that every
basis is finite. This follows from the next lemma.

Lemma 3.7.6 Let V be a finite-dimensional vector space, and let S be any set that spans V.
Then S contains a finite subset that spans V.

Proof. By hypothesis, there is a finite set, say (¥1, ..., Un), that spans V. Because S spans
V, each of the vectors u; is a linear combination of finitely many elements of S. The elements
of § that we use to write all of these vectors as linear combinations make up a finite subset
S’ of S. Then the vectors u; are in Span §’, and since (1, ..., U, ) spans V,sodoes §'. O

Corollary 3.7.7 Let V be a finite-dimensional vector space.

+ Every basis is finite.
» Every set S that spans V contains a basis.
« Every independent set L is finite, and can be extended to a basis. O

| don’t need to learn 8 + 7: I’ll remember 8 + 8 and subtract 1.
—T. Cuyler Young, Jr.

EXERCISES

Section 1 Fields

1.1. Prove that the numbers of the form a + b+/2, where a and b are rational numbers, form a
subfield of C.

1.2. Find the inverse of S modulo p, for p =7, 11, 13, and 17.

1.3. Compute the product polynomial (x> + 3x% 4 3x + 1) (x* + 4x3 + 6x2 + 4x + 1) when the
coefficients are regarded as elements of the field F 7. Explain your answer.

. . . 6 -3|x1|_13
1.4. Consider the system of linear equations [2 6] [xz ] = [ 1]

(a) Solve the system in F, when p =5, 11, and 17.
(b) Determine the number of solutions when p = 7.

1.5. Determine the primes p such that the matrix

12 0
A= 0 3 -1
-2 0 2

is invertible, when its entries are considered to be in F,.
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1.6. Solve completely the systems of linear equations AX = 0 and AX = B, where

1 1 0 1
A=|1 0 1{, and B=]|-1
1 -1 -1 1

(@)inQ, ()inFy, (c)inF3, (d)inFi.

1.7. By finding primitive elements, verify that the multiplicative group ]F;,‘ is cyclic for all primes
p <20.

1.8. Let p be a prime integer.

(a) Prove Fermat’s Theorem: For every integer a, aP=a modulo p.
(b) Prove Wilson’s Theorem: (p —1)!=-1(modulo p).

1.9. Determine the orders of the matrices [1 i] and [ 2 1 ] in the group G L, (F7).

1.10. Interpreting matrix entries in the field I, prove that the four matrices

00 10 11 01
[0 O]’[O 1],[1 O]’[l 1}formaﬁeld.
Hint: You can cut the work down by using the fact that various laws are known to hold for

addition and multiplication of matrices.

1.11. Prove that the sef of symbols {a + bi | a, b € F3} forms a field with nine elements, if the
laws of composition are made to mimic addition and multiplication of complex numbers.
Will the same method work for Fs? For F;? Explain.

Section2 Vector Spaces

2.1. (a) Prove that the scalar product of a vector with the zero element of the field F is the
Zero vector.
(b) Prove that if w is an element of a subspace W, then -w is in W too.

2.2. Which of the following subsets is a subspace of the vector space F™ of n X n matrices
with coefficients in F?
(a) symmetric matrices (A = A'), (b) invertible matrices, (c) upper triangular matrices.

Section 3 Bases and Dimension
3.1. Find a basis for the space of # X n symmetric matrices (A’ = A).
3.2. Let W C R* be the space of solutions of the system of linear equations AX = 0, where

21 2 3 . .
A=[1 1 3 0].FlndabasmforW.

3.3. Prove that the three functions x2, cos x, and ¢* are linearly independent.

3.4. Let A be an m X n matrix, and let A’ be the result of a sequence of elementary row
operations on A. Prove that the rows of A span the same space as the rows of A'.

3.5. Let V = F" be the space of column vectors. Prove that every subspace W of V is the
space of solutions of some system of homogeneous linear equations AX = 0.
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3.6. Find a basis of the space of solutions in R” of the equation

X1 +2x34+3x3+---+nx, =0.

3.7. Let (X1,..., Xm) and (Y1, ..., Y,) be bases for R™ and R”, respectively. Do the mn
matrices X; Yj‘ form a basis for the vector space R™*" of all m X n matrices?

3.8. Prove thataset (vq, ..., v,) of vectors in ' is a basis if and only if the matrix obtained
by assembling the coordinate vectors of v; is invertible.

Section4 Computing with Bases

4.1. (a) Prove that the set B = ((1, 2, 0)%, (2,1, 2)%, (3, 1, 1)Y) is a basis of R3.
(b) Find the coordinate vector of the vector v = (1, 2, 3)! with respect to this basis.
(¢) LetB = ((0;1,0), (1,0, DY (2, 1, 0)"). Determine the basechange matrix P from B
to B’
4.2. (a) Determine the basechange matrix in R?, when the old basis is the standard basis
E = (eq, ¢2) and the new basis is B = (e1 + ¢;, e1 — €3).
(b) Dectermine the basechange matrix in R”, when the old basis is the standard basis E
and the new basis is B = (e, e,_1, ..., €1).

'(c) Let B be the basis of R? in which v; = e; and v, is a vector of unit length making an
angle of 120° with vy. Determine the basechange matrix that relates E to B.

4.3. Let B = (vy, ..., v,) be a basis of a vector space V. Prove that one can get from B to any
other basis B’ by a finite sequence of steps of the following types:
(i) Replace v; by v; +avj,i# j,forsome ain F,
(ii) Replace v; by cv; for some c#0,
(iii) Interchange v; and v;.

4.4. Let F,, be a prime field, and let V = IFI%. Prove:

(a) The number of bases of V is equal to the order of the general linear group G L (Fp).
(b) The order of the general linear group G L»(Fp) is p(p+ 1) (p — 1)2, and the order of
the special linear group SLy(Fp) is p(p + 1) (p — 1).

4.5. How many subspaces of each dimension are there in  (a) F3, (b) ]F;‘,‘?

Section 5 Direct Sums
5.1. Prove that the space R™" of all n X n real matrices is the direct sum of the space of
symmetric matrices (A’ = A) and the space of skew-symmetric matrices (47 = -A).

5.2. The trace of a square matrix is the sum of its diagonal entries. Let W) be the space of n Xn
matrices whose trace is zero. Find a subspace W, so that R = W; & W,.

5.3. Let Wq,..., Wy be subspaces of a vector space V, such that V = 3" W;. Assume that
WinW, =0, Wi+ W))nWs =0, ..., (Wi+ W+ + Wi_1)N W, = 0. Prove that
V is the direct sum of the subspaces Wy, ..., W;.
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Section 6 Infinite-Dimensional Spaces

6.1.

6.2.

*6.3.

*6.4.

Let E be the set of vectors (e1, e2,...) in R®, and let w = (1,1, 1, ...). Describe the
span of the set (w, ey, €3, .. .).

The doubly infinite row vectors (a) = (..., a-1, ag, a1, .. .), with a; real form a vector
space. Prove that this space is isomorphic to R®.

For every positive integer, we can define the space £7 to be the space of sequences such
that ¥ |a;|? < oo. Prove that £7 is a proper subspace of £7*1,

Let V be a vector space that is spanned by a countably infinite set. Prove that every
independent subset of V is finite or countably infinite.

Miscellaneous Problems

M.1.

M.2.

M.3.

*M.4.

*M.5.

M.6.

Consider the determinant function det: F>2 — F, where F = F, is the prime field of
order p and F? is the space of 2 X 2 matrices. Show that this map is surjective, that all
nonzero values of the determinant are taken on the same number of times, but that there
are more matrices with determinant 0 than with determinant 1.

Let A be a real n X n matrix. Prove that there is an integer N such that A satisfies a
nontrivial polynomial relation AN N 1AV T 4 1A+ ¢ = 0.

(polynomial paths) (a) Let x(¢) and y(#) be quadratic polynomials with real coefficients.
Prove that the image of the path (x(¥), y(¢)) is contained in a conic, i.e., that there is a real
quadratic polynomial f(x, y) such that f(x(z), y(2)) is identically zero.

(b) Let x(7) = 2 — 1 and y(¢) = £ — ¢. Find a nonzero real polynomial f(x, y) such that
f(x(2), y(2)) is identically zero. Sketch the locus { f(x, y) = 0} and the path (x(r), y(?))
in R?.

(c) Prove that every pair x(t), y(t) of real polynomials satisfies some real polynomial
relation f(x, y) =0.

Let V be a vector space over an infinite field F. Prove that V is not the union of finitely
many proper subspaces.

Let a be the real cube root of 2.

(a) Prove that (1, o, o?) is an independent set over Q, i.e., that there is no relation of the
form a + ba + ca® = 0 with integers a, b, c.

Hint: Divide x* — 2 by cx? + bx + a.

(b) Prove that the real numbers a + b + co? with a, b, ¢ in Q form a field.

(Tabasco sauce: a mathematical diversion) My cousin Phil collects hot sauce. He has about
a hundred different bottles on the shelf, and many of them, Tabasco for instance, have only
three ingredients other than water: chilis, vinegar, and salt. What is the smallest number
of bottles of hot sauce that Phil would need to keep on hand so that he could obtain any
recipe that uses only these three ingredients by mixing the ones he had?



CHAPTER 4

Linear Operators

That confusions of thought and errors of reasoning
still darken the beginnings of Algebra,
is the earnest and just complaint of sober and thoughtful men.

—Sir William Rowan Hamilton

4.1 THE DIMENSION FORMULA
A linear transformation T:V — W from one vector space over a field F to another is a
map that is compatible with addition and scalar multiplication:

(4.1.1) T(vy +v2) = T(v1) + T(vy) and T(cvy) = cT(v1),

for all vy and v; in V and all ¢ in F. This is analogous to a homomorphism of groups, and
calling it a homomorphism would be appropriate too. A linear transformation is compatible
with arbitrary linear combinations:

4.12) T( Z UiCi) =Y T(v)ci.

Left multiplication by an m Xn matrix A with entries in F, the map

(4.1.3) F* 25 F™ thatsends X ~ AX

is a linear transformation. Indeed, A(X{ + X3) = AX1 + AX>7, and A(cX) = cAX.

If B= (v, ..., Uy) is a subset of a vector space V over the field F, the map F" — V
that sends X ~» BX is a linear transformation.

Another example: Let P, be the vector space of real polynomial functions

(4.1.4) ant® + ap-1" 1+ -+ ait + ag

of degree at most n. The derivative % defines a linear transformation from P, to P,-1.
There are two important subspaces associated with a linear transformation: its kernel

and its image:

kerT = kernelof T ={ve Vl T(v) =0},

(4.1.5) inT = imageof T ={we W|w = T(v) for some v e V}.

102



Section 4.1 The Dimension Formula 103

The kernel is often called the nullspace of the linear transformation. As one may guess from
the analogy with group homomorphisms, the kernel is a subspace of V and the image is a
subspace of W.

The main result of this section is the next theorem.

Theorem 4.1.6 Dimension Formula. Let 7: V — W be a linear transformation. Then
dim(ker 7) + dim(im 7) = dim V.

The nullity and the rank of a linear transformation T are the dimensions of the kernel
and the image, respectively, and the nullity and rank of a matrix A are defined analogously.
With this terminology, (4.1.6) becomes

4.1.7) nullity + rank = dimension of V.

Proof of Theorem (4.1.6). We'll assume that V is finite-dimensional, say of dimension n. Let
k be the dimension of ker T, and let (u1, ..., uy) be a basis for the kernel. We extend this
set to a basis of V:

(4.1.8) U1y oo s U ULy evny Upai).

(see (3.4.15)).Fori =1, ...,n —k,let w; = T(v;). If we prove that C = (w1, ..., W) is
a basis for the image, it will follow that the image has dimension n — &, and this will prove
the theorem.

We must show that C spans the image and that it is an independent set. Let w be an
element of the image. Then w = T(v) for some v in V. We write v in terms of the basis:

v=aiuy + -+ agig + bivy + - + bpopup—g
and apply 7, noting that 7(u;) = 0:
w=T(W) =bjwi + -+ bp—g Wt

Thus w is in the span of C.
Next, we show that C is independent. Suppose we have a linear relation

(4.1.9) cuwy + - + Cp—gWp-¢ = 0.
Let v =civ1 + - -+ + Cp—kUn—k, Where v; are the vectors in (4.1.8). Then
I(v) = cywy + -+ + Cp-kWn-k =0,

so v is in the nullspace. We write v in terms of the basis (u1, ..., ux) of the nullspace, say
v=aiuy + -+ agur. Then

-aiuy — - — AU +Ccivi + -+ Cp—gUp-k =-v+v=0.

But the basis (4.1.8) is independent. So -a; =0, ...,-axy =0,and ¢; =0, ...,cp—f = 0.
The relation (4.1.9) was trivial. Therefore C is independent. O
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When 7 is left multiplication by a matrix A (4.1.3), the kernel of T, the nullspace of A4,
is the set of solutions of the homogeneous equation AX = 0. The image of 7 is the column
space, the space spanned by the columns of A, which is also the set of vectors B in F™ such
that the linear equation AX = B has a solution (3.4.6).

It is a familiar fact that by adding the solutions of the homogeneous equation AX = 0 to
a particular solution X of the inhomogeneous equation AX = B, one obtains all solutions of
the inhomogeneous equation. Another way to say this is that the set of solutions of AX = B
is the additive coset Xy + N of the nullspace N in F”.

An nXn matrix A whose determinant isn’t zero is invertible, and the system of
equations AX = B has a unique solution for every B. In this case, the nullspace is {0}, and
the column space is the whole space F”. On the other hand, if the determinant is zero, the
nullspace N has positive dimension, and the image, the column space, has dimension less
than n. Not all equations AX = B have solutions, but those that do have a solution have
more than one solution, because the set of solutions is a coset of N.

4.2 THE MATRIX OF A LINEAR TRANSFORMATION

Every linear transformation from one space of column vectors to another is left multiplication
by a matrix.

Lemma 4.2.1 Let 7 : F" — F™ be a linear transformation between spaces of column

vectors, and let the coordinate vector of T(e;) be A; = (ayj, ..., am j)‘. Let Abethe mXn
matrix whose columns are A1, ..., A,. Then T acts on vectors in F” as multiplication by A.
Proof. T(X) = T(}_; ejxj)=zj T(ejxj=73 ; Ajx;=AX. O

For example, let ¢ = cos#, s = sin8. Counterclockwise rotation po: R? — R? of the
plane through the angle 6 about the origin is a linear transformation. Its matrix is

(42.2) R= [c ‘S] .

N C

Let’s verify that multiplication by this matrix rotates the plane. We write a vector X in the
form r(cos . sina)t, where r is the length of X. Let ¢’ = cosa and s’ = sin «. The addition
formulas for cosine and sine show that

c ~si||c cc’ —ss'| _ | cos(0+ )
RX _r[s c] [s/] _r[sc’—kcs’} B r[ sin(@+a) |
So RX is obtained from X by rotating through the angle 6, as claimed.
One can make a computation analogous to that of Lemma 4.2.1 with any linear

transformation 7:V — W, once bases of the two spaces are chosen. If B = (vq, ..., vy) is
a basis of V, we use the shorthand notation 7(B) to denote the hypervector

(4.23) T(B) = (T(vy). ..., T(vy)).
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Ifv=BX = vix1 + - + UpXy, then

4.2.4) T(w) = T(v)xy + -+ T(vy)xn, = T(B)X.
Proposition 4.2.5 Let T:V — W be a linear transformation, and let B = (vy, ..., v,) and
C = (w1, ..., wy) be bases of V and W, respectively. Let X be the coordinate vector of an

arbitrary vector v with respect to the basis B and let Y be the coordinate vector of its image
T(v). So v = BX and T(v) = CY. There is an m Xn matrix A with the dual properties

(4.2.6) T(B)=CA and AX=Y.

This matrix A is the matrix of the transformation T with respect to the two bases. Either of
the properties (4.2.6) characterizes the matrix.

Proof. We write T(vj;) as a linear combination of the basis C, say

4.2.7) T(vj) = wiayj+ - + Wmamj,

and we assemble the coefficients a;; into a column vector A; = (@15, ..., am; )", so that
T(vj) = CA;. Then if A is the matrix whose columns are Ay, ..., A,,

(4.2.8) I(B) = (T(vy), ..., T(vn)) = (w1, ..., Wm) { A :l =CA,

as claimed. Next, if v = BX, then
T(v) = T(B)X = CAX.

Therefore the coordinate vector of 7(v), which we named Y, is equal to AX. O

The isomorphisms F” — V and F™ — W determined by the two bases (3.5.3) help to
explain the relationship between 7 and A. If we use those isomorphisms to identify V and
W with F" and F™, then T corresponds to multiplication by A, as shown in the diagram
below:

(4.2.9) Frn—2> pm X~ AX
| 3
B [o} é
v—"Lsw BX ~— T(B)X = CAX

Going from F™ to W along the two paths gives the same answer. A diagram that has this
property is said to be commutative. All diagrams in this book are commutative.

Thus any linear transformation between finite-dimensional vector spaces V and W
corresponds to matrix multiplication, once bases for the two spaces are chosen. This is a nice
result, but if we change bases we can do much better.
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Theorem 4.2.10

(a) Vector space form: Let T:V — W be alinear transformation between finite-dimensional
vector spaces. There are bases B and C of V and W, respectively, such that the matrix
of T with respect to these bases has the form

I,

(4.2.11)

where I, is the r Xr identity matrix and r is the rank of 7.

(b) Matrix form: Given an m Xn matrix A, there are invertible matrices Q and P such that
A’ = Q"1AP has the form shown above.

Proof. (a) Let (uy, ..., ug) be a basis for the kernel of 7. We extend this set to a basis B
of V, listing the additional vectors first, say (v, ..., Up; U1, ..., Ug), Where r + k = n. Let
w; = T(v;). Then, as in the proof of (4.1.6), one sees that (wy, ..., w,) is a basis for the
image of 7. We extend this set to a basis C of W, say (w1, ..., wy; 21, - - ., Zs), listing the
additional vectors last. The matrix of T with respect to these bases has the form (4.2.11).
Part (b) of the theorem can be proved using row and column operations. The proof is
Exercise 2.4. O

This theorem is a prototype for a number of results that are to come. It shows the
advantage of working in vector spaces without fixed bases (or coordinates), because the
structure of an arbitrary linear transformation is described by the very simple matrix (4.2.11).
But why are (a) and (b) considered two versions of the same theorem? To answer this, we
need to analyze the way that the matrix of a linear transformation changes when we make
other choices of bases.

Let A be the matrix of T with respect to bases B and C of V and W, as in (4.2.6), and
letB' = (v),...,v,)and C' = (wj, ..., wp,) be new bases for V and W. We can relate the
new basis B’ to the old basis B by an invertible n X7 matrix P, as in (3.5.11). Similarly, C' is
related to C by an invertible m Xm matrix Q. These matrices have the properties

(4.2.12) B =BP, PX =X and C =CQ, QY =Y.

Proposition 4.2.13 Let A be the matrix of a linear transformation T with respect to given
bases B and C.

(a) Suppose that new bases B’ and C’ are related to the given bases by the matrices P and
Q, as above. The matrix of T with respect to the new bases is A’ = 0"1AP.

(b) The matrices A’ that represent 7" with respect to other bases are those of the form
A’ = Q"1AP, where Q and P can be any invertible matrices of the appropriate sizes.

Proof. (a) We substitute X = PX’ and Y = QY’ into the equation Y = AX (4.2.6), obtaining
QY' = APX'.So Y' = (Q"!AP)X'. Since A’ is the matrix such that A’X’ = Y’, this shows
that A’ = Q" 1AP. Part (b) follows because the basechange matrices can be any invertible
matrices (3.5.9). ]
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It follows from the proposition that the two parts of the theorem amount to the same
thing. To derive (a) from (b), we suppose given the linear transformation 7', and we begin
with arbitrary choices of bases for V and W, obtaining a matrix A. Part (b) tells us that there
are invertible matrices P and Q such that A’ = Q"1AP has the form (4.2.11). When we use
these matrices to change bases in V and W, the matrix A is changed to A’.

To derive (b) from (a), we view an arbitrary matrix A as the matrix of the linear
transformation “left multiplication by A’’ on column vectors. Then A is the matrix of T with
respect to the standard bases of F” and F™, and (a) guarantees the existence of P, Q so that
Q 1AP has the form (4.2.11).

We also learn something remarkable about matrix multiplication here, because left
multiplication by a matrix is a linear transformation. Left multiplication by an arbitrary
matrix A is the same as left multiplication by a matrix of the form (4.2.11), but with reference
to different coordinates.

In the future, we will often state a result in two equivalent ways, a vector space form
and a matrix form, without stopping to show that the two forms are equivalent. Then we will
present whichever proof seems simpler to write down.

We can use Theorem 4.2.10 to derive another interesting property of matrix mul-
tiplication. Let N and U denote the nullspace and column space of the transformation
A: F" — F™ So N is a subspace of F”* and U is a subspace of F™. Let k and r denote the
dimensions of N and U. So k is the nullity of A and r is its rank.

Left multiplication by the transpose matrix A’ defines a transformation A': F"* — F"
in the opposite direction, and therefore two more subspaces, the nullspace N; and the
column space U; of A'. Here U is a subspace of F", and N; is a subspace of F™. Let
k1 and r; denote the dimensions of N; and Uj, respectively. Theorem 4.1.6 tells us that
k + r = n, and also that k; + r; = m. Theorem 4.2.14 below gives one more relation among
these integers:

Theorem 4.2.14 With the above notation, r; = r: The rank of a matrix is equal to the rank
of its transpose.

Proof. Let P and Q be invertible matrices such that A’ = Q"!AP has the form (4.2.11).
We begin by noting that the assertion is obvious for the matrix A’. Next, we examine the
diagrams

(4.2.15) Fr—As pm pn<2 pm
I S B
Fn _‘i/_) Fm Fn (__"i. Fm

The vertical arrows are bijective maps. Therefore, in the left-hand diagram, Q carries the
column space of A’ (the image of multiplication by A”) bijectively to the column space of A.
The dimensions of these two column spaces, the ranks of A and A’, are equal. Similarly, the
ranks of A” and A"’ are equal. So to prove the theorem, we may replace the matrix A by A’
This reduces the proof to the trivial case of the matrix (4.2.11). O
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We can reinterpret the rank r; of the transpose matrix A'. By definition, it is the
dimension of the space spanned by the columns of A", and this can equally well be thought
of as the dimension of the space of row vectors spanned by the rows of A. Because of this,
people often refer to ry as the row rank of A, and to r as the column rank.

The row rank is the maximal number of independent rows of the matrix, and the
column rank is the maximal number of independent columns. Theorem 4.2.14 can be stated
this way:

Corollary 4.2.16 The row rank and the column rank of an m Xn matrix A are equal. O

4.3 LINEAR OPERATORS

In this section, we study linear transformations 7: V — V that map a vector space to itself.
They are called linear operators. Left multiplication by a (square) nXn matrix with entries
in a field F defines a linear operator on the space F" of column vectors.

For example, let ¢ = cos6 and s = sin 6. The rotation matrix (4.2.2)

c -s
s c
is a linear operator on the plane R2.
The dimension formula dim(ker 7) + dim(im 7) = dim V is valid for linear operators.
But here, since the domain and range are equal, we have extra information that can be
combined with the formula. Both the kernel and the image of T are subspaces of V.

Proposition 4.3.1 Let K and W denote the kernel and image, respectively, of a linear
operator 7 on a finite-dimensional vector space V.
(a) The following conditions are equivalent:
o T is bijective,
« K =10},
s W=V.
(b) The following conditions are equivalent:
e Vs the directsum K ®& W,
« KNW = {0},
s K+W=V.

Proof. (a) T is bijective if and only if the kernel X is zero and the image W is the whole
space V. If the kernel is zero, the dimension formula tells us that dim W = dim V, and
therefore W = V. Similarly, if W = V, the dimension formula shows that dim K = 0, and
therefore K = 0. In both cases, T is bijective.

(b) V is the direct sum K & W if and only if both of the conditions X N W = {0} and
K+ W = Vhold. If XN W = {0}, then K and W are independent, sothesum U = K + W
is the direct sum K ® W, and dim U = dim K + dim W (3.6.6)(a). The dimension formula
shows that dimU = dimV,so U = V, and thisshowsthat K@ W =V. If K+ W = V|
the dimension formula and Proposition 3.6.6(a) show that K and W are independent, and

again, V is the direct sum. O
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* A linear operator that satisfies the conditions (4.3.1)(a) is called an invertible operator.
Its inverse function is also a linear operator. An operator that is not invertible is a singular
operator.

The conditions of Proposition 4.3.1(a) are not equivalent when the dimension of V
is infinite. For example, let V = R* be the space of infinite row vectors (a;, a3, ...) (see
Section 3.7). The kernel of the right shift operator S*, defined by

(4.32) St@ay,ax,...)=(0,ay,a...),

is the zero space, and its image is a proper subspace of V. The kernel of the left shift operator
S, defined by
ST(ar,az,a3,...) =(a, a3, ...),

is a proper subspace of V, and its image is the whole space.

The discussion of bases in the previous section must be changed slightly when we are
dealing with linear operators. We should pick only one basis B for V, and use it in place of
both of the bases B and C in (4.2.6). In other words, to define the matrix A of 7" with respect
to the basis B, we should write

(4.3.3) T(B) =BA, and AX =Y as before.

As with any linear transformation (4.2.7), the columns of A are the coordinate vectors of the
images T(v;) of the basis vectors:

(4.3.4) T(vj) = viayj+ -+ Vndaj.

A linear operator is invertible if and only if its matrix with respect to an arbitrary basis is an
invertible matrix.

When one speaks of the the matrix of a linear operator on the space F”, it is assumed
that the basis is the standard basis E, unless a different basis is specified. The operator is then
multiplication by that matrix.

A new feature arises when we study the effect of a change of basis. Suppose that B is
replaced by a new basis B'.

Proposition 4.3.5 Let A be the matrix of a linear operator 7" with respect to a basis B.

(a) Suppose that a new basis B’ is described by B’ = BP. The matrix that represents 7" with
respect to this basisis 4’ = P"1AP.

(b) The matrices A’ that represent the operator 7 for different bases are the matrices of the
form A’ = P"1AP, where P can be any invertible matrix. O

In other words, the matrix changes by conjugation. This is a confusing fact to grasp.
So, though it follows from (4.2.13), we will rederive it. Since B’ = BP and since 7(B) = BA,
we have
T(B') = T(B)P = BAP.

We are not done. The formula we have obtained expresses 7(B’) in terms of the old basis B.
To obtain the new matrix, we must write 7(B’) in terms of the new basis B’. So we substitute
B = B'P"! into the equation. Doing so gives us 7(B') = B'P"1AP. O
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In general, we say that a square matrix A is similar to another matrix A’ if A’ = P"1AP
for some invertible matrix P. Such a matrix A’ is obtained from A by conjugating by P71,
and since P can be any invertible matrix, P lis also arbitrary. It would be correct to use the
term conjugate in place of similar.

Now if we are given the matrix A, it is natural to look for a similar matrix A’ that
is particularly simple. One would like to get a result somewhat like Theorem 4.2.10. But
here our allowable change is much more restricted, because we have only one basis, and
therefore one matrix P, to work with. Having domain and range of a linear transformation
equal, which seems at first to be a simplification, actually makes things more difficult.

We can get some insight into the problem by writing the hypothetical basechange
matrix as a product of elementary matrices, say P = Ey -- - E,. Then

PlAP=E' . E]'AE,. . E,.

In terms of elementary operations, we are allowed to change A by a sequence of steps
A~ E1AE. In other words, we may perform an arbitrary column operation E on A,
but we must also make the row operation that corresponds to the inverse matrix E 1.
Unfortunately, these row and column operations interact, and analyzing them becomes
confusing.

4.4 EIGENVECTORS

The main tools for analyzing a linear operator 7:V — V are invariant subspaces and
eigenvectors.

» A subspace W of V is invariant, or more precisely T-invariant, if it is carried to itself by
the operator:

(44.1) TW C W.

In other words, W is invariant if, whenever w is in W, T(w) is also in W. When this is so, T
defines a linear operator on W, called its restriction to W. We often denote this restriction
by Tw.

If W is a T-invariant subspace, we may form a basis B of V by appending vectors to a
basis (wy, ..., wg) of W, say

(4.4.2) B=(w1,...,wk; vl,...,v,,_k).

Then the fact that W is invariant is reflected in the matrix of 7. The columns of this matrix,
we’ll call it M, are the coordinate vectors of the image vectors (see (4.3.3)). But T(wy;) is

in the subspace W, so it is a linear combination of the basis (wy, ..., wg). When we write
T(wj) in terms of the basis B, the coefficients of the vectors vy, ..., v,—¢ Will be zero. It
follows that M will have the block form

A B

where A is a k X k matrix, the matrix of the restriction of 7' to W.
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If V happens to be the direct sum W; @ W, of two T-invariant subspaces, and if we
make a basis B = (By, B;) of V by appending bases of W, and W5, the matrix of T will have
the block diagonal form

A 0
(4.44) M= l: 01 AZ:I ’

where A; is the matrix of the restriction of 7" to W;.
The concept of an eigenvector is closely related to that of an invariant subspace.

» An eigenvector v of a linear operator 7 is a nonzero vector such that
(44.5) T(v) =Av

for some scalar A, i.e., some element of F. A nonzero column vector is an eigenvector of a
square matrix A if it is an eigenvector for the operation of left multiplication by A.

The scalar A that appears in (4.4.5) is called the eigenvalue associated to the eigenvector
v. When we speak of an eigenvalue of a linear operator 7 or of a matrix A without specifying
an eigenvector, we mean a scalar A that is the eigenvalue associated to some eigenvector.
An eigenvalue may be any element of F, including zero, but an eigenvector is not allowed
to be zero. Eigenvalues are often denoted, as here, by the Greek letter A (lambda).!

An eigenvector with eigenvalue 1 is a fixed vector: T(v) = v. An eigenvector with
eigenvalue zero is in the nullspace: 7(v) = 0. When V = R"”, a nonzero vector v is an
eigenvector if v and 7(v) are parallel.

If v is an eigenvector of a linear operator 7', with eigenvalue A, the subspace W
spanned by v will be T-invariant, because 7(cv) = cAvis in W for all scalars c. Conversely,
if the one-dimensional subspace spanned by v is invariant, then v is an eigenvector. So an
eigenvector can be described as a basis of a one-dimensional invariant subspace.

It is easy to tell whether or not a given vector X is an eigenvector of a matrix A. We
simply check whether or not AX is a multiple of X. And, if A is the matrix of 7" with respect
to a basis B, and if X is the coordinate vector of a vector v, then X is an eigenvector of A if
and only if v is an eigenvector for 7.

The standard basis vector e; = (1,0)! is an eigenvector, with eigenvalue 3, of the

matrix
31
0 2|’

The vector (1,-1)! is another eigenvector, with eigenvalue 2. The vector (0,1,1)! is an
eigenvector, with eigenvalue 2, of the matrix

1 1 -1
A=12 1 1
30 2

1The German word “eigen” means roughly “characteristic.” Eigenvectors and eigenvalues are sometimes called
characteristic vectors.
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If (v1, ..., vn) is a basis of V and if v; is an eigenvector of a linear operator T, the
matrix of 7" will have the block form
(e oo o]
0

(4.4.6) [g g] =1 Bt
0

where A is the eigenvalue of vy. This is the block form (4.4.3) in the case of an invariant
subspace of dimension 1.

Proposition 4.4.7 Similar matrices (A’ = P! AP) have the same eigenvalues.
This is true because similar matrices represent the same linear transformation. a

Proposition 4.4.8

(a) Let T be a linear operator on a vector space V. The matrix of 7" with respect to a basis
B = (v1, ..., vy) is diagonal if and only if each of the basis vectors v; is an eigenvector.

(b) AnnXn matrix A is similar to a diagonal matrix if and only if there is a basis of F" that
consists of eigenvectors.

This follows from the definition of the matrix A (see (4.3.4)). If T(v;) = A;vj, then

1
(4.4.9) T(B) = (ViA1, . .. UnAn) = (V1, ..., Un) ,
An a

This proposition shows that we can represent a linear operator simply by a diagonal
matrix, provided that it has enough eigenvectors. We will see in Section 4.5 that every linear
operator on a complex vector space has at least one eigenvector, and in Section 4.6 that
in most cases there is a basis of eigenvectors. But a linear operator on a real vector space
needn’t have any eigenvector. For example, a rotation of the plane through an angle 6
doesn’t carry any vector to a parallel one unless 6 is 0 or 77. The rotation matrix (4.2.2) with
6+0, r has no real eigenvector.

» A general example of a real matrix that has at least one real eigenvalue is one all of whose
entries are positive. Such matrices, called positive matrices, occur often in applications,
and one of their most important properties is that they always have an eigenvector whose
coordinates are positive (a positive eigenvector).

Instead of proving this fact, we’ll illustrate it by examining the effect of multiplication
by a positive 2X2 matrix A on R2 Let w; = Ae; be the columns of A. The parallelogram
law for vector addition shows that A sends the first quadrant S to the sector bounded by the
vectors w1 and w;. The coordinate vector of w; is the ith column of A. Since the entries of
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A are positive, the vectors wj lie in the first quadrant. So A carries the first quadrant to itself:
S D AS. Applying A to this inclusion, we find AS > A2S, and so on:

(4.4.10) S A8 DA ST AP E S sy

3 2
1 4]

Now, the intersection of a nested set of sectors is either a sector or a half-line. In our
case, the intersection Z = (| A"S turns out to be a half-line. This is intuitively plausible,
and it can be shown in various ways, but we’ll omit the proof. We multiply the relation
Z =) A"S on both sides by A:

as is illustrated below for the matrix A = l:

oo o0
AZ=A|A"S|=A"S=2Z.
0 1

Hence Z = AZ. Therefore the nonzero vectors in Z are eigenvectors.

fm/w
r/

Bl . __‘

(4.4.11) Images of the First Quadrant Under Repeated Multiplication by
a Positive Matrix.

4.5 THE CHARACTERISTIC POLYNOMIAL

In this section we determine the eigenvectors of an arbitrary linear operator. We recall that
an eigenvector of a linear operator T is a nonzero vector v such that

(4.5.1) T(v) = Av,

for some A in F. If we don’t know A, it can be difficult to find the eigenvector directly when
the matrix of the operator is complicated. The trick is to solve a different problem, namely
to determine the eigenvalues first. Once an eigenvalue A is determined, equation (4.5.1)
becomes linear in the coordinates of v, and solving it presents no problem.

We begin by writing (4.5.1) in the form

(4.5.2) AT - T](v) =0,
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where I stands for the identity operator and A7 — T is the linear operator defined by
(4.5.3) [AT = T)(v) = Av— T(v).
It is easy to check that A/ — T is indeed a linear operator. We can restate (4.5.2) as follows:

A nonzero vector v is an eigenvector with eigenvalue A

(4.5.4) if and only if it is in the kernel of AJ — T..

Corollary 4.5.5 Let T be a linear operator on a finite-dimensional vector space V.

(a) The eigenvalues of 7 are the scalars A in F such that the operator AJ — T is singular,
i.e., its nullspace is not zero.
(b) The following conditions are equivalent:

o T is asingular operator.
o T has an eigenvalue equal to zero.
o If A is the matrix of T with respect to an arbitrary basis, then det A = 0. O

If A is the matrix of T with respect to some basis, then the matrix of AJ — T is AI — A.
So AI — T is singular if and only if det (AI — A) = 0. This determinant can be computed
with indeterminate A, and doing so provides us, at least in principle, with a method for
determining the eigenvalues and eigenvectors.

3 2] whose action on R? is illustrated in

Suppose for example that A is the matrix [1 4

Figure (4.4.11). Then

AM—-A= ["‘3 -2 ]

-1 A4

and
det(M—A) = A2=7A+10 = (A =5)(A =2).

The determinant vanishes when A = 5 or 2, so the eigenvalues of A are 5 and 2. To find the
eigenvectors, we solve the two systems of equations [S/ — ALX = 0 and [2] — A]X = 0. The
solutions are determined up to scalar factor:

(4.5.6) v = [}] v = [_f]

We now consider the same computation for an indeterminate matrix of arbitrary size.
It is customary to replace the symbol A by a variable . We form the matrix ¢/ — A:

(tra) -app - -an
(457) A= -ay (t-an) -+ -an
_anl e cea (t-ann)

The complete expansion of the determinant [Chapter 1 (1.6.4)] shows that det (¢ — A) is a
polynomial of degree n in f whose coefficients are scalars, elements of F.
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Definition 4.5.8 The characteristic polynomial of a linear operator 7 is the polynomial
p(t) =det(tl — A),
where A is the matrix of 7" with respect to some basis.
The eigenvalues of T are determined by combining (4.5.5) and (4.5.8):

Corollary 4.5.9 The cigenvalues of a linear operator are the roots of its characteristic
polynomial. a

Corollary 4.5.10 Let A be an upper or lower triangular n Xn matrix with diagonal entries
ait, - .., ann. The characteristic polynomial of A is (¢t — ay1) --- (¢ — apn). The diagonal
entries of A are its eigenvalues.

Proof. If A is upper triangular, so is t/ — A, and the diagonal entries of tI — A are t — a;;.
The determinant of a triangular matrix is the product of its diagonal entries. 0O

Proposition 4.5.11 The charactcristic polynomial of an operator T does not depend on the
choice of a basis.

Proof. A second basis leads to a matrix A’ = P"'AP (4.3.5), and
t1—A =t — P 'AP = P 1(¢s1 — A)P. Then
det (¢ — A') = det P~ det (11 — A)det P = det (] — A). m]

The characteristic polynomial of the 2X2 matrix A = [Z Z] is

-b

: t-a
(4.5.12) p(1) = det (¢ — A) = det [ o

] = 1% — (trace A)! + (det A),

where trace A =a +d.

An incomplete description of the characteristic polynomial of an #Xn matrix is
given by the next proposition, which is proved by computation. It wouldn’t be very
difficult to determine the remaining coefficients, but explicit formulas for them aren’t often
used.

Proposition 4.5.13 The characteristic polynomial of an n Xn matrix A has the form
p(1) =" — (trace A)t""! + (intermediate terms) + (-1)"(det A),
where trace A, the trace of A, is the sum of its diagonal entries:
trace A =ay; +axn+---+anpn. O

Proposition 4.5.11 shows that all coefficients of the characteristic polynomial are
independent of the basis. For instance, trace(P~ ' AP) = trace A.
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Since the characteristic polynomial, the trace, and the determinant are independent of
the basis, they depend only on the operator T. So we may define the terms characteristic
polynomial, trace, and determinant of a linear operator 7. They are the ones obtained using
the matrix of 7" with respect to any basis.

Proposition 4.5.14 Let T be a linear operator on a finite-dimensional vector space V.

(a) If V has dimension n, then T has at most »n eigenvalues.

(b) If F is the field of complex numbers and V #{0}, then T has at least one eigenvalue, and
hence at least one eigenvector.

Proof. (a) The eigenvalues are the roots of the characteristic polynomial, which has degree
n. A polynomial of degree n can have at most » roots. This is true for a polynomial with
coefficients in any field F (see (12.2.20)).

(b) The Fundamental Theorem of Algebra asserts that every polynomial of positive degree
with complex coefficients has at least one complex root. There is a proof of this theorem in
Chapter 15 (15.10.1). O

For example, let Rg be matrix (4.2.2) that represents the counterclockwise rotation of
R? through an angle 6. Its characteristic polynomial, p(f) = 12 — (2cos6)t + 1, has no real
root provided that 80, 7T, so no real eigenvalue. We have observed this before. But the
operator on C? defined by Rg does have the complex eigenvalues etio,

Note: When we speak of the roots of a polynomial p(r) or the eigenvalues of a matrix or
linear operator, repetitions corresponding to multiple roots are supposed to be included.
This terminology is convenient, though imprecise. a

Corollary 4.5.15 If )4, ..., A, are the eigenvalues of an n Xn complex matrix A, then det A
is the product Aq - - - Ap,, and trace A is the sum A; + ... + A,.

Proof. Let p(t) be the characteristic polynomial of A. Then

(t=21) - (t=Xn) = p(®) = " — (trace A)" 1 + ... + (det A). O

4.6 TRIANGULAR AND DIAGONAL FORMS

In this section we show that for “most” linear operators on a complex vector space, there is
a basis such that the matrix of the operator is diagonal. The key fact, which was noted at the
end of Section 4.5, is that every complex polynomial of positive degree has a root. This tells
us that every linear operator has at least one eigenvector.

Proposition 4.6.1

(a) Vector space form: Let T be a linear operator on a finite-dimensional complex vector
space V. There is a basis B of V such that the matrix of 7" with respect to that basis is
upper triangular.

(b) Matrix form: Every complex nXn matrix A is similar to an upper triangular matrix:
There is a matrix P € G L, (C) such that P"' AP is upper triangular.
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Proof. The two assertions are equivalent, because of (4.3.5). We will work with the matrix.
Let V = C". Proposition 4.5.14(b) shows that V contains an eigenvector of A, call it v;.
Let A be its eigenvalue. We extend (v) to a basis B = (vq, ..., v,) for V. The new matrix
A" = P"LAP has the block form

;| Al*
(4.6.2) A= H—D—],

where D is an (n — 1) X (n — 1) matrix (see (4.4.6)). By induction on n, we may assume that
the existence of a matrix Q € GL,-1(C) such that Q"1DQis upper triangular will have been

proved. Let
_llol " _orlaor = X
o= 0 . Then A" =Q7°A'Q1 = 0lo 100

is upper triangular, and A” = (PQ,) 1A(PQ)). O

Corollary 4.6.3 Proposition 4.6.1 continues to hold when the phrase ‘“upper triangular” is
replaced by “lower triangular.”

The lower triangular form is obtained by listing the basis B of (4.6.1)(a) in reverse
order. O

The important point for the proof of Proposition 4.6.1 is that every complex polynomial
has a root. The same proof will work for any field F, provided that all the roots of the
characteristic polynomial are in the field.

Corollary 4.6.4

(a) Vector space form: Let T be a linear operator on a finite-dimensional vector space V
over a field F, and suppose that the characteristic polynomial of 7 is a product of linear
factors in the field F. There is a basis B of V such that the matrix A of T is upper (or
lower) triangular.

(b) Matrix form: Let A be an n X n matrix with entries in F, whose characteristic polynomial
is a product of linear factors. There is a matrix P € G L, (F) such that P"'AP is upper
(or lower) triangular.

The proof is the same, except that to make the induction step one has to check that the
characteristic polynomial of the matrix D that appears in (4.6.2) is p(¢) /(¢ — A), where p(?)
is the characteristic polynomial of A. Then the hypothesis that the characteristic polynomial
factors into linear factors carries over from A to D. O

We now ask which matrices A are similar to diagonal matrices. They are called
diagonalizable matrices. As we saw in (4.4.8) (b), they are the matrices that have bases
of eigenvectors. Similarly, a linear operator that has a basis of eigenvectors is called a
diagonalizable operator. The diagonal entries are determined, except for their order, by the
linear operator 7. They are the eigenvalues.

Theorem 4.6.6 below gives a partial answer to our question; a more complete answer
will be given in the next section.
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Proposition 4.6.5 Let vy, ..., v, be eigenvectors of a linear operator 7 with distinct
eigenvalues Aq, ..., A,. The set (v, ..., v,) is independent.

Proof. We use induction on r. The assertion is true when r = 1, because an eigenvector
cannot be zero. Suppose that a dependence relation

O=aiv1 +---+ayv,
is given. We must show that a; = 0 for all i. We apply the operator T
0=T70) =a1T(v1) + - +a; T(vy) = a1A1v1 + - + arAsvy.

This is a second dependence relation among (v1, ..., V). We eliminate v, from the two
relations, multiplying the first relation by A, and subtracting the second:

O=ar(Ar = ADvi+ -+ ar_1(Ar — Ar_ 1DV _1.

Applying induction, we may assume that (vy, ..., v,_1) is an independent set. This tells us
that the coefficients a; (A, — A;), i < r, are all zero. Since the A; are distinct, A, — A; is not
zero if i < r. Thusay = --- = a,_1 = 0. The original relation reduces to 0 = a,v,. Since an
eigenvector cannot be zero, a, is zero too. O

The next theorem follows by combining (4.4.8) and (4.6.5):

Theorem 4.6.6 Let T be a linear operator on a vector space V of dimension #n over a field
F. If its characteristic polynomial has »n distinct roots in F, there is a basis for V with respect
to which the matrix of T is diagonal. O

Note: Diagonalization is a powerful tool. When one is presented with a diagonalizable
operator, it should be an automatic response to work with a basis of eigenvectors.

As an example of diagonalization, consider the real matrix

3 2
(4.6.7) A= [1 4] .

Its eigenvectors were computed in (4.5.6). These eigenvectors form a basis B = (v;, v2) of
RZ. According to (3.5.13), the matrix relating the standard basis E to this basis B is

(4.68) P=[B]=[i _f] P‘1=§[} _%],and

(4.69) P‘MP:%“ _f][i’ i][i j]:[s 2]=A.

The next proposition is a variant of Proposition 4.4.8. We omit the proof.
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Proposition 4.6.10 Let F be a field.

(a) Let T be alinear operator on F".If B = (vy, ..., U,) is a basis of eigenvectors of 7', and
if P = [B], then A = P"1AP = [B] 1 A[B] is diagonal.

(b) LetB = (vy, ..., vn) be a basis of F”, and let A be the diagonal matrix with diagonal
entries Aq, ..., A, that are not necessarily distinct. There is a unique matrix A such
that, fori =1, ..., n, v; is an eigenvector of A with eigenvalue A;, namely the matrix
B A[B] L O

A nice way to write the equation [B]"1A[B] = A is
(4.6.11) A[B] = [B]A.
One application of Theorem 4.6.6 is to compute the powers of a diagonalizable matrix.

The next lemma needs to be pointed out, though it follows trivially when one expands the
left sides of the equations and cancels PP~ 1.

Lemma 4.6.12 Let A, B, and P be n Xn matrices. If P is invertible, then (P"LAP)(P"1BP) =
P 1(AB)P,and for all k > 1, (P"1AP)k = plakp. O

Thus if A, P, and A are as in (4.6.9), then

1T 275 Tr1 2] 1Sk 4okt p.sk gkt
k _ kp—-1 _ = —
AT =PATE —3[1 -1}[ 2] [1 -1]‘3[ 5k — ok 2-5k+2k]'

If f(t) =ap+ ajt+ -+ a,t™ is a polynomial in ¢ with coefficients in F and if A is an

n Xn matrix with entries in F, then f(A) will denote the matrix obtained by substituting A
formally for ¢.

(4.6.13) f(A) =agl +a1A+ -+ a,A".
The constant term ag gets replaced by agl. Thenif A = PAP~ 1
(4.6.14) f(A) = f(PAPY) = apl + a1PAP ' + -+ a,PA"P! = PA(A)PL,

The analogous notation is used for linear operators: If T is a linear operator on a vector
space over a field F, the linear operator f(7) on V is defined to be

(4.6.15) D =ayl +a;T+---+a,T",

where 7 denotes the identity operator. The operator f(7) acts on a vector by f(T)v =
apv+aiTv+ .-+ a, T"v. (In order to avoid too many parentheses we have omitted some
by writing Tv for T(v).)
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4.7 JORDAN FORM

Suppose we are given a linear operator 7" on a finite-dimensional complex vector space
V. We have seen that, if the roots of its characteristic polynomial are distinct, there is
a basis of eigenvectors, and that the matrix of T with respect to that basis is diago-
nal. Here we ask what can be done without assuming that the eigenvalues are distinct.
When the characteristic polynomial has multiple roots there will most often not be a
basis of eigenvectors, but we’ll see that, nevertheless, the matrix can be made fairly
simple.

An eigenvector with eigenvalue A of a linear operator T is a nonzero vector v such
that (T — A)v = 0. (We will write 7' — A for T — A here.) Since our operator T' may not
have enough eigenvectors, we work with generalized eigenvectors.

» A generalized eigenvector with eigenvalue A of a linear operator 7T is a nonzero vector x
such that (T — A)*x = 0 for some k > 0. Its exponent is the smallest integer d such that
(T — 1)4x =0.

Proposition 4.7.1 Let x be a generalized eigenvector of 7', with eigenvalue A and exponent
d,andfor j > 0,letuj = (T — A)/x. Let B = (ug, ..., uq4-1), and let X = Span B. Then X
is a T-invariant subspace, and B is a basis of X.

We use the next lemma in the proof.

Lemma 4.7.2 With u; as above, a linear combination y = cju; + --- + c4_1Ug-1 With
Jj <d-1andcj#0is a generalized eigenvector, with eigenvalue A and exponent d - j.

Proof. Since the exponent of x is d, (T — A)¥~1x = uy_ #0. Therefore (T — A)4~/"1y =
cjug-1 isn’t zero, but (T — A)4-Jy = 0. So y is a generalized eigenvector with eigenvalue A
and exponent d - j, as claimed. ]

Proof of the Proposition. We note that

Auj+ujyy if j<d-—1
(4.7.3) Tuj =3 Au;j if j=d—1
0 ifj>d-1.

Therefore Tu; is in the subspace X for all j. This shows that X is invariant. Next, B
generates X by definition. The lemma shows that every nontrivial linear combination of B is
a generalized eigenvector, so it is not zero. Therefore B is an independent set. 0

Corollary 4.7.4 Let x be a generalized eigenvector for 7', with eigenvalue A. Then A is an
ordinary eigenvalue — a root of the characteristic polynomial of T'.

Proof. If the exponent of x is d, then with notation as above, u,4_; is an eigenvector with
eigenvalue A. a
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Formula 4.7.3 determines the matrix that describes the action of T on the basis B of
Proposition 4.7.1. It is the dXd Jordan block J). Jordan blocks are shown below for low
values of d:

N A

47.5) o= AL [’} A], 1o ||t ,
1A
1A )

A

The operation of a Jordan block is especially simple when A = 0. The dXd block Jj
operates on the standard basis of C? as

(4.7.6) e ey~ s ey~ 0.

The 1X1 Jordan block Jy is zero.

The Jordan Decomposition Theorem below asserts that any complex n Xn matrix is
similar to a matrix / made up of diagonal Jordan blocks (4.7.5) — that it has the Jordan form

(4.1.7) J= N ,

where J; = J,, for some A;. The blocks J; can have various sizes d;, with ) d; = n,
and the diagonal entries A; aren’t necessarily distinct. The characteristic polynomial of the
matrix J is

(4.7.8) P = (=A% - A% (1 — Agp)%.
The 2X2 and 3 X3 Jordan forms are

N N A M A
(4.7.9) [1x]’[1lx]; A2 1A 1o ,
2 1 A3 A 1 A

where the scalars A; may be equal or not, and in the fourth matrix, the blocks may be listed
in the other order.

Theorem 4.7.10 Jordan Decomposition.

(a) Vector space form: Let T be a linear operator on a finite-dimensional complex vector
space V. There is a basis B of V such that the matrix of 7 with respect to B has Jordan
form (4.7.7).

(b) Matrix form: Let A be an n Xn complex matrix. There is an invertible complex matrix P
such that P"1 AP has Jordan form.

It is also true that the Jordan form of an operator T or a matrix A is unique except for the

order of the blocks.
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Proof. This proof is due to Filippov [Filippov]. Induction on the dimension of V allows us
to assume that the theorem is true for the restriction of T to any proper invariant subspace.
Soif V is the direct sum of proper T-invariant subspaces, say V1 @ --- @ V,, with r > 1, then
the theorem is true for 7.

Suppose that we have generalized eigenvectors v;, for i = 1,...,r. Let V; be the
subspace defined as in Proposition 4.7.1, with x = v;. If V is the direct sum V; @ ... ® V,,
the theorem will be true for V, and we say that vy, ..., v, are Jordan generators for T. We

will show that a set of Jordan generators exists.

Step 1: We choose an eigenvalue A of 7', and replace the operator T by T — A . If A is the
matrix of 7" with respect to a basis, the matrix of 7 — A7 with respect to the same basis will
be A — Al, and if one of the matrices A or A — Al is in Jordan form, so is the other. So
replacing T by 7' — A1 is permissible. Having done this, our operator, which we still call T,
will have zero as an eigenvalue. This will simplify the notation.

Step 2: We assume that 0 is an eigenvalue of 7. Let K; and U; denote the kernel and image,
respectively, of the ith power T!. Then K1CK,C--- andU; D Uy D ---. Because V is finite-
dimensional, these chains of subspaces become constant for large r, say Ky, = Kppyq = - --
and Uy = Uy =---. Let K = K, and U = Uy,. We verify that K and U are invariant
subspaces, and that V is the direct sum K @ U.

The subspaces are invariant because 7K, C K;,_1 C K, and TU,,, = U1 = Up,.
To show that V = K @ U, it suffices to show that K N U = {0} (see Proposition 4.3.1(b)).
Let z be an element of KN U. Then T™z = 0, and also z = 7™ v for some v in V. Therefore
T?my = 0, so v is an element of K»,,. But K3, = K, 50 T™v =0, 1i.e.,z = 0.

Since T has an eigenvalue 0, K is not the zero subspace. Therefore U has smaller
dimension than V, and by our induction assumption, the theorem is true for 7T'|yy. Unfortu-
nately, we can’t use this reasoning on K, because U might be zero. So we must still prove
the existence of a Jordan form for T'{x. We replace V by K and T by T|k.

» A linear operator 7 on a vector space V is called nilpotent if for some positive integer r,
the operator 7" is zero.

We have reduced the proof to the case of a nilpotent operator.

Step 3: We assume that our operator 7 is nilpotent. Every nonzero vector will be a generalized
eigenvector with eigenvalue 0. Let N and W denote the kernel and image of T, respectively.
Since T is nilpotent, N #{0}. Therefore the dimension of W is smaller than that of V,
and by induction, the theorem is true for the restriction of the operator to W. So there
are Jordan generators wy, ..., w, for T|w. Let e; denote the exponent of w;, and let W;
denote the subspace formed as in Proposition 4.7.1, using the generalized eigenvector w;.
SoW=Ww;&..-®&W,.

For each i, we choose an element v; of V such that Tv; = w;. The exponent d; of v;
will be equal to e; + 1. Let V; denote the subspace formed as in (4.7.1) using the vector v;.
Then TV; = W;. Let U denote the sum Vi + - - - + V,. Since each V; is an invariant subspace,
so is U. We now verify that vy, ..., v, are Jordan generators for the restriction Ty, ie.,
that the subspaces V; are independent.
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We notice two things: First, TU = W because TV; = W;. Second, V; " N C W;. This
follows from Lemma 4.7.2, which shows that V; N N is the span of the last basis vector
T9i—1y;, Since d; — 1 = e;, which is positive, 7%~ 1v; is in the image W;.

We suppose given a relation v1 + - - - + ¥, = 0, with ; in V;. We must show that ; =0
foralli.Let w; = T¥;. Then W1 +--- + W, = 0, and w; is in W;. Since the subspaces W; are
independent, w; = 0 for all i. So 7v; = 0, which means that v; is in V; N N. Therefore ¥; is
in W;. Using the fact that the subspaces W; are independent once more, we conclude that,
v; =0forall i.

Step 4: We show that a set of Jordan generators for T can be obtained by adding some
elements of N to the set {vq, ..., v/} of Jordan generators for Ty .

Let v be an arbitrary element of V and let Tv = w. Since TU = W, there is a vector u
inUsuchthatTu = w=Tv. Thenz=v—uisin Nand v = u + z. Therefore U+ N = V.
This being so, we extend a basis of U to a basis of V by adding elements, say z1, ..., z¢, of
N (see Proposition 3.4.16(a)). Let N’ be the span of (z1, ..., z¢). Then U N N’ = {0} and
U+ N' = V,so Vis the direct sum U & N'.

The operator T is zero on N’, so N’ is an invariant subspace, and the matrix of 7|y~ is
the zero matrix, which has Jordan form. Its Jordan blocks are 1 X 1 zero matrices, Therefore
{vi, ..., v 21, ... 2¢} is a set of Jordan generators for 7. O

It isn’t difficult to determine the Jordan form for an operator 7', provided that the
eigenvalues are known, and the analysis also proves uniqueness of the form. However,
finding an appropriate basis of V can be painful, and is best avoided.

To determine the Jordan form, one chooses an eigenvalue A, and replaces T by T — A1,
to reduce to the case that A = 0. Let K; denote the kernel of 7°, and let k; be the dimension
of K;. In the case of a single d Xd Jordan block with A = 0, these dimensions are:

kblock _ i ifi<d
i T ld ifi=d -

The dimensions k; for a general operator T are obtained by adding the numbers k?°* for
each block with A = 0. So k1 will be the number of blocks with A = 0, k; — k; will be the
number of blocks of size d > 2 with A = 0, and so on.

Two simple examples:

0 10 1 -1 1
A=]1 0 1| and B=| 2 -2 2}{.
0 -1 0 -1 1 -1

Here A3 = 0, but A20. If v is a vector such that A2v=0, for instance v = e;, then
(v, Tv, T?v) will be a basis. The Jordan form consists of a single 3 X3 block.

On the other hand, B = 0. Taking v = e; again, the set (v, Tv) is independent, and
this gives us a 2X2 block. To obtain the Jordan form, we have to add a vector in N, for
example v' = e; + e3, which will give a 1X1 block (equal to zero). The required basis is
(v, Tv, V).
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It is often useful to write the Jordan form as J/ = D + N, where D is the diagonal part
of the matrix, and N is the part below the diagonal. For a single Jordan block, we will have
D = AIand N = Jy, as is illustrated below for a 3 X3 block:

A A 0
Jrp = |1 A =0 A +11 0 = AM+Jyp = D+N.
1 A 0 A 10

Writing / = D + N is convenient because D and N commute. The powers of J can be
computed by the binomial expansion:

(47.11) J =D +NY =D+ ()D"IN + (D" 2N 4 ..,

When J is an n Xn matrix, N* = 0, and this expansion has at most n terms. In the case of a
single block, the formula reads

(4.7.12) T = +10) =M1+ (DA—o + (A 23 +

Corollary 4.7.13 Let T be a linear operator on a finite-dimensional complex vector space.
The following conditions are equivalent:

(a) T is a diagonalizable operator,
(b) every generalized eigenvector is an eigenvector,
(¢) all of the blocks in the Jordan form for T are 1X1 blocks.

The analogous statements are true for a square complex matrix A.

Proof. (a) = (b): Suppose that T is diagonalizable, say that the matrix of 7" with respect to
the basis B = (v1, ..., Uy,) is the diagonal matrix A with diagonal entries Aq, ..., X,. Let
v be a generalized eigenvector in V, say that (7 — A)*v = 0 for some A and some k > 0.
We replace T by 7' — A to reduce to the case that Tkv =0.Let X = (x1, ..., x)" be the
coordinate vector of v. The coordlnates of T*v will be l x;. Since T*v = 0, elther Ai =0,
or x; = 0, and in either case, A x; = 0. Therefore Tv = 0

(b) = (c): We prove the contrapositive. If the Jordan form of 7 has a kX k Jordan block with
k > 1, then looking back at the action (4.7.6) of J, — AI, we see that there is a generalized
eigenvector that is not an eigenvector. So if (c) is false, (b) is false too. Finally, it is clear that
(¢) = (a). O

Here is a nice application of Jordan form.

Theorem 4.7.14 Let T be a linear operator on a finite-dimensional complex vector space V.
If some positive power of 7 is the identity, say 7" = I, then T is diagonalizable.

Proof. 1t suffices to show that every generalized eigenvector is an eigenvector. To do this,
we assume that (7 — AD%v = 0 with v#0, and we show that (7' — A)v = 0. Since A is an
eigenvalue and since 77 = I, A" = 1. We divide the polynomial " — 1 by # — A:

F=1=@"14+A 2+ 224+ 2 HE - ).
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We substitute 7 for # and apply the operators to v. Let w = (T — A)v. Since 7" — I = 0,

0=T" - Dv=T"1+AT2+... +)J'—2T+)br—])(T_ A)v
= (T AT 2 AT A
=rA " lw.

(For the last equality, one uses the fact that Tw = Aw.) Since rA” 1w =0, w =0. O

We go back for a moment to the results of this section. Where has the hypothesis that
V be a vector space over the complex numbers been used? The answer is that its only use is
to ensure that the characteristic polynomial has enough roots.

Corollary 4.7.15 Let V be a finite-dimensional vector space over a field F, and let T be a
linear operator on V whose characteristic polynomial factors into linear factors in F. The
Jordan Decomposition theorem 4.7.10 is true for 7. O

The proof is identical to the one given for the case that F = C.

Corollary 4.7.16 Let T be a linear operator on a finite-dimensional vector space over a field
of characteristic zero. Assume that 77 = [ for some r > 1 and that the polynomial # — 1
factors into linear factors in F. Then T is diagonalizable. O

The characteristic zero hypothesis is needed to carry through the last step of the proof
of Theorem 4.7.14, where from the relation rA""1w = 0 we want to conclude that w = 0.
The theorem is false in characteristic different from zero.

@-‘-\;2\/‘&9

—Yvonne Verdier?

EXERCISES

Section1 The Dimension Formula

1.1. Let A be a £ Xm matrix and let B be an n X p matrix. Prove that the rule M~ AMB
defines a linear transformation from the space F™*" of m X n matrices to the space F¢*7.

1.2. Let vy, ..., v, be elements of a vector space V. Prove that the map ¢: F" — V defined
by ¢(X) = vix; + - - + vp Xy is a linear transformation.

1.3. Let A be an /m X n matrix. Use the dimension formula to prove that the space of solutions
of the linear system AX = 0 has dimension at least n — m.

1.4. Prove that every m Xn matrix A of rank 1 has the form A = XY', where X, Y are m- and
n-dimensional column vectors. How uniquely determined are these vectors?

2T've received many emails asking about this rebus. Yvonne, an anthropologist, and her husband Jean-Louis, a
mathematician, were close friends who died tragically in 1989. In their memory, I included them among the people
quoted. The history of the valentine was one of Yvonne’s many interests, and she sent this rebus as a valentine.



126 Chapter4 Linear Operators

1.5. (a) Let U and W be vector spaces over a field F. Show that the operations two
(u,w)+ (W', wH = Ww+u',w+ w’) and c(u, w) = (cu, cw) on pairs of vectors
make the product set U X W into a vector space. It is called the product space.

(b) Let U and W be subspaces of a vector space V. Show that the map T:UXW — V
defined by T(u, w) = u + w 1s a linear transformation.

(¢) Express the dimension formula for 7 in terms of the dimensions of subspaces of V.

Section 2 The Matrix of a Linear Transformation
2.1. Let A and B be 2X2 matrices. Determine the matrix of the operator 7: M ~» AMB on the
space F2*? of 2X2 matnices, with respect to the basis (e11, €12, €31, €2) of F2X2.

2.2. Let A be an n Xn matnix. and let V denote the space of n-dimensional row vectors. What
1s the matrix of the linear operator “‘right multiplication by A’ with respect to the standard
basis of V?

2.3. Find all real 2 X2 matrices that carry the line y = x to the line y = 3x.
2.4. Prove Theorem 4.2 10(b) using row and column operations.

2.5. 3Let A be an mXn matrix of rank r, let I be a set of r row indices such that the
corresponding rows of A are independent, and let J be a set of r column indices
such that the corresponding columns of A are independent. Let M denote the rxr
submatrix of A obtained by taking rows from / and columns from J. Prove that M is
vertible

Section 3 Linear Operators
3.1. Determine the dimensions of the kernel and the image of the linear operator T on the
space R” defined by T(xq, ..., Xp)' = (X1 + Xp, X2+ Xp 1, -« -, Xn + X0

_ja b
3.2. (a) LetA_ltc d

elementary matrices, one can eliminate the “a” entry.
(b) Which matrices with ¢ = 0 are similar to a matrix in which the “a” entry is zero?

] be 4 real matrix, with ¢ not zero. Show that using conjugation by

3.3. Let T.V — V be alinear operator on a vector space of dimension 2. Assume that 7 is not
multiplication by a scalar. Prove that there is a vector v in V such that (v, T(v)) is a basis
of V, and describe the matrix of 7 with respect to that basis.

3.4. Let B be a complex n X n matrix. Prove or disprove: The linear operator T on the space of
all n X n matrices defined by T(A) = AB — BA is singular.

Section4 Eigenvectors

4.1. Let T be a linear operator on a vector space V, and let A be a scalar. The eigenspace V»)
is the set of eigenvectors of T with eigenvalue A, together with 0. Prove that V) is a
T-invariant subspace.

4.2. (a) Let T be a linear operator on a finite-dimensional vector space V, such that 72 is the
identity operator. Prove that for any vector v in V, v — Tv is either an eigenvector with
eigenvalue -1, or the zero vector. With notation as in Exercise 4.1, prove that V is the
direct sum of the eigenspaces V() and VD,

3Suggested by Robert DeMarco
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(b) Generalize this method to prove that a linear operator T such that T4 = I decomposes
a complex vector space into a sum of four eigenspaces.

4.3. Let T be a linear operator on a vector space V. Prove that if W) and W, are T-invariant
subspaces of V, then W + W, and W N W, are T-invariant.

4.4. A 2X2 matrix A has an eigenvector v = (1, 1)’ with eigenvalue 2 and also an eigenvector
vy = (1, 2)! with eigenvalue 3. Determine A.

4.5. Find all invariant subspaces of the real linear operator whose matrix is
1
1
@ [ : ] b | 2
3

4.6. Let P be the real vector space of polynomials p(x) = ag + a; + --- + apx" of degree at
most 1, and let D denote the derivative %, considered as a linear operator on P.

(a) Prove that D is a nilpotent operator, meaning that D¥ = 0 for sufficiently large k.
(b) Find the matrix of D with respect to a convenient basis.
(¢) Determine all D-invariant subspaces of P.

_la b
47. Let A = d]

eigenvector for left multiplication by A is that AX = Y be a scalar multiple of X, which
means that the slopes s = x3/x; and 8’ = y,/y; are equal.

be a real 2X2 matrix. The condition that a column vector X be an

(a) Find the equation in s that expresses this equality.

(b) Suppose that the entries of A are positive real numbers. Prove that there is an
eigenvector in the first quadrant and also one in the second quadrant.

4.8. Let T be a linear operator on a finite-dimensional vector space for which every nonzero
vector is an eigenvector. Prove that T is multiplication by a scalar.

Section 5 The Characteristic Polynomial

5.1. Compute the characteristic polynomials and the complex eigenvalues and eigenvec-
tors of

-2 2 1 i cos@ -sind
(“’[—2 3]’ (b)[-—i 1]’ “’[sine cose]'

5.2. The characteristic polynomial of the matrix below is 3 — 4t — 1. Determine the missing

entries.
01 2
110
1 * *

5.3. What complex numbers might be eigenvalues of a linear operator 7 such that
@7 =1, (b)T?-5T+6[=0?
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5.4.

5.5.

5.6.

5.7.
5.8.

5.9.

5.10.

Chapter 4 Linear Operators

Find a recursive relation for the characteristic polynomial of the kX k matrix

0 1
1 0 1
1 .

and compute the polynomial for k < 5.

Which real 2X?2 matrices have real eigenvalues? Prove that the eigenvalues are real if the
off-diagonal entries have the same sign.

Let V be a vector space with basis (vp, . . ., v,) and letay, . . ., a, be scalars. Define a linear
operator T on V by the rules T(v;) = v;y1 if i <n and T(v,) = apug +aivy +- -+ ayvy.
Determine the matrix of 7" with respect to the given basis, and the characteristic polynomial
of T.

Do A and A' have the same eigenvectors? the same eigenvalues?

Let A = (a;;) be a 3X3 matrix. Prove that the coefficient of ¢ in the characteristic
polynomial is the sum of the symmetric 2 X2 minors

az azs

asz as

det | 411 G412 | 4 get | 911 Q13| 4 gey
a1 an asy ass

Consider the linear operator of left multiplication by an m Xm matrix A on the space

Fm*m of all m X m matrices. Determine the trace and the determinant of this operator.

Let A and B be n Xn matrices. Determine the trace and the determinant of the operator
on the space F"*" defined by M ~~ AMB.

Section 6 Triangular and Diagonal Forms

6.1.

6.2.

6.3.

6.4.

6.5.

Let A be an nXn matrix whose characteristic polynomial factors into linear factors:
p(@®) = (—A1)---(t — Ap). Prove that traceA = A1 + -+ + Ay, that detA = Ay - A,

Suppose that a complex nXn matrix A has distinct eigenvalues Ay, ..., A,, and let
vy, ..., Uy be eigenvectors with these eigenvalues.

(a) Show that every eigenvector is a multiple of one of the vectors v;.
(b) Show how one can recover the matrix from the eigenvalues and eigenvectors.

Let T be a linear operator that has two linearly independent eigenvectors with the same
eigenvalue A. Prove that A is a multiple root of the characteristic polynomial of 7'.

21
1 2

matrix A30.

LetA = [ ] Find a matrix P such that P"LAP is diagonal, and find a formula for the

In each case, find a complex matrix P such that P"! AP is diagonal.

. 0 0 1 .
1 i cos@ -sinf
(@) [—i 1]’ (b) (1) (1) 8 » (©) [sin@ cos@]'
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6.6. Suppose that A is diagonalizable. Can the diagonalization be done with a matrix P in the
special linear group?

6.7. Prove thatif A and B are n Xn matrices and A is nonsingular, then AB is similar to BA.

6.8. A linear operator 7 is nilpotent if some positive power T is zero. Prove that T is nilpotent

if and only if there is a basis of V such that the matrix of T is upper triangular, with
diagonal entries zero.

6.9. Find all real 2X2 matrices such that A> = I, and describe geometrically the way they
operate by left multiplication on R2.

A 0

6.10. Let M be a matrix made up of two diagonal blocks: M = [0 D

] . Prove that M is

diagonalizable if and only if A and D are diagonalizable.

a b

6.11. Let A = [C d:| be a 2 X2 matrix with eigenvalue A.

(a) Show that unless it is zero, the vector (b, . — a)' is an eigenvector.

(b) Find a matrix P such that P"LAP is diagonal, assuming that 5+ 0 and that A has distinct
eigenvalues.

Section 7 Jordan Form

110
7.1. Determine the Jordan form of the matrix | 0 1 0
011
1 1 1
7.2. Prove that A = | -1 -1 -1 | is an idempotent matrix, i.e., that A? = A, and find its
1 1 1

Jordan form.

7.3. Let V be a complex vector space of dimension 5, and let 7 be a linear operator on V
whose characteristic polynomial is (# — 1)°. Suppose that the rank of the operator 7 — A1

is 2. What are the possible Jordan forms for 7?7

7.4. (a) Determine all g)ossible Jordan forms for a matrix whose characteristic polynomial is
(t+2)%(t - 5)°.

(b) What are the possible Jordan forms for a matrix whose characteristic polynomial is
(t+2)%(t — 5)°, when space of eigenvectors with eigenvalue 2 is one-dimensional, and
the space of eigenvectors with eigenvalue 5 is two-dimensional?

7.5. What is the Jordan form of a matrix A all of whose eigenvectors are multiples of a single
vector?

7.6. Determine all invariant subspaces of a linear operator whose Jordan form consists of one
block.

7.7. Is every complex square matrix A such that A> = A diagonalizable?
7.8. Is every complex square matrix A similar to its transpose?

7.9. Find a 2x2 matrix with entries in F,, that has a power equal to the identity and an
eigenvalue in ¥, but is not diagonalizable.
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Miscellaneous Problems

M.1.

M.2.

M3

Md4.

*M.5.

Letv = (ay, ..., an) be areal row vector. We may form the n!X» matrix M whose rows
are obtained by permuting the entries of v in all possible ways. The rows can be listed in
an arbitrary order. Thus if n = 3, M might be

a a; a
a ay a
a; az a
a a as
ay ay @
ay d; a

Determine the possible ranks that such a matrix could have.

Let A be a complex n Xn matrix with n distinct eigenvalues Aq, ..., A,. Assume that A
is the largest eigenvalue, that is, that [A1] > |A;| for all i > 1.

(a) Prove that for most vectors X, the sequence X = rTkAkx converges to an
eigenvector Y with eigenvalue A1, and describe precisely what the conditions on X
are for this to be true.

(b) Prove the same thing without assuming that the eigenvalues Ay, ..., A, are distinct.

Compute the largest eigenvalue of the matrix [g }‘] to three-place accuracy, using a
method based on Exercise M.2.

If X = (x1, x2, ...) is an infinite real row vector and A = (a;}), 0 < i, j < oo is an infinite
real matrix, one may or may not able to define the matrix product XA. For which A can

one define right multiplication on the space R of all infinite row vectors (3.7.1)? on the
space Z (3.7.2)?

Let @: F" — F™ be left multiplication by an m X n matrix A.

(a) Prove that the following are equivalent:
o A has a right inverse, a matrix B such that AB = I,
* @ is surjective,
o the rank of A is m.

(b) Prove that the following are equivalent:
e A has a left inverse, a matrix B such that BA = I,
¢ @ is injective,
¢ the rank of A is n.
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M.6. Without using the characteristic polynomial, prove that a linear operator on a vector space
of dimension n can have at most # distinct eigenvalues.

*M.7. (powers of an operator) Let T be a linear operator on a vector space V. Let K, and W,
denote the kernel and image, respectively, of 77.

(a) Showthat K; C Ky C ... andthat Wy D W D ---.
(b) The following conditions might or might not hold for a particular value of r:
(1) Ky = Kr+1s (2) W, = Wr+1, (3) Wr N K = {0}, (4) Wl +K,=V.
Find all implications among the conditions (1)-(4) when V is finite dimensional.
(¢) Do the same thing when V is infinite dimensional.

M:8. Let T be a linear operator oh a finite-dimensional complex vector space V.

(a) Let A be an eigenvalue of 7', and let V;, be the set of generalized eigenvectors, together
with the zero vector. Prove that Vj is a T-invariant subspace of V. (This subspace is
called a generalized eigetispace.)

(b) Prove that V is the direct sum of its generalized eigenspaces.

MJ. Let V be a finite-diménsional vector space. A linear operator 7:V — V is called a
projection:if T?> = T (not necessarily an “orthogonal projection”). Let K and W be the
kernel and image of a linear opetratot 7. Prove
(a) T is a projection onto W if and only if the restriction of 7" to W is the identity map.
(b) If T is a projection, then V is the direct sum W @ K.

(c) The trace of a projection T is equal to its rank.

M.10. Let A and B be m Xn and n Xm real mattiees.

(a) Prove that if A is a nonzero eigenvalue of the m Xm matrix A#B then it is also an
eigenvalue of the nXn matrix BA. Show by example that this need not be true if
A=0.

(b) Prove that I,, — AB is invertible if and only if 7, — BA is invettible.
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Applications of Linear Operators

By relieving the brain from all unnecessary work,
a good notation sets it free to concentrate
on more advanced problems.

—Alfred North Whitehead

5.1 ORTHOGONAL MATRICES AND ROTATIONS

In this section, the field of scalars is the real number field.
We assume familiarity with the dot product of vectors in R2. The dot product of column
vectors X = (x1, ..., xn)L, Y = (y1, ..., yn)t in R” is defined to be

(5.1.1) X Y) = x1y1+-+XnYn.

It is convenient to write the dot product as the matrix product of a row vector and a column
vector:

(5.1.2) (X-Y)=Xx'y.
For vectors in R2, one has the formula
(5.1.3) (X Y) =1|X]||Y|cosb,
where 6 is the angle between the vectors. This formula follows from the law of cosines
(5.1.4) c? =a?+b> —2abcosb

for the side lengths a, b, ¢ of a triangle, where 6 is the angle between the sides a and b.
To derive (5.1.3), we apply the law of cosines to the triangle with vertices 0, X, Y. Its side
lengths are |X|, |Y], and | X — Y/, so the law of cosines can be written as

(X-Y)- (X=Y))=(X-X)+ (YY) —2/X||Y|cosb.

The left side expands to (X - X) —2(X -Y) + (Y - Y), and formula (5.1.3) is obtained by
comparing this with the right side. The formula is valid for vectors in R” too, but it requires

132
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understanding the meaning of the angle, and we won’t take the time to go into that just now
(see (8.5.2)). ,
The most important points for vectors in R? and R? are

o the square |X|? of the length of a vector X is (X - X) = X'X, and
* a vector X is orthogonal to another vector Y, written X L1 Y, if and only if
X'y =0.

We take these as the definitions of the length |X| of a vector and of orthogonality of
vectors in R”. Note that the length |X]| is positive unless X is the zero vector, because
IX|? = X'X = x + - + x% is a sum of squares.

Theorem 5.1.5 Pythagoras. If X | Y and Z =X + Y, then |Z? = | X|2 + |Y|%.
This is proved by expanding Z'Z. If X L Y, then X'Y = Y'X =0, so
Z'Z = X+V'X+Y) = XX+ XY+ VX + Y'Y = XX+ 7YY 0O

We switch to our lowercase vector notation. If vy, . . ., v are orthogonal vectors in R”
and if w = vy + - - - + Vg, then Pythagoras’s theorem shows by induction that

(5.1.6) [w® = o1 + - + gl
Lemma 5.1.7 Any set (vy, ..., vg) of orthogonal nonzero vectors in R” is independent.

Proof. Let w = c1vy + - - - + Cx Vg be a linear combination, where not all ¢; are zero, and let
w; = c;v;. Then w is the sum w; + - - - + wy of orthogonal vectors, not all of which are zero.
By Pythagoras, lw)? = w12+ - + |wgl? > 0,50 w#0. O

e Anorthonormal basis B = (vy, ..., vy) of R” is a basis of orthogonal unit vectors (vectors
of length one). Another way to say this is that B is an orthonormal basis if

(5.1.8) (vi - vj) = dyj,

where §;;, the Kronecker delta, is the i, j-entry of the identity matrix, which is equal to 1 if
i=jandtoQifi+j.
Definition 5.1.9 A real n Xn matrix A is orthogonal if A'A = I, which is to say, A is invertible

and its inverse is A".

Lemma5.1.10 Ann Xn matrix A is orthogonal if and only if its columns form an orthonormal
basis of R”.

Proof. Let A; denote the ith column of A. Then A! is the ith row of A*. The i, j-entry of A'A
is AlAj,s0 A'A = I if and only if A}4; = &;; for all i and j. a

The next properties of orthogonal matrices are easy to verify:
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Propaosition 5.1.11

(a) The product of orthogonal matrices is orthogonal, and the inverse of an orthogonal
matrix, its transpose, is orthogonal. The orthogonal matrices form a subgroup O, of
G L,, the orthogonal group.

(b) The determinant of an orthogonal matrix is + 1. The orthogonal matrices with determi-
nant 1 form a subgroup SO, of O, of index 2, the special orthogonal group. O

Definition 5.1.12 An orthogonal operator T on R" is a linear operator that preserves the dot
product: For every pair X, Y of vectors,

(TX .- TY)=(X.Y).

Proposition 5.1.13 A linear operator 7 on R” is orthogonal if and only if it preserves lengths
of vectors, or, if and only if for every vector X, (TX - TX) = (X - X).

Proof. Suppose that lengths are preserved, and let X and Y be arbitrary vectors in R”.
Then
TX+Y) TX+Y)=(X+Y)- (X+Y)).

The fact that (TX - TY) = (X - Y) follows by expanding the two sides of this equality and
cancelling. O

Proposition 5.1.14 A linear operator 7 on R” is orthogonal if and only if its matrix A with
respect to the standard basis is an orthogonal matrix.

Proof. If A is the matrix of 7', then
(TX -TY) = (AX)'(AY) = X'(A'A)Y.

The operatbr is orthogonal if and only if the right side is equal to X'Y for all X and Y. We
can write this condition as X'(A'A — I)Y = 0. The next lemma shows that this is true if and
only if A'A — I = 0, and therefore A is orthogonal. O

Lemma 5.1.15 Let M be an n Xn matrix. If X'MY = 0 for all column vectors X and Y, then
M=0.

Proof. The product e:.M ej evaluates to the i, j-entry of M. For instance,

myp myp || 1] _
[0 1][m21 mzz][o]—mﬂ-

If efMej =0foralli and j, then M =0, O

We now describe the orthogonal 2 X2 matrices.

o A linear operator T on R? is a reflection if it has orthogonal eigenvectors vy and v, with
eigenvalues 1 and -1, respectively.
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Because it fixes v1 and changes the sign of the orthogonal vector v;, such an operator
reflects the plane about the one-dimensional subspace spanned by v;. Reflection about the
ej-axis is given by the matrix

1 0
(5.1.16) So = [0 _I:l .
Theorem 5.1.17
(a) The orthogonal 2 X2 matrices with determinant 1 are the matrices
_Jlc -s
(5.1.18) R= ‘[s c]’

with ¢ = cos @ and s = sin 6, for some angle 6. The matrix R represents counterclockwise
rotation of the plane R? about the origin and through the angle 6.

(b) The orthogonal 2 X2 matrices A with determinant -1 are the matrices

Cc R
(5.1.19) . S= [s _C] = RSy

with ¢ and s as above. The matrix S reflects the plane about the one-dimensional
subspace of R? that makes an angle %0 with the e;-axis.

A=[5 ]

is orthogonal. Then its columns are unit vectors (5.1.10), so the point (c, s)! lies on the unit
circle, and ¢ = cos @ and s = sin 6, for some angle 6. We inspect the product P = R'A, where
R is the matrix (5.1.18):

Proof. Say that

_ t _ 1 L3
(5.1.20) P_RA_[0 *]
Since R' and A are orthogonal, so is P. Lemma 5.1.10 tells us that the second column is a unit
vector orthogonal to the first one. So

(5.1.21) P= [(1) iﬂ.

Working back, A = RP,so0 A = RifdetA =1land A =S = RSpif detA =-1.

We’ve seen that R represents a rotation (4.2.2), but we must still identify the operator
defined by the matrix S. The characteristic polynomial of S is 2 — 1, so its eigenvalues are
1 and -1. Let X; and X, be unit-length eigenvectors with these eigenvalues. Because S is

orthogonal,
(X1-X2) = (8X1 - §X3) = (X1 --X2) =-(X1- X2).
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It follows that (X - X») = 0. The eigenvectors are orthogonal. The span of X; will be the
line of reflection. To determine this line, we write a unit vector X as (¢’, s')!, with ¢/ = cos«

and s’ = sinca. Then
_|ecd+ss| _|[cos(f-a)
SX = [sc’ - cs/] - [sin(@— a) |’

When o = %0, X is an eigenvector with eigenvalue 1, a fixed vector. O

We describe the 3 X3 rotation matrices next.

Definition 5.1.22 A rotation of R3 about the origin is a linear operator p with these
properties:

 p fixes a unit vector u, called a pole of p, and

» protates the two-dimensional subspace W orthogonal to u.

The axis of rotation is the line £ spanned by u. We also call the identity operator a rotation,
though its axis is indeterminate.
If multiplication by a 3 X3 matrix R is a rotation of R3, R is called a rotation matrix.

0

(5.1.23) A Rotation of R3.

The sign of the angle of rotation depends on how the subspace W is oriented. We’ll orient
W looking at it from the head of the arrow u. The angle 8 shown in the figure is positive.
(This is the “right hand rule.”)

When u is the vector e, the set (e;, e3) will be a basis for W, and the matrix of o will
have the form

10 0
(5.1.24) M=|0 ¢ -s|,
0 s ¢

where the bottom right 2 X2 minor is the rotation matrix (5.1.18).

« A rotation that is not the identity is described by the pair (u, 0), called a spin, that consists
of a pole u and a nonzero angle of rotation 6.

The rotation with spin (u, 8) may be denoted by p(, ). Every rotation p different
from the identity has two poles, the intersections of the axis of rotation £ with the unit sphere
in R3. These are the unit-length eigenvectors of p with eigenvalue 1. The choice of a pole
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u defines a direction on £, and a change of direction causes a change of sign in the angle
of rotation. If (u, ) is a spin of p, so is (-u,-60). Thus every rotation has two spins, and

Pu,0) = P(-u,-0)-

Theorem 5.1.25 Euler’s Theorem. The 3X3 rotation matrices are the orthogonal 3x3
matrices with determinant 1, the elements of the special orthogonal group SOs.

Euler’s Theorem has a remarkable consequence, which follows from the fact that SO; is a
group. It is not obvious, either algebraically or geometrically.

Corollary 5.1.26 The composition of rotations about any two axes is a rotation about some
other axis. 0

Because their elements represent rotations, the groups SO, and SOj are called the
two- and three-dimensional rotation groups. Things become more complicated in dimension
greater than 3. The 4 X4 matrix

cosa -sina

5127 sind  cos«
( ) cos8 -sinpf

sin8 cospB

is an element of SO4. Left multiplication by this matrix rotates the two-dimensional subspace
spanned by (e1, e2) through the angle o, and it rotates the subspace spanned by (es3, e4)
through the angle 8.

Before beginning the proof of Euler’s Theorem, we note two more consequences:

Corollary 5.1.28 Let M be the matrix in SO3 that represents the rotation p(, ) with
spin (u, o).

(a) The trace of Mis1+2cosc.

(b) Let B be another element of SO3,and let u’ = Bu. The conjugate M’ = BMB' represents
the rotation o, o) With spin (&', o).

Proof. (a) We choose an orthonormal basis (v1, v, v3) of R3 such that v; = w. The matrix
of p with respect to this new basis will have the form (5.1.24), and its trace will be 1 +2 cos c.
Since the trace doesn’t depend on the basis, the trace of M is 1 4 2 cos « too.

(b) Since SO; is a group, M’ is an element of SO3. Euler’s Theorem tells us that M’ is a
rotation matrix. Moreover, u’ is a pole of this rotation: Since B is orthogonal, u’ = Bu has
length 1, and

Mu' =BMB 'u' = BMu = Bu = u'.

Let o be the angle of rotation of M’ about the pole u’. The traces of M and its conjugate
M’ are equal, so cose = cosc. This implies that o' = + «. Euler’s Theorem tells us that
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the matrix B also represents a rotation, say with angle 8 about some pole. Since B and M’
depend continuously on B, only one of the two values +« for &’ can occur. When 8 = 0,
B=1I,M = M,and &' = «. Therefore o' = « for all B. ad

Lemma 5.1.29 A 3X3 orthogonal matrix M with determinant 1 has an eigenvalue
equal to 1.

Proof. To show that 1 is an eigenvalue, we show that the determinant of the matrix M — I
is zero. If B is an n X n matrix, det (-B) = (-1)"det B. We are dealing with 3 X3 matrices, so
det (M —I) = -det (I — M). Also, det (M — I)! =det (M —I) and det M = 1. Then

det (M —I) = det (M — I)' = detMdet (M — I)' = det (M(M" —I)) = det (I — M).

The relation det (M — I) = det (I — M) shows that det (M —I) = 0. O

Proof of Euler’s Theorem. Suppose that M represents a rotation o with spin (u, ). We
form an orthonormal basis B of V by appending to u an orthonormal basis of its orthogonal
space W. The matrix M’ of p with respect to this basis will have the form (5.1.24), which
is orthogonal and has determinant 1. Moreover, M = PM'P"!, where the matrix P is equal
to [B] (3.5.13). Since its columns are orthonormal, [B] is orthogonal. Therefore M is also
orthogonal, and its determinant is equal to 1.

Conversely, let M be an orthogonal matrix with determinant 1, and let 7" denote left
multiplication by M. Let u be a unit-length eigenvector with eigenvalue 1, and let W be the
two-dimensional space orthogonal to u. Since T is an orthogonal operator that fixes u, it
sends W to itself. So W is a T-invariant subspace, and we can restrict the operator to W.

Since T is orthogonal, it preserves lengths (5.1.13), so its restriction to W is orthogonal
too. Now W has dimension 2, and we know the orthogonal operators in dimension 2: they are
the rotations and the reflections (5.1.17). The reflections are operators with determinant -1.
If an operator T acts on W as a reflection and fixes the orthogonal vector u, its determinant
will be -1 too. Since this is not the case, T'|w is a rotation. This verifies the second condition
of Definition 5.1.22, and shows that 7 is a rotation. O

5.2 USING CONTINUITY

Various facts about complex matrices can be deduced by diagonalization, using reasoning
based on continuity that we explain here.

A sequence Ay of n X n matrices converges to an n Xn matrix A if for every i and j, the
i, j-entry of Ay converges to the i, j entry of A. Similarly, a sequence py (1), k=1,2,...,0of
polynomials of degree n with complex coefficients converges to a polynomial p(f) of degree
n if for every j, the coefficient of #/ in py converges to the corresponding coefficient of p. We
may indicate that a sequence Sy of complex numbers, matrices, or polynomials converges to
S by writing Sy — S. ‘

Proposition 5.2.1 Continuity of Roots. Let p;(f) be a sequence of monic polynomials of
degree < n, and let p(¢#) be another monic polynomial of degree n. Let a1, . . ., otg , and
a1, . ..o, denote the roots of these polynomials.
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(a) Hog,,— avforv=1,...,n,then pr - p.
(b) Conversely, if py — p, the roots ay ., of py can be numbered in such a way that
gy = ayforeachv=1,...,n.

In part (b), the roots of each polynomial py must be renumbered individually.

Proof. We note that pg(f) = (t — o 1) -+ (t — g ») and p(2) = (t — 1) - - - (1 — ). Part
(a) follows from the fact that the coefficients of p(f) are continuous functions — polynomial
functions - of the roots, but (b) is less obvious.

Step 1: Let oy, be a root of py nearest to oy, i.e., such that |org , — «1] is minimal. We
renumber the roots of py so that this root becomes o 1. Then

loep — o 11" < [(op — o 1) - (01 — k)| = | i)l

The right side converges to | p(«1)| = 0. Therefore the left side does too, and this shows that
g1 —> o]

Step 2: We divide, writing pi(f) = (£ — otg,1)q(?) and p(¥) = (t — a¢1)q(f). Then g; and
q are monic polynomials, and their roots are 3, ..., @k , and oy, ..., ap, respectively.
If we show that g — g, then by induction on the degree n, we will be able to arrange the
roots of gy so that they converge to the roots of g, and we will be done.

To show that gy — g, we carry the division out explicitly. To simplify notation,
we drop the subscript 1 from «. Say that p(t) = t* + a,_1"~! + --- + ait + ay, that
q(t) = MLy by 22 4 ... 4 byt + by, and that the notation for Pr and gg is analogous.
The equation p(¢) = (t — a)q(¢) implies that

bn—Z = o +ap-1,

bp_3 = o? +a+ap-,

by =" '+ %a, 1+ +aay+a.
Since atg ; — o and ag ; — a;, it is true that by ; — b;. O

Propesition 5.2.2 Let A be an n Xn complex matrix.

(a) There is a sequence of matrices Ay that converges to A, and such that for all k£ the
characteristic polynomial pg(¢) of Ay has distinct roots.

(b) If a sequence A, of matrices converges to A, the sequence pi(#) of its characteristic
polynomials converges to the characteristic polynomial p(¢) of A.

(c) Let A; be the roots of the characteristic polynomial p. If Ay — A, the roots Ay ; of pg
can be numbered so that Ay ; — A; for each i.

Proof. (a) Proposition 4.6.1 tells us that there is an invertible nXn matrix P such that
A’ = P 'AP is upper triangular. Its eigenvalues will be the diagonal entries of that matrix.
We let A} be a sequence of matrices that converges to A’, whose off-diagonal entries are the
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same as those of A’, and whose diagonal entries are distinct. Then A;c is upper triangular, and
its characteristic polynomial has distinct roots. Let Ay = PA} P~ 1, Since matrix multiplication
is continuous, Ay — A. The characteristic polynomial of Ay is the same as that of A/, so it
has distinct roots.

Part (b) follows from (a) because the coefficients of the characteristic polynomial depend
continuously on the matrix entries, and then (c) follows from Proposition 5.2.1. ]

One can use continuity to prove the famous Cayley-Hamilton Theorem. We state the
theorem in its matrix form.

Theorem 5.2.3 Cayley-Hamilton Theorem. Let p(f) =" +c,_1t* "1 +... 4+ c1t+ ¢y be the
characteristic polynomial of an nXn complex matrix A. Then p(A) = A" + ¢,_1A" 1 +
.-+ 1A + col is the zero matrix.

For example, the characteristic polynomial of the 2 X2 matrix A, with entries a, b, ¢, d
as usual, is 2 — (a + d)t + (ad — bc) (4.5.12). The theorem asserts that

2
a b a b 10 0 0
s20  [* 0 -wrae t]ewi-voll 0] = [0 0]
This is easy to verify.

Proof of the Cayley-Hamilton Theorem. Step 1: The case that A is a diagonal matrix.
Let the diagonal entries be A1, . .., A,. The characteristic polynomial is

p@) =(@—A)-(t—An).

Here p(A) is also a diagonal matrix, and its diagonal entries are p(A;). Since A; are the
roots of p, p(A;) =0and p(A) =0.

Step 2: The case that the eigenvalues of A are distinct.
In this case, A is diagonalizable; say A’ = P~ 1 AP is diagonal. Then the characteristic
polynomial of A’ is the same as the characteristic polynomial p(¢) of A, and moreover,

p(A) = Pp(AHP!
(see (4.6.14)). By step 1, p(A’) =0,s0 p(A) =0.

Step 3: The general case.

We apply proposition 5.2.2. We let A; be a sequence of matrices with distinct
eigenvalues that converges to A. Let p; be the characteristic polynomial of Ag. Since the
sequence py converges to the characteristic polynomial p of A, px(Ax) — p(A). Step 2
tells us that pg(Ax) = 0 for all k. Therefore p(A) = 0. O
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5.3 SYSTEMS OF DIFFERENTIAL EQUATIONS

We learn in calculus that the solutions of the differential equation

dx
5.3.1 — =ax

(53.1) ar

are x() = ce®, where c is an arbitrary real number. We review the proof because we want
to use the argument again. First, ce?” does solve the equation. To show that every solution
has this form, let x(#) be an arbitrary solution. We differentiate e~ x(¢) using the product

rule:

(532) S xD) = (ae () + ¢ @x(®) =0,

Thus e~ % x(¢) is a constant ¢, and x(¢) = ce*.

To extend this solution to systems of constant coefficient differential equations, we use
the following terminology. A vector-valued function or matrix-valued function is a vector or
# matrix whose entries are functions of :

x1(2) an(® - a()
(53.3) X = : , A@) = :
Xn () am1(t) - amn(d)

The calculus operations of taking limits and differentiating are extended to vector-
valued and matrix-valued functions by performing the operations on each entry separately.
The derivative of a vector-valued or matrix-valued function is the function obtained by
differentiating each entry:

534 ax [0 aa_[0O @@
(534) = .
X (0

dar - : : ’
a’ml(t) e a;nn (t)

where x;’(t) is the derivative of x;(f), and so on. So ‘fi—)f is defined if and only if each of the
functions x;(¢) is differentiable. The derivative can also be described in matrix notation:

dx . X@t+h)-X@
=im -———-—--:

(5:35) dt 0 h

Here X (¢t + h) — X (¢) is computed by vector addition and the 4 in the denominator stands
for scalar multiplication by A~1. The limit is obtained by evaluating the limit of each entry
separately. So the entries of (5.3.5) are the derivatives x;(#). The analogous statement is true

for matrix-valued functions.
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Many elementary properties of differentiation carry over to matrix-valued functions.
The product rule, whose proof is an exercise, is an example:

Lemma 5.3.6 Product Rule.

(a) Let A(¢r) and B(?) be diffcrentiable matrix-valued functions of ¢, of suitable sizes so
that their product is defined. Then the matrix product A (£) B(t) is differentiable, and its
derivative is

d(AB)  dA dB
B+A—
di— dr dt’
(b) Let Ay, ..., Ag be differentiable matrix-valued functions of ¢, of suitable sizes so that
their product is defined. Then the matrix product A --- Ay is differentiable, and its
derivative is

a'A
- Ap) = ZAl dtl JAier - A 0

a
A system of homogencous linear, first-order, constant-coefficient differential equations
is a matrix equation of the form

dx
5.3.7 — = AX,
(53.7) i
where A is a constant n Xn matrix and X(¢f) is an n-dimensional vector-valued function.

Writing out such a system, we obtain a system of n differential equations

dx

d—t]:"“x‘(” + o 4 anxa(
(5.3.8) :

dxn

dr =dpx1(8) + - + dpnxp(0).

The x;(t) are unknown functions, and the scalars a;; are given. For example, if

32

(5.3.9) A = [1 4] ,
(5.3.7) becomes a system of two equations in two unknowns:

d

;tl =3x1 +2x3
(5.3.10)

C—b—cg = x;+4x

a ~ ! 2

The simplest systems are those in which A is a diagonal matrix with diagonal entries
Xi. Then equation (5.3.8) reads

dx;

(5.3.11) —

=Aix; (1), i=1,..., ~.
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Here the unknown functions x; are not mixed up by the equations, so we can solve for each
one separately:

(5.3.12) xi = cie*!,

for some arbitrary constants c;.
The observation that allows us to solve the differential equation (5.3.7) in many cases
is this: If V is an eigenvector for A with eigenvalue A, i.e.,if AV = AV, then

(5.3.13) X =éeMy

is a particular solution of (5.3.7). Here €’V must be interpreted as the product of the
variable scalar e*’ and the constant vector V. Differentiation operates on the scalar function,
ﬁxmg V, while multiplication by A operates on the vector V, fixing the scalar e*!. Thus
4 My = )eMV and also Ae*'V = Ae** V. For example,

HECNE

are eigenvectors of the matrix (5.3.9), with eigenvalue 5 and 2, respectively, and
eSI 262'
(5314) [ e5t ] and [«eZ’ ]

solve the system (5.3.10).

This observation allows us to solve (5.3.7) whenever the matrix A has distinct real
eigenvalues. In that case every solution will be a linear combination of the special solutions
(5.3.13). To work this out, it is convenient to diagonalize.

Proposition 5.3.15 Let A be an n X»n matrix, and let P be an invertible matrix such that
A = P"1APis diagonal, with diagonal entries A1, ..., A,. The general soluuon of the system

%"{- =AX is X = PX,where X = (c1e*?, ..., cn e""’)t solves the equation 3— = AX.

The coefficients ¢; are arbitrary. They are often determined by assigning initial condi-
tions — the value of X at some particular #;.

Proof. We multxply the equation 3— = AX by P: P—J— = PAX = APX. But since P is

constant, P %X—) 4&& Thus = AX. This reasoning can be reversed, so X solves
the equauon w1th A if and only if X solves the equation with A. O

The matrix that diagonalizes the matrix (5.3.10) was computed before (4.6.8):

(53.16) A=[i3 i] P=[} _f] and A=[5 2].
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Thus

[x] _pe 1 21[cied] _[cie’ +2ce*
(53.17) X_[xz]_PX_[l -1”cze2f =T 2% |-

In other words, every solution is a linear combination of the two basic solutions (5.3.14).

We now consider the case that the coefficient matrix A has distinct eigenvalues, but
that they are not all real. To copy the method used above, we first consider differential
equations of the form (5.3.1), in which a is a complex number. Properly interpreted, the
solutions of such a differential equation still have the form ce?’. The only thing to remember
is that ¢ will now be a complex-valued function of the real variable ¢.

The definition of the derivative of a complex-valued function is the same as for real-
valued functions, provided that the limit (5.3.5) exists. There are no new features. We can
write any such function x(#) in terms of its real and imaginary parts, which will be real-valued
functions, say

(5.3.18) x(®) = p@) +iq().

Then x is differentiable if and only if p and q are differentiable, and if they are, the derivative
of x is p’ + iq’. This follows directly from the definition. The usual rules for differentiation,
such as the product rule, hold for complex-valued functions. These rules can be proved
either by applying the corresponding theorem for real functions to p and g, or by copying
the proof for real functions.

The exponential of a complex number a = r + si is defined to be

(5.3.19) e® = "5 = ¢"(coss +isins).

Differentiation of this formula shows that de®/dt = ae®. Therefore ce?' solves the
differential equation (5.3.1), and the proof given at the beginning of the section shows that
these are the only solutions.

Having extended the case of one equation to complex coefficients, we can use diago-
nalization to solve a system of equations (5.3.7) when A is a complex matrix with distinct
eigenvalues.

j ” The vectors vy = [ :] and vy = [;:l are eigenvectors,
with eigenvalues 1 + i and 1 — i, respectively. Let B denote the basis (vy, v2). Then A is
diagonalized by the matrix P = [B]:

(53.20) P‘MP:%H _{][—i }][1 f]:[”" 1_i]=A.

For example, let A = [
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- o (1+i)t
Then X = [)fl ] = [Cle(l_i), ] The solutions of (5.3.7) are
X2 coe

- A+t 4 2. ,(1=i)E
X1 | _ _ | ce +1c0e
(5.3.21) [ xz] =PX = I:i crel+dr 4 Cze(l—i)t] )

where c1, ¢; are arbitrary complex numbers. So every solution is a linear combination of the
two basic solutions

eI+t ie1-Dt
(5.3.22) [ie(1+i)t] and [e(l—i)t]'

However, these solutions aren’t very satisfactory, because we began with a system of
differential equations with real coefficients, and the answer we obtained is complex. When
the equation is real, we will want the real solutions. We note the following lemma:

Lemma 5.3.23 Let A be a real n Xn matrix, and let X (#) be a complex-valued solution of
the differential equation ‘% = AX. The real and imaginary parts of X(#) solve the same
equation. O

Now every solution of the original equation (5.3.7), whether real or complex, has the
form (5.3.21) for some complex numbers c;. So the real solutions are among those we have
found. To write them down explicitly, we may take the real and imaginary parts of the
complex solutions.

The real and imaginary parts of the basic solutions (5.3.22) are determined using
(5.3.19). They are

t [P
0s ¢ in
(5.3.24) € e and | &S|
-e'sint e‘cost
Every real solution is a real linear combination of these particular solutions.

5.4 THE MATRIX EXPONENTIAL

Systems of first-order linear, constant-coefficient differential equations can be solved for-
mally, using the matrix exponential.
The exponential of an nXn real or complex matrix A is the matrix obtained by
substituting A for x and I for 1 into the Taylor’s series for e*, which is
2,3

X X
(5.4.1) ex=1+ﬁ+§!_+3.!.+...,
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Thus by definition,

A A2 A3
(54.2) eA=I+ﬁ+E+¥+....

We will be interested mainly in the matrix valued function €4 of the variable scaiar ¢,
so we substitute ¢A for A:

tA 1A P43
tA - — — —— IS
(5.4.3) e’ =1+ T + o + T +o-e
Theorem 5.4.4
(a) The series (5.4.2) converges absolutely and uniformly on bounded sets of complex
matrices.

(b) €' is a differentiable function of 7, and its derivative is the matrix product Ae*4.
(c) Let A and B be complex n Xn matrices that commute: AB = BA. Then A8 = ¢fe?.

In order not to break up the discussion, we have moved the proof of this theorem to the end
of the section.

The hypothesis that A and B commute is essential for carrying the fundamental
property e*tY = e*e” over to matrices. Nevertheless, (¢) is very useful.

Corollary 5.4.5 For any nXn complex matrix A4, the exponential e/ is invertible, and its
inverse is e 4.

Proof. Because A and -A commute, ete™ =44 =0 = I. 0

Since matrix multiplication is relatively complicated, it is often not easy to write down
the entries of the matrix e4. They won’t be obtained by exponentiating the entries of A unless
A is a diagonal matrix. If A is diagonal, with diagonal entries A1, ..., A, then inspection of
the series shows that e” is also diagonal, and that its diagonal entries are e*:.

The exponential is also fairly easy to compute for a triangular 2X2 matrix. For

example, if
11
=[]
then

(5.4.6) eA=[1 1]+%[1 ;]+§1—,[1 i]+---= [e e*z]

It is a good exercise to calculate the missing entry * directly from the series.
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The exponential of e* can be determined whenever we know a matrix P such that
A = P 1APis diagonal. Using the rule P"1A%P = (P"1AP)* (4.6.12) and the distributive law
for matrix multiplication,

1 —1 2

(5.4.7) Plefr= (PUIP) + T o eh.

Suppose that A is diagonal, with diagonal entries A;. Then e® is also diagonal, and its
diagonal entries are e*i. In this case we can compute e” explicitly:

(5.4.8) et = petr P,

Forexample,ifA=[l ;}andP-—-[l }:I,thenP"lAP=A=[1 2]‘50

_pAp-1_ |1 1]]e 1 -17_[e e*e
e’ = Pe’P _[ 1“ ez][ 1= 2
The next theorem relates the matrix exponential to differential equations:

Theorem 5.4.9 Let A be a real or complex n Xn matrix. The columns of the matrix e’ form
a basis for the space of solutions of the differential equation d—‘% =AX.

Proof. Theorem 5.4.4(b) shows that the columns of e solve the differential equation. To
show that every solution is a linear combination of the columns, we copy the proof given at
the beginning of Section 5.3. Let X (#) be an arbitrary solution. We differentiate the matrix
product e *A X (¢) using the product rule (5.3.6):

(5.4.10) % (e"’AX(t)) = (-Ae"f*) X(0) + €A (AX (1)) .

Fortunately, A and e *4 commute. This follows directly from the definition of the expo-
nential. So the derivative is zero. Therefore e X (¢) is a constant column vector, say

C = (c1,...,cn)t, and X(¢#) = €"AC. This expresses X(f) as a linear combination of the
columns of €', with coefficients c;. The expression is unique because €™ is an invertible
matrix. . O

Though the matrix exponential always solves the differential equation (5.3.7), it may
not be easy to apply in a concrete situation because computation of the exponential can be
difficult. But if A is diagonalizable, the exponential can be computed as in (5.4.8). We can
use this method of evaluating €' to solve equation (5.3.7). Of course we will get the same
solutions as we did before. Thus if A, P, and A are as in (5.3.16), then

_ 2 St 1 -1 =2 1 St 2 2t 2 5t _2e2t
D | O [ S I e X
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The columns of the matrix on the right form a second basis for the space of solutions
that was obtained in (5.3.17).

One can also use Jordan form to solve the differential equation. The solutions for
an arbitrary kXk Jordan block J; (4.7.5) can be determined by computing the matrix
exponential. We write J, = Al + N, as in (4.7.12), where N is the kX k Jordan block Jy with

A =0.Then N¥ =0, so
tN tk’lNk—l
tN
Y SR TN N
e =ittt

Since N and AI commute,

0 _ MIIN _ At IN 1INk
= = I — e [ — .
e =ee =e <+1s+ TS

Thus if J is the 3 X3 block

then

e3t 1 e3t
ot — &3t 1 —| et o )
et L2 1 %tze” tedt et

The columns of this matrix form a basis for the space of solutions of the differential
equation ‘% =JX.

We now go back to prove Theorem 5.4.4. The main facts about limits of series that we
will use are given below, together with references to [Mattuck] and [Rudin]. Those authors
consider only real valued functions, but the proofs carry over to complex valued functions
because limits and derivatives of complex valued functions can be defined by working on the
real and imaginary parts separately.

If r and s are real numbers with r < s, the notation [r, s] stands for the interval
r<t<s.

Theorem 5.4.11 ([Mattuck], Theorem 22.2B, [Rudin], Theorem 7.9). Let m be a series of
positive real numbers such that 3~ m converges. If u ) (¢) are functions on an interval [, s],
and if [u® ()| < my for all k and all £ in the interval, then the series 3" u® (f) converges
uniformly on the interval. O

Theorem 5.4.12 ([Mattuck], Theorem 11.5B, [Rudin], Theorem 7.17). Let u® (t) be a
sequence of functions with continuous derivatives on an interval [r, s]. Suppose that the
series ¥ u®) (£) converges to a function f(#) and also that the series of derivatives 3~ u'® (7)
converges uniformly to a function g(z), on the interval. Then f is differentiable on the
interval, and its derivative is g. O
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Proof of Theorem 5.4.4(a). We denote the i, j-entry of a matrix A by (A);; here. So (AB);;
stands for the entry of the product matrix AB, and (4¥); ; for the entry of the kth power A,
With this notation, the i, j-entry of e# is the sum of the series

A AHy; Ay
TR TR A TR A

To prove that the series for the exponential converges absolutely and uniformly, we need to
show that the entries of the powers A¥ do not grow too quickly.

(5.4.13) (eM)ij= Dy +

We denote by |A| the maximum absolute value of the entries of a matrix A, the smallest
real number such that

(5.4.14) I(A)jl < |A| foralli, j.

Its basic property is this:

Lemma 5.4.15 Let A and B be complex n Xn matrices. Then |AB| < n||A| |B|, and for all
k > 0, A% < n¥1)AJk.

Proof. We estimate the size of the i, j-entry of AB:

n n
(4B = | Y _(AiB)vj| < Y |(Ain]|(B),] < nlAlIBI.
v=1 v=1
The second inequality follows by induction from the first one. O

‘ We now estimate the exponential series: Let a be a positive real number such that
n|Al < a. The lemma tells us that [(A¥);;| < a* (with one n to spare). So

1 1
(5.4.16) l(eA)ijI < |Dij] + [(Aij] + 5 I(Az)ij‘ +5 l(A3)ij 4+
<149 a a
< +ﬁ+a+§+-~-.
The ratio test shows that the last series converges (to e? of course). Theorem 5.4.11 shows
that the series for e4 converges absolutely and uniformly for all A with n|A| < a. O

Proof of Theorem 5.4.4(b),(c). We use a trick to shorten the proofs. That is to begin by
differentiating the series for ¢4+, assuming that A and B are commuting 7 Xn matrices.
The derivative of tA + B is A, and

tA+B tA + B)?
etA+B=I+( l-l'- )+( ;)+...

Using the product rule (5.3.6), we see that, for k > 0, the derivative of the term of degree k
of this series is

(5.4.17)

k

d [ (tA + B)¥ 1 i i
Zt(_ﬁ_) = (F g(m +B)"1 A (tA + B)¥ )
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Since AB = BA, we can pull the A in the middle out to the left:

(54.18)

d(A+B*\ _ (@A+B*! A+ B!
d_t< k! )'kA k! =A%

This is the product of the matrix A and the term of degree k — 1 of the exponential series.
So term-by-term differentiation of (5.4.17) yields the series for Aef4+5,

To justify term-by-term differentiation, we apply Theorem 5.4.4(a). The theorem shows
that for given A and B, the exponential series e4*8 converges uniformly on any interval
r < t < 5. Moreover, the series of derivatives converges uniformly to Ae’4*+Z. By Theorem
5.4.12, the derivative of e4*2 can be computed term by term, so it is true that

d
G JtA+B _ g tA+B

dr
for any pair A, B of matrices that commute. Taking B = 0 proves Theorem 5.4.4(b).

Next, we copy the method used in the proof of Theorem 5.4.9. We differentiate the
product e *¢'4+8 again assuming that A and B commute. As in (5.4.10), we find that

d( 14 _ta+B ~tA\ ( tA+B _— tA+B
g ) = (cac) () + (e714) (e4?) =0,
Therefore e *4e'At8 = C, where C is a constant matrix. Setting ¢ = 0 shows that €8 = C.

Setting B = 0 shows that e /4 = (e’)™!. Then (e™4) 1e!4+B = ¢B_ Setting ¢t = 1 shows that
eA+B = ¢4 ¢B. This proves Theorem 5.4.4(c). 0

We will use the remarkable properties of the matrix exponential again, in Chapter 9.

I have not thought it necessary to undertake the labour
of a formal proof of the theorem in the general case.

—Arthur Cayley'

EXERCISES

Section1 Orthogonal Matrices and Rotations

1.1. Determine the matrices that represent the following rotations of R>:

(a) angle 6, the axis e;, (b) angle 277/3, axis contains the vector (1,1, 1)!, (c) angle /2,
axis contains the vector (1, 1, 0)%.

1.2. What are the complex eigenvalues of the matrix A that represents a rotation of R3 through
the angle 6 about a pole u?

1.3. Is O, isomorphic to the product group SO, X{+1}?
1.4. Describe geometrically the action of an orthogonal 3 X3 matrix with determinant -1.

1 Arthur Cayley, one of the mathematicians for whom the Cayley-Hamilton Theorem is named, stated that
theorem for nXn matrices in one of his papers, and then checked the 2X2 case (see (5.2.4)). He closed his
discussion of the theorem with the sentence quoted here.
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1.5. Let A be a 3X3 orthogonal matrix with det A = 1, whose angle of rotation is different from
Qorm,andletM = A — A°.

(a) Show that M has rank 2, and that a nonzero vector X in the nullspace of M is an
eigenvector of A with eigenvalue 1.
(b) Find such an eigenvector explicitly in terms of the entries of the matrix A.

Section2 Using Continuity

2.1. Use the Cayley-Hamilton Theorem to express A~! in terms of A, (detA)~!, and the
coefficients of the characteristic polynomial. Verify your expression in the 2 X2 case.

2.2. Let A be mXm and B be nXn corhplex matrices, and consider the linear operator 7 on
the space C™*" of all complex matrices defined by 7(M) = AMB.

(a) Show how to construct an eigenvector for 7" out of a pair of column vectors X, Y, where
X is an eigenvector for A and Y is an eigenvector for Bt.
(b) Determine the eigenvalues of 7 in terms of those of A and B.
(c¢) Determine the trace of this operator.
2.3. Let A be an n Xn complex matrix.

(a) Consider the linear operator T defined on the space C"*” of all complex n X n matrices
by the rule 7(M) = AM — MA. Prove that the rank of this operator is at most n? — n.

(b) Determine the eigenvalues of T in terms of the eigenvalues A1, ..., A, of A.

2.4. Let A and B be diagonalizable complex matrices. Prove that there is an invertible matrix P
such that P"1AP and P~ BP are both diagonal if and only if AB = BA.
Section 3 Systems of Differential Equations

3.1. Prove the product rule for differentiation of matrix-valued functions.
3.2. Let A(?) and B(?) be differentiable matrix-valued functions of . Compute

d d _ d _
@ —(A®%), ® —(A®7), © Z(AOTB®).

3.3. Solve the equation ‘% = AX for the following matrices A:

- L 12 3 00 1
(a)[ ],(b) [_. ],(c) 00 4/.@ |1 0 0l
12 i1 00 -1 010

3.4. Let A and B be constant matrices, with A invertible. Solve the inhomogeneous differential

. dXx
equation %‘;(- = AX + B in terms of the solutions to the equation Vi AX.

Section4 The Matrix Exponential
4.1. Compute e for the following matrices A:
0

@[* ] [ o bt el el 0
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4.2.
43.

44.

4.5.

4.6.

4.7.

4.8.

Chapter 5 Applications of Linear Operators

Prove the formula etr2¢ 4 = det (e4).

Let X be an eigenvector of an n X n matrix A, with eigenvalue A.

(a) Prove thatif A is invertible then X is an eigenvector for A™1, with eigenvalue A~1,

(b) Prove that X is an eigenvector for e#, with eigenvalue e*.

Let A and B be commuting matrices. To prove that eA*? = e4eP, one can begin by
expanding the two sides into double sums whose terms are multiples of A*B/. Prove that
the two double sums one obtains are the same.

dx
Solve the differential equation Z AX when A is the given matrix:

1
2 00
(@) [1 2], () [1 0], © |11
11
For an nXn matrix A, define sin A and cos A by using the Taylor’s series expansions for

sinx and cos x.

(a) Prove that these series converge for all A.
(b) Prove that sin(zA) is a differentiable function of ¢ and that % sin(zA) = A cos(zA).

Discuss the range of validity of the following identities:

(a) cos?A +sinA =1,
(b) €4 =cosA+isinA,
(¢) sin(A + B) =sin A cos B + cos Asin B,
) e2miA — I,

d(eAW)
© @

Let P, By, and B be n Xn matrices, with P invertible. Prove that if By converges to B, then
P1ByP converges to P~1BP.

dA
=40 I when A (?) is a differentiable matrix-valued function of z.

Miscellaneous Problems

M.1.
M.2.
M.3.

Md4.

M.5.

Determine the group O, (Z) of orthogonal matrices with integer entries.
Prove the Cayley-Hamilton Theorem using Jordan form.

Let A be an nxXn complex matrix. Prove that if trace A¥ = 0 for all k£ > 0, then A is
nilpotent.

Let A be a complex n Xn matrix all of whose eigenvalues have absolute value less than 1.
Prove that the series I + A + A% 4 ... converges to (I — A)™L.

The Fibonacci numbers 0, 1, 1, 2, 3, 5, 8, ..., are defined by the recursive relations
Jn = fu-1+ fu—2, with the initial conditions fy = 0, f; = 1. This recursive relation can be

written in matrix form as [(1) i] [ ;:’: ] = [ f };1 ] .



M.6.

M.7.

M.8.
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1 — 2
(a) Prove the formula f,, = p [(}_‘%ﬁ) - (1__2_a_> ] , where o = /5.

(b) Suppose that a sequence ay is defined by the relation a, = %(an_l + ap-2). Compute
the limit of the sequence a, in terms of ay, a;.

(an integral operator) The space C of continuous functions f(u) on the interval [0, 1] is one
of many infinite-dimensional analogues of R”, and continuous functions A (u, v) on the
square 0 < u, v < 1 are infinite-dimensional analogues of matrices. The integral

1
A f= /(; A(u,v) f(v)dv

is analogous to multiplication of a matrix and a vector. (To visualize this, rotate the unit
square in the u, v-plane and the interval [0, 1] by 90° in the clockwise direction.) The
response of a bridge to a variable load could, with suitable assumptions, be represented
by such an integral. For this, f would represent the load along the bridge, and then A - f
would compute the vertical deflection of the bridge caused by that load.

This problem treats the integral as a linear operator. For the function A = u - v,
determine the image of the operator explicitly. Determine its nonzero eigenvalues, and
describe its kernel in terms of the vanishing of some integrals. Do the same for the function
A= u2 + UZ;

Let A be a 2X2 complex matrix with distinct eigenvalues, and let X be an indeterminate
2x2 matrix. How many solutions to the matrix equation X2 = A can there be?

Find a geometric way to determine the axis of rotation for the composition of two three-
dimensional rotations.



CHAPTER 6

Symmetry

L’algébre n’est qu’une géométrie écrite;
la géométrie n’est qu’une algébre figurée.

—Sophie Germain

Symmetry provides some of the most appealing applications of groups. Groups were
invented to analyze symmetries of certain algebraic structures, field extensions (Chapter 16),
and because symmetry is a common phenomenon, it is one of the two main ways in which
group theory is applied. The other is through group representations, which are discussed in
Chapter 10. The symmetries of plane figures, which we study in the first sections, provide a
rich source of examples and a background for the general concept of a group operation that
is introduced in Section 6.7.

We allow free use of geometric reasoning. Carrying the arguments back to the axioms
of geometry will be left for another occasion.

6.1 SYMMETRY OF PLANE FIGURES

Symmetries of plane figures are usually classified into the types shown below:

£ O

(6.1.1) Bilateral Symmetry.
6.1.2) Rotational Symmetry.
y ry

154
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LELL

(6.1.3) Translational Symmetry.

Figures such as these are supposed to extend indefinitely in both directions. There is also a
fourth type of symmetry, though its name, glide symmetry, may be less familiar:

VAR A AR 4
NN Y

(6.1.4) Glide Symmetry.

Figures such as the wallpaper pattern shown below may have two independent translational
symmetries,

(6.1.5)

and other combinations of symmetries may occur. The star has bilateral as well as rotational
symmetry. In the figure below, translational and rotational symmetry are combined:

Aoy ooy frmoy

(6.1.6)

Another example:

(6.1.7)
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A rigid motion of the plane is called an isometry, and if an isometry carries a subset
F of the plane to itself, it is called a symmetry of F. The set of all symmetries of F forms a
subgroup of the group of all isometries of the plane: If m and m’ carry F to F, then so does
the composed map mm’, and so on. This is the group of symmetries of F.

Figure 6.1.3 has infinite cyclic groups of symmetry that are generated by the translation
t that carries the figure one unit to the left.

G={...r21 1,073, ..).

Figure 6.1.7 has symmetries in addition to translations.

6.2 ISOMETRIES

The distance between points of R” is the length |u — v| of the vector u — v. An isometry of
n-dimensional space R” is a distance-preserving map f from R” to itself, a map such that,
for all u and v in R”,

(62.1) [f(w) = f(W)] = |u—vl.
An isometry will map a figure to a congruent figure.

Examples 6.2.2

(a) Orthogonal linear operators are isometries.

Because an orthogonal operator ¢ is linear, p(u) —@(v) = @(u —v), so |p(u) —p(v)| =
|(u — v)|, and because ¢ is orthogonal, it preserves dot products and therefore lengths,
so |p(u —v)| = |u — v|.

(b) Translation t, by a vector a, the map defined by #,(x) = x + a, is an isometry.

Translations are not linear operators because they don’t send 0 to 0, except of course
for translation by the zero vector, which is the identity map.

(¢) The composition of isometries is an isometry. a

Theorem 6.2.3 The following conditions on a map ¢:R"” — R” are equivalent:

(a) ¢is an isometry that fixes the origin: ¢(0) = 0,
(b) @ preserves dot products: (¢(v) - p(w)) = (v- w), for all v and w,
(¢) ¢is an orthogonal linear operator.

We have seen that (c) implies (a). The neat proof of the implication (b) = (c) that we
present next was found a few years ago by Sharon Hollander, when she was a student in an
MIT algebra class.

Lemma 6.2.4 Let x and y be points of R”. If the three dot products (x - x), (x - y), and
(y-y) are equal, then x = y.
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Proof. Suppose that (x-x) = (x-y) = (y-y). Then
((x=y) - x=»)=x-x)=2(x-»+ (- -y =0
The-length of x — y is zero, and therefore x = y. O

Proof of Theorem 6.2.3, (b) = (c): Let ¢ be a map that preserves dot product. Then it will
be orthogonal, provided that it is a linear operator (5.1.12). To prove that @ is a linear
operator, we must show that ¢(u + v) = @(u) + ¢(v) and that ¢(cv) = ce(v), for all u and
v and all scalars c.

Given x in R, we’ll use the symbol x’ to stand for ¢(x). We also introduce the symbol
w for the sum, writing w = u + v. Then the relation ¢(u + v) = @(u) + ¢(v) that is to be
shown becomes w' = u’ + v/'.

We substitute x = w’ and y = u’ + v’ into Lemma 6.2.4. To show that w’ = u’ + v/, it
suffices to show that the three dot products

W -w), (W-@+v)), and (@' +)- W +v'))
are equal. We expand the second and third dot products. It suffices to show that
w-w) = (W -u)+Ww -v) = W -u)+20 - V)Y+ @ V).

By hypothesis, ¢ preserves dot products. So we may drop the primes: (w' - w’) = (w - w),
etc. Then it suffices to show that

(6.2.5) (w-w) = (w-uy+w-v) = (w-u)+2um-v)+(v-v).

Now whereas w’ = u’ + v’ is to be shown, w = u + v is true by definition. So we may
substitute u + v for w. Then (6.2.5) becomes true.

To prove that ¢(cv) = ce(v), we write u = cv, and we must show that u’ = cv'. The
proof is analogous to the one we have just given. d

Proof of Theorem 6.2.3, (a) = (b): Let ¢ be an isometry that fixes the origin. With the
prime notation, the distance-preserving property of ¢ reads

(6.2.6) (@ =v) - —v))=(u-v) (u-0),

for all u and v in R™. We substitute v = 0. Since 0/ = 0, (u’ - ') = (u - u). Similarly,
(V' - V") = (v - v). Now (b) follows when we expand (6.2.6) and cancel (u - ) and (v - v)
from the two sides of the equation. O

Corollary 6.2.7 Every isometry f of R” is the composition of an orthogonal linear operator
and a translation. More precisely, if f is an isometry and if f(0) = a, then f = t,¢, where
f, is a translation and g is an orthogonal linear operator. This expression for f is unique.

Proof. Let f be an isometry, let a = f(0), and let ¢ = 1, f. Then t,¢ = f. The corollary
amounts to the assertion that ¢ is an orthogonal linear operator. Since ¢ is the composition
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of the isometries 7, and f, it is an isometry. Also, ¢(0) = t-4 f(0) = t-,(a) = 0, so ¢ fixes
the origin. Theorem 6.2.3 shows that ¢ is an orthogonal linear operator. The expression
S = ta@ is unique because, since ¢(0) = 0, we must have a = f(0), and then ¢ = 1-, f. 0O

To work with the expressions #,¢ for isometries, we need to determine the product
(the composition) of two such expressions. We know that the composition ¢y of orthogonal
operators is an orthogonal operator. The other rules are:

(6.2.8) taty = tgyp and  @t, =ty@, where a’ = ¢(a).
We verify the last relation: ¢z,(x) = @(x + a) = (x) + ¢(a) = p(x) + d' = t@(x).

Corollary 6.2.9 The set of all isometries of R” forms a group that we denote by M,,, with
composition of functions as its law of composition.

Proof. The composition of isometries is an isometry, and the inverse of an isometry is an
isometry too, because orthogonal operators and translations are invertible, and if f = #,¢,
then f! = '1t;1 = ¢ l1_,. This is a composition of isometries. O

Note: It isn’t very easy to verify, directly from the definition, that an isometry is invertible.
The Homomorphism M, - O,

There is an important map 7 : M, — O, defined by dropping the translation part of an
isometry f. We write f (uniquely) in the form f = t,¢, and define 7w (f) = ¢.

Proposition 6.2.10 The map 7 is a surjective homomorphism. Its kernel is the set T’ = {¢,}
of translations, which is a normal subgroup of M.

Proof. 1t is obvious that 7 is surjective, and once we show that 7 is a homomorphism, it
will be obvious that 7 is its kernel, hence that 7 is a normal subgroup. We must show that
if f and g are isometries, then 7 (fg) = w( )7 (g). Say that f = t,¢ and g = 1,9, so that
n(f) = ¢ and w(g) = ¥. Then @t = tyy @, where b’ = @(b) and fg = 1,0t = ty QY.
So n(fg) = ¥ = (N7 (g). . ]

Change of Coordinates

Let P denote an n-dimensional space. The formula #,¢ for an isometry depends on our
choice of coordinates, so let’s ask how the formula changes when coordinates are changed.
We will allow changes by orthogonal matrices and also shifts of the origin by translations. In
other words, we may change coordinates by any isometry.

To analyze the effect of such a change, we begin with an isometry f, a point p of P, and
its image g = f(p), without reference to coordinates. When we introduce our coordinate
system, the space P becomes identified with R”, and the points p and g have coordinates,
say x = (x1,...,xp) and y = (y1, ..., yn)'. Also, the isometry f will have a formula z,¢
in terms of the coordinates; let’s call that formula m. The equation g = f(p) translates to
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y =m(x) (= t,9(x)). We want to determine what happens to the coordinate vectors and to
the formula, when we change coordinates. The analogous computation for change of basis
in a linear operator gives the clue: m will be changed by conjugation.

Our change in coordinates will be given by some isometry, let’s denote it by n (eta).
Let the new coordinate vectors of p and g be x" and y'. The new formula m’ for f is the one
such that m'(x") = y'. We also have the formula n(x’) = x analogous to the change of basis
formula PX’ = X (3.5.11).

We substitute 7(x’) = x and n(y’) = y into the equation m(x) = y, obtaining mn(x’)
=n(y),or 7 lmn(x’) = y'. The new formula is the conjugate, as expected:

(6.2.11) m' =n"lmn.

Corollary 6.2.12 The homomorphism 7 : M, — O, (6.2.10) does not change when the
origin is shifted by a translation.

When the origin is shifted by a translation #, = n, (6.2.11) reads m’ = r_,mt,. Since
translations are in the kernel of 7r and since 7 is a homomorphism, r(m’) = 7 (m). O

Orientation

The determinant of an orthogonal operator ¢ on R" is + 1. The operator is said to be
orientation-preserving if its determinant is 1 and orientation-reversing if its determinant is
-1. Similarly, an orientation-preserving (or orientation-reversing) isometry f is one such
that, when it is written in the form f = t,¢, the operator ¢ is orientation-preserving (or
orientation-reversing). An isometry of the plane is orientation-reversing if it interchanges
front and back of the plane, and orientation-preserving if it maps the front to the front.

The map

(6.2.13) oM, - {£1}

that sends an orientation-preserving isometry to 1 and an orientation-reversing isometry to
-1is a group homomorphism.

6.3 ISOMETRIES OF THE PLANE

In this section we describe isometries of the plane, both algebraically and geometrically.

We denote the group of isometries of the plane by M. To compute in this group, we
choose some special isometries as generators, and we obtain relations among them. The
relations are somewhat analogous to those that define the symmetric group S, but because
M is infinite, there are more of them.

We choose a coordinate system and use it to identify the plane P with the space R?.
Then we choose as generators the translations, the rotations about the origin, and the re-
flection about the ej-axis. We denote the rotation through the angle 8 by pg, and the
reflection about the e;-axis by r. These are linear operators whose matrices R and Sy were
exhibited before (see (5.1.17) and (5.1.16)).
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(6.3.1)

1. translation t, by a vectora: t,(x) =x+a = [xl ] + [al ]
X2 ap

2. rotation pg by an angle 6 about the origin: pg(x) = [(:1);2 —csgslg:l [i 1 ]
2

3. reflection r about the ej-axis: r(x) = [é (1)] [il ]
- 2

We haven’t listed all of the isometries. Rotations about a point other than the origin
aren’t included, nor are reflections about other lines, or glides. However, every element of
M is a product of these isometries, so they generate the group.

Theorem 6.3.2 Let m be an isometry of the plane. Then m = 1,09, or else m = t,, pgr, for
a uniquely determined vector v and angle 0, possibly zero.

Proof. Corollary 6.2.7 asserts that any isometry m is written uniquely in the form m = ¢,¢
where ¢ is an orthogonal operator. And the orthogonal linear operators on R? are the
rotations pg about the origin and the reflections about lines through the origin. The
reflections have the form pgr (see (5.1.17)). O
An isometry of the form ¢, pg preserves orientation while #, pgr reverses orientation.

Computation in M can be done with the symbols #,,09, and r, using the following rules
for composing them. The rules can be verified using Formulas 6.3.1 (see also (6.2.8)).

Poty =ty pg, Where v = pg(v),
(6.3.3) rty =tyr, wherev' =r(v),
rpg = p-gr.
ttw = bytw, PPy = PO+n> and rr=1.

The next theorem describes the isometries of the plane geometrically.

Theorem 6.3.4 Every isometry of the plane has one of the following forms:
(a) orientation-preserving isometries:

(i) translation: a map ¢, that sends p ~» p + v.

(ii) rotation: rotation of the plane through a nonzero angle 6 about some point.
(b) orientation-reversing isometries:

(i) reflection: a bilateral symmetry about a line £.
(ii) glide reflection (or glide for short): reflection about a line £, followed by translation
by a nonzero vector parallel to £.

The proof of this remarkable theorem is below. One of its consequences is that the
composition of rotations about two different points is a rotation about a third point, unless it
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is a translation. This isn’t obvious, but it follows from the theorem, because the composition
preserves orientation.

Some compositions are easier to visualize. The composition of rotations through
angles o and B about the same point is a rotation about that point, through the angle
o + B. The composition of translations by the vectors a and b is the translation by their
suma + b.

The composition of reflections about nonparallel lines £1, £, is a rotation about the
intersection point p = £; N £,. This also follows from the theorem, because the composition
is orientation-preserving, and it fixes p. The composition of reflections about parallel lines
is a translation by a vector orthogonal to the lines.

Proof of Theorem (6.3.4). We consider orientation-preserving isometries first. Let f be an
isometry that preserves orientation but is not a translation. We must prove that f is a
rotation about some point. We choose coordinates to write the formula for f as m = ;09
as in (6.3.3). Since m is not a translation, 6+0.

Lemma 6.3.5 An isometry f that has the form m = 1, 0p, with 80, is a rotation through
the angle 0 about a point in the plane.

Proof. To simplify notation, we denote pg by p. To show that f represents a rotation with
angle 6 about some point p, we change coordinates by a translation 7,. We hope to choose
p so that the new formula for the isometry f becomes m’ = p. If so, then f will be rotation
with angle 6 about the point p.

The rule for change of coordinates is f,(x") = x, and therefore the new formula for fis
m' = t;,lmtp = t-ptaptp (6.2.11). We use the rules (6.3.3): pt, = t,y p, where p’ = p(p).
Thenifb=—-p+a+ p =a+ p(p) — p, we will have m’ = 1, p. We wish to choose p such
thatb = 0.

Let I denote the identity operator, and let ¢ = cos@ and s = sin 6. The matrix of the
linear operator I — p is

l-¢c s
639 e o],

Its determinant is 2 — 2¢ = 2 — 2 cos 0. The determinant isn’t zero unless cos @ = 1, and this
happens only when 6 = 0. Since 6+0, the equation (/ — p) p = a has a unique solution for
p- The equation can be solved explicitly when needed. O

The point p is the fixed point of the isometry ¢, 09, and it can be found geometrically,
as illustrated below. The line £ passes through the origin and is perpendicular to the vector
a. The sector with angle 6 is situated so as to be bisected by £, and the fixed point p is
determined by inserting the vector a into the sector, as shown.
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0

(6.3.7) The fixed point of the isometry #,0g.

To complete the proof of Theorem 6.3.4, we show that an orientation-reversing isometry
m = typpr is a glide or a reflection. To do this, we change coordinates. The isometry pgr
is a reflection about a line £, through the origin. We may as well rotate coordinates so that
£¢ becomes the horizontal axis. In the new coordinate system, the reflection becomes our
standard reflection r, and the translation ¢, remains a translation, though the coordinates of
the vector a will have changed. Let’s use the same symbol a for this new vector. In the new
coordinate system, the isometry becomes m = t,r. It acts as

mla]=eln]-[nra)
X2 X2 -X2+ ay
This isometry is the glide obtained by reflection about the line £ : {x; = %az}, followed by

translation by the vector aje;. If a; = 0, m is a reflection.
This completes the proof of Theorem 6.3.4. a

Corollary 6.3.8 The glide line of the isometry #,09r is parallel to the line of reflection
of pgr. |

The isometries that fix the origin are the orthogonal linear operators, so when
coordinates are chosen, the orthogonal group O, becomes a subgroup of the group of
isometries M. We may also consider the subgroup of M of isometries that fix a point of the
plane other than the origin. The relationship of this group with the orthogonal group is given
in the next proposition.

Proposition 6.3.9 Assume that coordinates in the plane have been chosen, so that the ortho-
gonal group O; becomes the subgroup of M of isometries that fix the origin. Then the group
of isometries that fix a point p of the plane is the conjugate subgroup z, 02t;,1.

Proof. 1f anisometry m fixes p, then £,,!mt, fixes the origin: £,'mtp0 = t;!mp = £, p = 0.
Conversely, if m fixes o, then tpmt;,1 fixes p. O
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One can visualize the rotation about a point p this way: First translate by 7, to move p to
the origin, then rotate about the origin, then translate back to p.

We go back to the homomorphism 7 : M — O; that was defined in (6.2.10). The
discussion above shows this:

Proposition 6.3.10 Let p be a point of the plane, and let pg , denote rotation through the
angle 6 about p. Then 7(py p) = pp. Similarly, if r; is reflection about a line £ or a glide
with glide line £ that is parallel to the x-axis, then 7 (r¢) =r. O

Points and Vectors

In most of this book, there is no convincing reason to distinguish a point p of the plane
P = R? from the vector that goes from the origin o to p, which is often written as c—)—ﬁ in
calculus books. However, when working with isometries, it is best to maintain the distinction.
So we introduce another copy of the plane, we call it V, and we think of its elements as
translation vectors. Translation by a vector v in V acts on a point p of Pas t,(p) = p + v.
It shifts every point of the plane by v.

Both V and P are planes. The difference between them becomes apparent only when
we change coordinates. Suppose that we shift coordinates in P by a translation: n = #,,. The
rule for changing coordinates is n(p’) = p, or p’ + w = p. At the same time, an isometry
m changes to m’ = n”lmn = t-,mty, (6.2.11). If we apply this rule with m = t,, then
m' = t-ytyty = ty. The points of P get new coordinates, but the translation vectors are
unchanged.

On the other hand, if we change coordinates by an orthogonal operator ¢, then
- @(p) = p,andif m = t,,, then m’ = ¢~ 1,0 = t,y, where v = ¢~ 1v. So v’ = v. The effect
of change of coordinates by an orthogonal operator is the same on P ason V.

.The only difference between P and V is that the origin in P needn’t be fixed, whereas
the zero vector is picked out as the originin V.

Orthogonal operators act on V, but they don’t act on P unless the origin is chosen.

6.4 FINITE GROUPS OF ORTHOGONAL OPERATORS ON THE PLANE

Theorem 6.4.1 Let G be a finite subgroup of the orthogonal group O,. There is an integer
n such that G is one of the following groups:

(a) C,: the cyclic group of order n generated by the rotation pg, where 8 = 27r/n.

(b) D,: the dihedral group of order 2n generated by two elements: the rotation pg, where
6 =2m/n, and a reflection ' about a line £ through the origin.

We will take a moment to describe the dihedral group D, before proving the theorem.
This group depends on the line of reflection, but if we choose coordinates so that £
becomes the horizontal axis, the group will contain our standard reflection r, the one whose
matrix is

(6.42) [1 i 1] .
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Then if we also write p for pg, the 2n elements of the group will be the n powers p' of
o and the n products p'r. The rule for commuting p and r is

I S GRS

where ¢ = cos 6, s =sin 6, and 6 = 27t /n.
To conform with a more customary notation for groups, we denote the rotation 07/,
by x, and the reflection r by y.

Proposition 6.4.3 The dihedral group D, has order 2n. It is generated by two elements x
and y that satisfy the relations

x" =1, y2=1, yx=x'1y.

The elements of D,, are

2 n

1,x,x%, ..., x"L y,xy,xzy,...,x""ly. 0

Using the first two relations (6.4.3), the third one can be rewritten in various ways. It is
equivalent to

(6.4.4) xyxy=1, andalsoto yx=x""ly.

When n = 3, the relations are the same as for the symmetric group S3 (2.2.6).
Corollary 6.4.5 The dihedral group D3 and the symmetric group S3 are isomorphic. O

For n > 3, the dihedral and symmetric groups are not isomorphic, because D, has order 2n,
while S,, has order n!.

When n > 3, the elements of the dihedral group D,, are the orthogonal operators that
carry a regular n-sided polygon A to itself — the group of symmetries of A. This is easy to
see, and it follows from the theorem: A regular n-gon is carried to itself by the rotation by
27 /n about its center, and also by some reflections. Theorem 6.4.1 identifies the group of all
symmetries as D,,.

The dihedral groups Dj, D, are too small to be symmetry groups of an n-gon in the
usual sense. Dj is the group {1, r} of two elements. So it is a cyclic group, as is C,. But
the element r of D is a reflection, while the element different from the identity in C is the
rotation with angle . The group D, contains the four elements {1, p, r, pr}, where p is
the rotation with angle m and pr is the reflection about the vertical axis. This group
is isomorphic to the Klein four group.

If we like, we can think of D; and D; as groups of symmetry of the 1-gon and 2-gon:

A D

1-gon. 2-gon.



Section 6.4 Finite Groups of Orthogonal Operators on the Plane 165

We begin the proof of Theorem 6.4.1 now. A subgroup I of the additive group R of
real numbers is called discrete if there is a (small) positive real number € such that every
nonzero element ¢ of I" has absolute value > €.

Lemma 6.4.6 Let I" be a discrete subgroup of R*. Then either I' = {0}, or I is the set Za of
integer multiples of a positive real number a.

Proof. This is very similar to the proof of Theorem 2.3.3, that a nonzero subgroup of Z* has
the form Zn.

If a and b are distinct elements of I', then since I" is a group, a — b is in T', and
la — b| > €. Distinct elements of I" are separated by a distance at least €. Since only finitely
many elements separated by € can fit into any bounded interval, a bounded interval contains
finitely many elements of I.

Suppose that I"'#{0}. Then I" contains a nonzero element b, and since it is a group, I"
contains -b as well. So it contains a positive element, say a’. We choose the smallest positive
element a in I". We can do this because we only need to choose the smallest element of the
finite subset of I' in the interval 0 < x < a’.

We show that I' = Za. Since aisin I" and I is a group, Za C I'. Let b be an element of
I". Then b = ra for some real number . We take out the integer part of r, writing r = m +rg
with m an integer and 0 < ryp < 1. Since I'is a group, ¥’ = b—maisin I" and ¥’ = rpa. Then
0 < b’ < a. Since a is the smallest positive element in I", ¥’ must be zero. So b = ma, which
is in Za. This shows that I' C Za, and therefore that I' = Za. O

Proof of Theorem (6.4.1). Let G be a finite subgroup of O,. We want to show that G is C),
or D,. We remember that the elements of O, are the rotations pg and the reflections pgr.

Case I: All elements of G are rotations.

We must prove that G is cyclic. Let I" be the set of real numbers « such that pg is in
G. Then I is a subgroup of the additive group R*, and it contains 27. Since G is finite, " is
discrete. So I' has the form Zo. Then G consists of the rotations through integer multiples
of the angle «. Since 2 is in I, it is an integer multiple of «. Therefore o = 27 /n for some
integer n,and G = C,.

Case 2: G contains a reflection.

We adjust our coordinates so that the standard reflection r is in G. Let H denote the
subgroup consisting of the rotations that are elements of G. We apply what has been proved
in Case 1 to conclude that H is the cyclic group generated by pg, for some angle 8 = 2 /n.
Then the 2n products p’é and plgr, for0 <k <n -1, are in G, so G contains the dihedral
group D,,. We claim that G = Dj, and to show this we take any element g of G. Then g
is either a rotation or a reflection. If g is a rotation, then by definition of H, g is in H. The
elements of H are also in D,, so gisin D,. If g is a reflection, we write it in the form pqr
for some rotation pg. Since r is in G, so is the product gr = py. Therefore py is a power of
P, and again, gisin D,. O
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Theorem 6.4.7 Fixed Point Theorem. Let G be a finite group of isometries of the plane.
There is a point in the plane that is fixed by every element of G, a point p such that g(p) = p
forall gin G.

Proof. This is a nice geometric argument. Let s be any point in the plane, and let S be the
set of points that are the images of s under the various isometries in G. So each element s/
of § has the form s’ = g(s) for some g in G. This set is called the orbit of s for the action
of G. The element s is in the orbit because the identity element 1 is in G, and s = 1(s5). A
typical orbit for the case that G is the group of symmetries of a regular pentagon is depicted
below, together with the fixed point p of the operation.

Any element of G will permute the orbit S. In other words, if s’ isin S and 4 is in G,
then A(s’) is in S: Say that s’ = g(s), with g in G. Since G is a group, kg is in G. Then
hg(s) isin S and is equal to A (s’).

[ ] [ ]
) *p .
We list the elements of S arbitrarily, writing S = {s1, ..., s,}. The fixed point we are

looking for is the centroid, or center of gravity of the orbit, defined as
(648) = %(sl+...+sn),

where the right side is computed by vector addition, using an arbitrary coordinate system in
the plane.

Lemma 6.4.9 Isometries carry centroids to centroids: Let S = {s1, ..., s,} be a finite set of
points of the plane, and let p be its centroid, as defined by (6.4.8). Let m be an isometry. Let
m(p) = p’ and m(s;) = s;. Then p’ is the centroid of the set ' = {s, ..., s, }. O

The fact that the centroid of our set § is a fixed point follows. An element g of G permutes
the orbit S. It sends S to S and therefore it sends p to p. O

Proof of Lemma 6.4.9 This can be deduced by physical reasoning. It can be shown alge-
braically too. To do so, it suffices to look separately at the cases m = t, and m = ¢, where
@ is an orthogonal operator. Any isometry is obtained from such isometries by composition.

Case 1: m = t, is a translation. Then s;. =s; +aand p’' = p+ a. Itis true that
p=p+ta= %((sl +a)+- 4 (Sp+a) =L+ +5)).
Case 2: m = @ s a linear operator. Then

P =0(p) =@(k(s1+ +50) = 5((s1) + -+ @(sp)) = 5 (51 +---+5p). O
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By combining Theorems 6.4.1 and 6.4.7 one obtains a description of the symmetry
groups of bounded figures in the plane.

Corollary 6.4.10 Let G be a finite subgroup of the group M of isometries of the plane.
If coordinates are chosen suitably, G becomes one of the groups C, or D, described in
Theorem 6.4.1. |

6.5 DISCRETE GROUPS OF ISOMETRIES

In this section we discuss groups of symmetries of unbounded figures such as the one depicted
in Figure 6.1.5. What I call the kaleidoscope principle can be used to construct a figure with
a given group of symmetries. You have probably looked through a kaleidoscope. One sees
a sector at the end of the tube, whose sides are bounded by two mirrors that run the length
of the tube and are placed at an angle 8, such as 8 = /6. One also sees the reflection of the
sector in each mirror, and then one sees the reflection of the reflection, and so on. There are
usually some bits of colored glass in the sector, whose reflections form a pattern.

There is a group involved. In the plane at the end of the kaleidoscope tube, let £; and
£, be the lines that bound the sector formed by the mirrors. The group is a dihedral group,
generated by the reflections r; about £;. The product rir; of these reflections preserves
orientation and fixes the point of intersection of the two lines, so it is a rotation. Its angle of
rotation is +26.

One can use the same principle with any subgroup G of M. We won’t give precise
reasoning to show this, but the method can be made precise. We start with a random figure
R in the plane. Every element g of our group G will move R to a new position, call it gR.
The figure F is the union of all the figures gR. An element A of the group sends gR to hgR,
which is also a part of F, so it sends F to itself. If R is sufficiently random, G will be the
group of symmetries of F. As we know from the kaleidoscope, the figure F'is often very
attractive. The result of applying this procedure when G is the group of symmetries of a
regular pentagon is shown below.

@\

Of course many different figures have the same group of symmetry. But it is interesting and
instructive to describe the groups. We are going to present a rough classification, which will
be refined in the exercises.

Some subgroups of M are too wild to have a reasonable geometry. For instance, if the
angle 6 at which the mirrors in a kaleidoscope are placed were not a rational multiple of 27,
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there would be infinitely many distinct reflections of the sector. We need to rule this
possibility out.

Definition 6.5.1 A group G of isometries of the plane P is discrete if it does not contain
arbitrarily small translations or rotations. More precisely, G is discrete if there is a positive
real number € so that:

(i) if an element of G is the translation by a nonzero vector a, then the length of a is at
least €: |a| > €, and

(ii) if an element of G is the rotation through a nonzero angle 6 about some point of the
plane, then the absolute value of 0 is at least €: |0] > €.

Note: Since the translation vectors and the rotation angles form different sets, it might seem
more appropriate to have separate lower bounds for them. However, in this definition we
don’t care about the best bounds for the vectors and the angles, so we choose € small enough
to take care of both at the same time. a

The translations and rotations are all of the orientation-preserving isometries (6.3.4),
and the conditions apply to all of them. We don’t impose a condition on the orientation-
reversing isometries. If m is a glide with nonzero glide vector v, then m? is the translation
tyy. So a lower bound on the translation vectors determines a bound for the glide vectors too.

There are three main tools for analyzing a discrete group G:

(6.5.2) o the translation group L, a subgroup of the group V of translation vectors,
« the point group G, a subgroup of the orthogonal group O,

o anoperationof G on L.
The Translation Group

The translation group L of G is the set of vectors v such that the translation ¢, isin G.
(6.5.3) L={veV|neG}

Since £ty = ty4+w and t;l = t-, L is a subgroup of the additive group V* of all translation
vectors. The bound € on translations in G bounds the lengths of the vectors in L:

(6.5.4) Every nonzero vector vin L has length |v| > €.

A subgroup L of one of the additive groups V* or R"* that satisfies condition (6.5.4) for
some € > 0 is called a discrete subgroup. (This is the definition made before for R*.)

A subgroup L is discrete if and only if the distance between distinct vectors a and b
of L is at least €. This is true because the distance is the length of b —a,and b —aisin L
because L is a group. If (6.5.4) holds, then |b — a| > €. g
Theorem 6.5.5 Every discrete subgroup L of V* or of R?* is one of the following;

(a) the zero group: L = {0}.
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(b) the set of integer multiples of a nonzero vector a:
L=Za={ma|meZ}, or
(c) the set of integer combinations of two linearly independent vectors a and b:

L=7Za+7b={ma+nb|m,neZ).

Groups of the third type listed above are called lattices, and the generating set (a, b) is called
a lattice basis.

(6.5.6) A Lattice

Lemma 6.5.7 Let L be a discrete subgroup of V* or R2+,

(a) A bounded region of the plane contains only finitely many points of L.
(b) If L is not the trivial group, it contains a nonzero vector of minimal length.

Proof. (a) Since the elements of L are separated by a distance at least €, a small square can
contain at most one point of L. A region of the plane is bounded if it is contained in some
large rectangle. We can cover any rectangle by finitely many small squares, each of which
contains at most one point of L.

(b) We say that a vector v is a nonzero vector of minimal length of L if L contains no shorter
nonzero vector. To show that such a vector exists, we use the hypothesis that L is not the
trivial group. There is some nonzero vector a in L. Then the disk of radius |a| about
the origin is a bounded region that contains a and finitely many other nonzero points of L.
Some of those points will have minimal length. (]

Given a basis B = (4, w) of R%, we let I1(B) denote the parallelogram with vertices
0, u, w, u + w. It consists of the linear combinations ru + swwith0 <r<land0<s<1.
We also denote by IT’'(B) the region obtained from IT(B) by deleting the two edges
[u, v+ w]and [w, u + w]. It consists of the linear combinations ru + sw with 0 < r <1 and
O<s<l.

Lemma6.5.8 LetB = (u, w) be abasis of R2, and let L be the lattice of integer combinations
of B. Every vector v in R? can be written uniquely in the form v = x + vo, with x in L and

vo in IT'(B).
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Proof. Since B is a basis, every vector is a linear combination ru + sw, with real coefficieints
rand s. We take out their integer parts, writing » = m +rg and s = n+ so, with m, n integers
and 0 < rg, so < 1. Then v = x + vy, where x = mu + nvisin L and vy = rou + sow is in
IT'(B). There is just one way to do this. O

Proof of Theorem 6.5.5 It is enough to consider a discrete subgroup L of R?>*. The case that
L is the zero group is included in the list. If L #{0}, there are two possibilities:

Case 1: All vectors in L lie on a line £ through the origin.

Then L is a subgroup of the additive group of £*, which is isomorphic to R*. Lemma 6.4.6
shows that L has the form Za.

Case 2: The elements of L do not lie on a line.

In this case, L contains independent vectors @’ and b/, and then B’ = (d’, b’) is a basis of R2,
We must show that there is a lattice basis for L.

We first consider the line £ spanned by @’. The subgroup L N £ of £* is discrete, and @’
isn’t zero. So by what has been proved in Case 1, L has the form Za for some vector a. We
adjust coordinates and rescale so that a becomes the vector (1, 0)".

Next, we replace b’ = (b), b,)! by -b' if necessary, so that b}, becomes positive. We
look for a vector b = (b1, by)! in L with b; positive, and otherwise as small as possible. A
priori, we have infinitely many elements to inspect. However, since &’ is in L, we only need
to inspect the elements b such that 0 < b < b). Moreover, we may add a multiple of a to
b, so we may also assume that 0 < by < 1. When this is done, b will be in a bounded region
that contains finitely many elements of L. We look through this finite set to find the required
element b, and we show that B = (a, b) is a lattice basis for L.

Let L = Za+ 2Zb. Then L C L. We must show that every element of L is in L, and
according to Lemma 6.5.8, applied to the lattice L, it is enough to show that the only element
of L in the region [T (B) is the zero vector. Let ¢ = (c1, ¢2)? be a point of L in that region,
sothat 0 < ¢; <1and 0 < ¢ < bs. Since b, was chosen minimal, ¢, = 0, and c is on the line
£. Then c is an integer multiple of g, and since 0 < ¢y <1,c =0. (]

The Point Group

We turn now to the second tool for analyzing a discrete group of isometries. We choose
coordinates, and go back to the homomorphism 7: M — O, whose kernel is the group T’
of translations (6.3.10). When we restrict this homomorphism to a discrete subgroup G, we
obtain a homomorphism

(6.5.9) mlg: G - O;.

The point group G is the image of G in the orthogonal group O.

It is important to make a clear distinction between elements of the group G and
those of its point group G. So to avoid confusion, we will put bars over symbols when they
represent elements of G. For g in G, g will be an orthogonal operator.

By definition, a rotation py is in G if G contains an element of the form #, 09, and this
is a rotation through the same angle 6 about some point of the plane (6.3.5). The inverse
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image in G of an element 0y of G consists of the elements of G that are rotations through
the angle 8 about various points of the plane.

Similarly, let £ denote the line of reflection of pgr. As we have noted before, its angle
with the e;-axis is %9 (5.1.17). The point group G contains pgr if there is an element ¢, pgr in
G, and £, pgr is a reflection or a glide reflection along a line parallel to £ (6.3.8). The inverse
image of pgr consists of all of the elements of G that are reflections or glides along lines

parallel to £. To sum up:

o The point group G records the angles of rotation and the slopes of the glide lines and the
lines of reflection, of elements of G.

Proposition 6.5.10 A discrete subgroup G of O is finite, and is therefore either cyclic or
dihedral.

Proof. Since G contains no small rotations, the set I" of real numbers 0 such that pg is in G
is a discrete subgroup of the additive group R* that contains 27r. Lemma 6.4.6 tells us that
I" has the form Z6, where 6 = 2 /n for some integer n. At this point, the proof of Theorem
6.4.1 carries over. O

The Crystallographic Restriction

If the translation group of a discrete group of isometries G is the trivial group, the restriction
of 7 to G will be injective. In this case G will be isomorphic to its point group G, and will
be cyclic or dihedral. The next proposition is our third tool for analyzing infinite discrete
groups. It relates the point group to the translation group.

Unless an origin is chosen, the orthogonal group O, doesn’t operate on the plane P.
But it does operate on the space V of translation vectors.

Proposition 6.5.11 Let G be a discrete subgroup of M. Let a be an element of its translation
group L, and let g be an element of its point group G. Then g(a) isin L.

We can restate this proposition by saying that the elements of G map L to itself. So G is
contained in the group of symmetries of L, when L is regarded as a figure in the plane V.

Proof of Proposition 6.5.11 Let a and g be elements of L and G, respectively, let g be the
image of g in G,and letd = g(a). We will show that ¢, is the conjugate gz, g~ L. This will
show that , is in G, and therefore that @’ is in L. We write g = 1,¢. Then ¢ is in O, and
2 = ¢. So a’ = ¢(a). Using the formulas (6.2.8), we find:

glag ' = (tp@)ta(@  1-p) = tola @ 't =1y O

Note: 1t is important to understand that the group G does not operate on its translation
group L. Indeed, it makes no sense to ask whether G operates on L, because the elements
of G are isometries of the plane P, while L is a subset of V. Unless an origin is fixed, P is not
the same as V. If we fix the origin in P, we can identify P with V. Then the question makes
sense. We may ask: Is there a point of P so that with that point as the origin, the elements
of G carry L to itself? Sometimes yes, sometimes no. That depends on the group. 0
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The next theorem describes the point groups that can occur when the translation group
L is not trivial.

Theorem 6.5.12 Crystallographic Restriction. Let L be a discrete subgroup of V* or R?*,
and let H C O3 be a subgroup of the group of symmetries of L. Suppose that L is not the
trivial group. Then

(a) every rotation in H has order 1, 2, 3, 4, or 6, and
(b) H is one of the groups Cp, or D, andn =1,2,3,4,0r6.

In particular, rotations of order 5 are ruled out. There is no wallpaper pattern with five-fold
rotational symmetry (“‘Quasi-periodic” patterns with five-fold symmetry do exist. See, for
example, [Senechal].)

Proof of the Crystallographic Restriction We prove (a). Part (b) follows from (a) and from
Theorem 6.4.1. Let p be a rotation in H with angle 6, and let a be a nonzero vector in L
of minimal length. Since H operates on L, p(a) is also in L. Then b = p(a) —aisin L
too, and since a has a minimal length, |b| > |a|. Looking at the figure below, one sees that
|b| < |al when 6 < 27r/6. So we must have 6 > 277/6. It follows that the group H is discrete,
hence finite, and that p has order < 6.

pla) b

0 L)

a

The case that & = 27r/5 can be ruled out too, because for that angle, the element b’ =
p?(a) + a is shorter than a:

pXa) '\21:/5

0 a O

6.6 PLANE CRYSTALLOGRAPHIC GROUPS

We go back to our discrete group of isometries G C M. We have seen that when L is the
trivial group, G is cyclic or dihedral. The discrete groups G such that L is infinite cyclic
(6.5.5)(b) are the symmetry groups of frieze patterns such as those shown in (6.1.3), (6.1.4).
We leave the classification of those groups as an exercise.

When L is a lattice, G is called a two-dimensional crystallographic group. These
crystallographic groups are the symmetry groups of two-dimensional crystals such as graphite.
We imagine a crystal to be infinitely large. Then the fact that the molecules are arranged
regularly implies that they form an array having two independent translational symmetries.
A wallpaper pattern also repeats itself in two different directions — once along the strips of
paper because the pattern is printed using a roller, and a second time because strips of paper
are glued to the wall side by side. The crystallographic restriction limits the possibilities and
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allows one to classify crystallographic groups into 17 types. Representative patterns with the
various types of symmetry are illustrated in Figure (6.6.2).

The point group G and the translation group L do not determine the group G
completely. Things are complicated by the fact that a reflection in G needn’t be the image
of a reflection in G. It may be represented in G only by glides, as in the brick pattern
that is illustrated below. This pattern (my favorite) is relatively subtle because its group of
symmetries doesn’t contain a reflection. It has rotational symmetries with angle 7 about
the center of each brick. All of these rotations represent the same element p, of the
point group G. There are no nontrivial rotational symmetries with angles other than 0
and 7. The pattern also has glide symmetry along the dashed line drawn in the figure, so
G =D, ={1, 0,7, PrT}.

One can determine the point group of a pattern fairly easily, in two steps: One looks
first for rotational symmetries. They are usually relatively easy to find. A rotation 0y in the
point group G is represented by a rotation with the same angle in the group G of symmetries
of the pattern. When the rotational symmetries have been found, one will know the integer
n such that the point group is Cy, or Dy. Then to distinguish D, from Cj, one looks to see
if the pattern has reflection or glide symmetry. If it does, G = Dy, and if not, G = Cp,.

Plane Crystallographic Groups with a Fourfold Rotation in the Point Group

As an example of the methods used to classify discrete groups of isometries, we analyze
groups whose point groups are Cy4 or Djy.

Let G be such a group, let o denote the rotation with angle 7/2 in G, and let L be the
lattice of G, the set of vectors v such that ¢, is in G.

Lemma 6.6.2 The lattice L is square.

Proof. We choose a nonzero vector a in L of minimal length. The point group operates on
L,so p(a) = bisin L and is orthogonal to a. We claim that (a, b) is a lattice basis for L.
Suppose not. Then according to Lemma 6.5.8, there will be a point of L in the region
T’ consisting of the points rya + r,b with 0 < r; < 1. Such a point w will be at a distance less
than |a| from one of the four vertices 0, a, b, a + b of the square. Call that vertex v. Then
v—wis alsoin L, and |v — w| < |a|. This contradicts the choice of a. O

We choose coordinates and rescale so that a and b become the standard basis vectors
e1 and e;. Then L becomes the lattice of vectors with integer coordinates, and I'T’ becomes
the set of vectors (s, ) with 0 < s <1 and 0 < ¢ < 1. This determines coordinates in the

plane P up to a translation.
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Sample Patterns for ihe 17 Plane Crystallographic Groups.
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The orthogonal operators on V that send L to itself form the dihedral group Dy
generated by the rotation p through the angle 77/2 and the standard reflection 7. Our
assumption is that p is in G. If 7 is also in G, then G is the dihedral group Dy. If not, G is
the cyclic group C4. We describe the group G when G is Cy first. Let g be an element of G
whose image in G is the rotation p. Then g is a rotation through the angle 7r/2 about some
point p in the plane. We translate coordinates in the plane P so that the point p becomes
the origin. In this coordinate system, G contains the rotation p = p;; about the origin.

Proposition 6.6.3 Let G be a plane crystallographic group whose point group G is the cyclic
group Cy. With coordinates chosen so that L is the lattice of points with integer coordinates,
and so that p = px/2 is an element of G, the group G consists of the products £, 0%, with v
inLand0<i <4 .

G ={tyo'lve L}.

Proof. Let G’ denote the set of elements of the form 7, 0' with v in L. We must show that
G’ = G. By definition of L, ¢, is in G, and also p is in G. So t,,0" is in G, and therefore G’
is a subset of G.

To prove the opposite inclusion, let g be any element of G. Since the point group
G is Cy, every clement of G preserves orientation. So g has the form g = 1, py for some
translation vector u and some angle «.. The image of this element in the pomt group is pa,
so o is a multiple of 77/2, and py = p' for some i. Since pisin G, gp~ =1, isin G and u is
in L. Therefore g isin G'. 0

We now consider the case that the point group G is Dy.

Proposition 6.6.4 Let G be a plane crystallographic group whose point group G is the
dihedral group Dj4. Let coordinates be chosen so that L is the lattice of points with mteger
coordinates and so that p = p;/; is an element of G. Also, let ¢ denote the vector (2 s 2)t
There are two possibilities:

(a) The elements of G are the products #,¢p where visin L and g is in Dy,
G = {t,,pilv e L} U {t,,pirlv el}, or

(b) the elements of G are products t,¢, with ¢ in Dy4. If ¢ is a rotation, then x is in L, and
if @ is a reflection, then x is in the coset ¢ + L:

G ={typ'lve L} U {typ'rlu e c+ L},

Proof. Let H be the subset of orientation-preserving isometries in G. This is a subgroup
of G whose lattice of translations is L, and which contains p. So its point group is Cjy.
Proposition 6.6.3 tells us that H consists of the elements t,,0', with vin L.

The point group also contains the reflection 7. We choose an element g in G such that
g = 7. It will have the form g = t,,r for some vector u, but we don’t know whether or not u
is in L. Analyzing this case will require a bit of fiddling. Say that u = (p, g)".

We can multiply g on the left by a translation ¢, in G (i.e., vin L), to move u into the
region I’ of points with 0 < p, g < 1. Let’s suppose this has been done.
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We compute with g = #,7, using the formulas (6.3.3):

32 = tyrtyr =ty and (gp)% = (turp)? = Lutrou-

These are elements of G,sou +ru = (2p,0)',and u + rpu = (p — q, g — p)! are in the
lattice L. They are vectors with integer coordinates. Since 0 < p, g <1 and 2 {) is an integer,
p is either 0 or % Since p — q is also an integer, g =0if p=0and g = 5 if p = 1. So
there are only two possibilities for u: Either u = (0,0)!, oru =c = (%, %)‘. In the first case,
g =r,so G contains a reflection. This is case (a) of the proposition. The second possibility is
case (b). O

6.7 ABSTRACT SYMMETRY: GROUP OPERATIONS

The concept of symmetry can be applied to things other than geometric figures. Complex
conjugation (a+bi) ~» (a—bi), for instance, may be thought of as a symmetry of the complex
numbers. Since complex conjugation is compatible with addition and multiplication, it is
called an automorphism of the field C. Geometrically, it is the bilateral symmetry of the
complex plane about the real axis, but the statement that it is an automorphism refers to its
algebraic structure. The field F = Q[+/2] whose elements are the real numbers of the form
a+b+/2, with a and b rational, also has an automorphism, one that sends a+ b+/2 ~ a— b+/2.
This isn’t a geometric symmetry. Another example of abstract ‘‘bilateral” symmetry is given
by a cyclic group H of order 3. It has an automorphism that interchanges the two elements
different from the identity.

The set of automorphisms of an algebraic structure X, such as a group or a field, forms
a group, the law of composition being composition of maps. Each automorphism should be
thought of as a symmetry of X, in the sense that it is a permutation of the elements of X that
is compatible with its algebraic structure. But the structure in this case is algebraic instead of
geometric.

So the words ‘“‘automorphism” and ‘“‘symmetry” are more or less synonymous, except
that “automorphism” is used to describe a permutation of a set that preserves an algebraic
structure, while ‘‘symmetry’’ often, though not always, refers to a permutation that preserves
a geometric structure.

Both automorphisms and symmetries are special cases of the more general concept of
a group operation. An operation of a group G on a set S is a rule for combining an element
g of G and an element s of S to get another element of S. In other words, it is a map
G X S8 — S. For the moment we denote the result of applying this law to elements g and s
by gx*s. An operation is required to satisfy the following axioms:

Example 6.7.1

(a) 1xs =sforallsin S. (Here 1 is the identity of G.)
(b) associative law: (gg')*s = gx(g'*s), for all g and g’ in G and all s in S.

We usually omit the asterisk, and write the operation multiplicatively, as g, s ~ gs. With
multiplicative notation, the axioms are 1s = s and (gg’)s = g(g’s).
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Examples of sets on which a group operates can be found manywhere,! and most often,
it will be clear that the axioms for an operation hold. The group M of isometries of the plane
operates on the set of points of the planc. It also operates on the set of lines in the plane and
on the set of triangles in the plane. The symmetric group S, operates on the set of indices
{1,2,...,n}.

The reason that such a law is called an operation is this: If we fix an element g of G
but let s vary in S, then left multiplication by g (or operation of g) defines a map from S to
itself. We denote this map, which describes the way the element g operates, by mg:

(6.7.2) mg:S— S

is the map defined by m,(s) = gs. It is a perrmutation of S, a bijective map, because it has

the inverse function m g-1: multiplication by gL

o Given an operation of a group G on a set S, an element s of S will be sent to various other
elements by the group operation. We collect together those elements, obtaining a subset
called the orbit Oy of s:

(6.7.3) Os ={s' € S| s = gs for some g in G}.

When the group M of isometries of the plane operates on the set S of triangles in the
plane, the orbit O of a given triangle A is the set of all triangles congruent to A. Another
orbit was introduced when we proved the existence of a fixed point for the operation of a
finite group on the plane {6.4.7).

The orbits for a group action are equivalence classes for the equivalence relation

(6.7.4) s~s if s’ = gs, forsome gin G.

So if s~ §/, that is, if s = gs for some g in G, then the orbits of s and of s’ are the same.
Since they are are equivalence classes:

(6.7.5) The orbits partition the set S.

The group operates independently on each orbit. For example, the set of triangles of
the plane is partitioned into congruence classes, and an isometry permutes each congruence
class separately.

If S consists of just one orbit, the operation of G is called transitive. This means
that every element of S is carried to every other one by some element of the group. The
symmetric group S, operates transitively on the set of indices {1, ..., n}. The group M of
isometries of the plane operates transitively on the set of points of the plane, and it operates
transitively on the set of lines. It does not operate transitively on the set of triangles.

o The stabilizer of an element s of S is the set of group elements that leave s fixed. It is a
subgroup of G that we often denote by G:

(6.7.6) Gs=1{geG|gs=s)

IWhile writing a book, the mathematician Masayoshi Magata decided that the English language needed this
word; then he actually found it in a dictionary.
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For instance, in the operation of the group M on the set of points of the plane, the stabilizer
of the origin is isomorphic to the group O, of orthogonal operators. The stabilizer of the
index n for the operation of the symmetric group S, is isomorphic to the subgroup S,_;
of permutations of {1, ..., n-1}. Or, if S is the set of triangles in the plane, the stabilizer
of a particular equilateral triangle A is its group of symmetries, a subgroup of M that is
isomorphic to the dihedral group Dj3.

Note: It is important to be clear about the following distinction: When we say that an isometry
m stabilizes a triangle A, we don’t mean that m fixes the points of A. The only isometry that
fixes every point of a triangle is the identity. We mean that in permuting the set of triangles,
m carries A to itself. a

Just as the kernel K of a group homomorphism ¢: G — G’ tells us when two elements
x and y of G have the same image, namely, if x" !y is in K, the stabilizer G of an element s
of S tells us when two elements x and y of G act in the same way on s.

Proposition 6.7.7 Let S be a set on which a group G operates, let s be an element of S, and
let H be the stabilizer of s.

(a) If a and b are elements of G, then as = bs if and only if a 'bisin H, and this is true if
and only if b is in the coset a H.
(b) Suppose that as = §'. The stabilizer H’ of s is a conjugate subgroup:

H' =aHa' = (g € G| g = aha™ for some h in H)}.

Proof. (a) as = bs if and only if s = a”1bs.

(b) If g is in aHa ™!, say g = aha™! with h in H, then gs’' = (aha™!)(as) = ahs = as = s,
so g stabilizes s'. This shows that aHa™! C H'. Since s = a”ls, we can reverse the roles
of s and §', to conclude that a ! H'a C H, which implies that H' C aHa™!. Therefore
H' =aHa™. O

Note: Part (b) of the proposition explains a phenomenon that we have seen several times
before: When as = s/, a group element g fixes s if and only if aga™! fixes s'.

6.8 THE OPERATION ON COSETS

Let H be a subgroup of a group G. As we know, the left cosets a H partition G. We often
denote the set of left cosets of H in G by G/H, copying this from the notation used for
quotient groups when the subgroup is normal (2.12.1), and we use the bracket notation [C]
for a coset C, when it is considered as an element of the set G/ H.

The set of cosets G / H is not a group unless H is a normal subgroup. However,

e The group G operates on G/ H in a natural way.

The operation is quite obvious: If g is an element of the group, and C is a coset, then
g[C] is defined to be the coset [gC], where gC = {gc | ¢ € C}. Thus if [C] = [aH], then
glC] = [gaH]. The next proposition is elementary.
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Proposition 6.8.1 Let H be a subgroup of a group G.

(a) The operation of G on the set G/ H of cosets is transitive.
(b) The stabilizer of the coset [ H] is the subgroup H. a

Note the distinction once more: Multiplication by an element 4 of H does not act trivially
on the elements of the coset H, but it sends the coset [ H] to itself.

Please work carefully through the next example. Let G be the symmetric group S3
with its usual presentation, and let H be the cyclic subgroup {1, y}. Its left cosets are

(6.8.2) Ci=H={l,y}, Co=xH={x,xy}, C3=x*H={x? x%y}

(see (2.8.4)), and G operates on the set of cosets G/ H = {[C}], [C], [C3]}. The elements
x and y operate in the same way as on the set of indices {1, 2, 3}:

(6.8.3) my < (123) and my < (23).

For instance, yC; = {yx, yxy} = {x*y, x2} = Cs.
The next proposition, sometimes called the orbit-stabilizer theorem, shows how an
arbitrary group operation can be described in terms of operations on cosets.

Proposition 6.8.4 Let S be a set on which a group G operates, and let s be an element
of S. Let H and Oj be the stabilizer and orbit of s, respectively. There is a bijective map
€: G/ H— Og defined by [aH]~ as. This map is compatible with the operations of the
group: €(g[C]) = ge([C]) for every coset C and every element g in G.

For example, the dihedral group Ds operates on the vertices of a regular pentagon.
Let V denote the set of vertices, and let H be the stabilizer of a particular vertex. There is
a bijective map Ds/H — V. In the operation of the group M of isometries of the plane P,
the orbit of a point is the set of all points of P. The stabilizer of the origin is the group O; of
orthogonal operators, and there is a bijective map M /O, — P. Similarly, if H denotes the
stabilizer of a line and if £ denotes the set of all lines in the plane, there is a bijective map
M/H — L.

Proof of Proposition (6.8.4). 1t is clear that the map € defined in the statement of the
proposition will be compatible with the operation of the group, if it exists. Symbolically, €
simply replaces H by the symbol s. What is not so clear is that the rule [g H] ~ gs defines a
map at all. Since many symbols g H represent the same coset, we must show that if a and b
are group elements, and if the cosets aH and bH are equal, then as and bs are equal too.
Suppose that aH = bH. Then a™'b is in H (2.8.5). Since H is the stabilizer of s, a”'bs = s,
and therefore as = bs. Our definition is legitimate, and reading this reasoning backward,
we also see that € is an injective map. Since € carries [g H] to gs, which can be an arbitrary
element of Oy, € is surjective as well as injective. d

Note: The reasoning that we made to define the map € occurs frequently. Suppose that a set
S is presented as the set of equivalence classes of an equivalence relation on a set .S, and let
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7:S — S be the map that sends an element s to its equ1valence class 5. A common way to
define a map € from S to another set 7 is this: Given x in S, one chooses an element s in S
such that x = 5, and defines €(x) in terms of s. Then one must show, as we did above, that
the definition doesn’t depend on the choice of the element s whose equivalence class is x,
but only on x. This process is referred to as showing that the map is well defined. a

6.9 THE COUNTING FORMULA

Let H be a subgroup of a finite group G. As we know, all cosets of H in G have the same
number of elements, and with the notation G/ H for the set of cosets, the order |G/ H| is
what is called the index [G : H] of H in G. The Counting Formula 2.8.8 becomes

(6.9.1) |G| =|H||G/H|.
There is a similar formula for an orbit of any group operation:

Proposition 6.9.2 Counting Formula. Let S be a finite set on which a group G operates, and
let G5 and Ojg be the stabilizer and orbit of an element s of S. Then

|G| =1GslO0sl, or
(order of G) = (order of stabilizer)-(order of orbit).

This follows from (6.9.1) and Proposition (6.8.4). O

Thus the order of the orbit is equal to the index of the stabilizer,
(6.9.3) |0s] = [G:Gy],

and it divides the order of the group. There is one such formula for every element s of S.

Another formula uses the partition of the set S into orbits to count its elements. We
number the orbits that make up S arbitrarily, as Oy, ..., Oy. Then

(6.9.4) IS = 1011 +102] + -+ + | Okl.
Formulas 6.9.2 and 6.9.4 have many applications.

Examples 6.9.5 (a) The group G of rotational symmetries of a regular dodecahedron
operates transitively on the set F of its faces. The stabilizer G f of a particular face f
is the group of rotations by multiples of 27r/5 about the center of f; its order is 5. The
dodecahedron has 12 faces. Formula 6.9.2 reads 60 = 5 - 12, so the order of G is 60. Or, G
operates transitively on the set V of vertices. The stabilizer G, of a vertex v is the group of
order 3 of rotations by multiples of 277 /3 about that vertex. A dodecahedron has 20 vertices,
so 60 = 3.20, which checks. There is a similar computation for edges: G operates transitively
on the set of edges, and the stabilizer of an edge e contains the identity and a rotation by 7
about the center of e. So |G| = 2. Since 60 = 2 - 30, a dodecahedron has 30 edges.
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(b) We may also restrict an operation of a group G to a subgroup H. By restriction, an
operation of G on a set S defines an operation of H on S, and this operation leads to more
numerical relations. The H-orbit of an element s will be contained in the G-orbit of s, so a
single G-orbit will be partitioned into H-orbits.

For example, let F be the set of 12 faces of the dodecahedron, and let H be the
stabilizer of a particular face f, a cyclic group of order 5. The order of any H-orbit is
either 1 or 5. So when we partition the set F of 12 faces into H-orbits, we must find two
orbits of order 1. We do: H fixes f and it fixes the face opposite to f. The remaining faces
make two orbits of order 5. Formula 6.9.4 for the operation of the group H on the set
of facesis 12 =141+ 5+ 5. Or, let K denote the stabilizer of a vertex, a cyclic group
of order 3. We may also partition the set F into K-orbits. In this case Formula 6.9.4 is
12=3+3+3+3. O .

6.10 OPERATIONS ON SUBSETS

Suppose that a group G operates on a set S. If U is a subset of S of order r,
(6.10.1) gU ={gu|ueU}

is another subset of order r. This allows us to define an operation of G on the set of subsets
of order r of S. The axioms for an operation are verified easily.

For instance, let O be the octahedral group of 24 rotations of a cube, and let F
be the set of six faces of the cube. Then O also operates on the subsets of F of order
two, that is, on unordered pairs of faces. There are 15 pairs, and they form two orbits:
F = {pairs of opposite faces} U {pairs of adjacent faces}. These orbits have orders 3 and 12,
respectively.

The stabilizer of a subset U is the set of group elements g such that [gU] = [U], which
is to say, gU = U. The stabilizer of a pair of opposite faces has order 8.

Note this point once more: The stabilizer of U consists of the group elements such that
gU = U. This means that g permutes the elements within U, that whenever u is in U, gu is
alsoin U.

6.11 PERMUTATION REPRESENTATIONS

In this section we analyze the various ways in which a group G can operate on a set S.
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* A permutation representation of a group G is a homomorphism from the group to a
symmetric group:

(6.11.1) 9:G — Sp.

Proposition6.11.2 Let G be a group. There is a bijective correspondence between operations
of G ontheset S ={1...,n}and permutation representations G — Sy:

operations of G permutation
<> . .
onS representations

Proof. This is very simple, though it can be confusing when one sees it for the first time. If
we are given an operation of G on §, we define a permutation representation ¢ by setting
©(g) = mg, multiplication by g (6.7.2). The associative property g(hi) = (gh)i shows that

mg(mpi) = g(hi) = (gh)i = mgi.

Hence ¢ is a homomorphism. Conversely, if ¢ is a permutation representation, the same
formula defines an operation of G on S. 0O

For example, the operation of the dihedral group D, on the vertices (vy, ..., v,) of a
regular n-gon defines a homomorphism ¢: D, — S,,.

Proposition 6.11.2 has nothing to do with the fact that it works with a set of indices. If
Perm(S) is the group of permutations of an arbitrary set S, we also call a homomorphism
@:G — Perm(S) a permutation representation of G.

Corollary 6.11.3 Let Perm(S) denote the group of permutations of a set S, and let G be a
group. There is a bijective correspondence between operations of G on S and permutation
representations ¢: G — Perm(S):

of Gon S G — Perm(S)

[ operations ] [ homomorphisms ]
’ O

A permutation representation G — Perm(S) needn’t be injective. If it happens to be
injective, one says that the corresponding operation is faithful. To be faithful, an operation
must have the property that mg, multiplication by g, is not the identity map unless g = 1:

(6.11.4) An operation is faithful if it has this property:
The only element g of G such that gs = s for every s in S is the identity.

The operation of the group of isometries M on the set S of equilateral triangles in the plane
is faithful, because the only isometry that carries every equilateral triangle to itself is the
identity.
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Permutation representations ¢: G — Perm(S) are rarely surjective because the order
of Perm(S) tends to be very large. But one case is given in the next example.

Example 6.11.5 The group GL;(F,) of invertible matrices with mod 2 coefficients is
isomorphic to the symmetric group Ss.

We denote the field F, by F and the group G Ly(FF;) by G. The space F? of column
vectors consists of four vectors:

o[ e[t o[t o[

The group G operates on the set of three nonzero vectors S = {ej, €3, e; + €3}, and this
gives us a permutation representation ¢: G — S3. The 1dent1ty is the only matrix that fixes
both e; and ey, so the operation of G on S is faithful, and @ is injective. The columns of an
invertible matrix must be an ordered pair of distinct elements of S. There are six such pairs,
so |G| = 6. Since S3 also has order six ¢ is an isomorphism. O

6.12 FINITE SUBGROUPS OF THE ROTATION GROUP

In this section, we apply the Counting Formula to classify the finite subgroups of SO3, the
group of rotations of R3. As happens with finite groups of isometries of the plane, all of them
are symmetry groups of familiar figures.

Theorem 6.12.1 A finite subgroup of SO3 is one of the following groups:

Cy: the cyclic group of rotations by multiples of 257 /k about a line, with k arbitrary;
Dy the dihedral group of symmetries of a regular k-gon, with k arbitrary;
T the tetrahedral group of 12 rotational symmetries of a tetrahedron;
O: the octahedral group of 24 rotational symmetries of a cube or an octahedron;
I the icosahedral group of 60 rotational symmetries of a dodecahedron or an icosahedron.

NDO QR

Note: The dihedral groups are usually presented as groups of symmetry of a regular polygon
in the plane, where reflections reverse orientation. However, a reflection of a plane can be
achieved by a rotation through the angle 7 in three-dimensional space, and in this way the
symmetries of a regular polygon can be realized as rotations of R3. The dihedral group D,
can be generated by a rotation x with angle 277/n about the e;-axis and a rotation y with
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°

angle 7 about the e>-axis. With ¢ = cos2m/n and s = sin 27 /n, the matrices that represent
these rotations are

1 -1
(6.12.2) x = c -s|, and y = 1 .
s ¢ -1 O

Let G be a finite subgroup of SO3s, of order N > 1. We’ll call a pole of an element
g#1 of G a pole of the group. Any rotation of R? except the identity has two poles — the
intersections of the axis of rotation with the unit sphere S?. So a pole of G is a point on the
2-sphere that is fixed by a group element g different from 1.

Example 6.12.3 The group T of rotational symmetries of a tetrahedron A has order 12. Its
poles are the points of S? that lie above the centers of the faces, the vertices, and the centers
of the edges. Since A has four faces, four vertices, and six edges, there are 14 poles.

|poles| = 14 = |faces| + |vertices| + |edges)|

Each of the 11 elements g1 of T has two spins — two pairs (g, p), where p is a pole of g.
So there are 22 spins altogether. The stabilizer of a face has order 3. Its two elements # 1
share a pole above the center of a face. Similarly, there are two elements with a pole above
a vertex, and one element with a pole above the center of an edge.

|spins| = 22 = 2 |faces| + 2 |vertices| + |edges)|

Let P denote the set of all poles of a finite subgroup G. We will get information about the
group by counting these poles. As the example shows, the count can be confusing.

Lemma 6.12.4 The set P of poles of G is a union of G-orbits. So G operates on P.

Proof. Let p be a pole, say the pole of an element g #1in G, let 4 be another element of G,
and let g = h p. We have to show that g is a pole, meaning that g is fixed by some element
g of G other than the identity. The required element is 2gh~1. This element is not equal to
1because g#1,and hgh™lq=hgp=hp=gq. ]

The stabilizer G, of a pole p is the group of all of the rotations about p that are in G.
It is a cyclic group, generated by the rotation of smallest positive angle 6. We’ll denote its
order by rp,. Then 6 = 27 /rp.
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Since p is a pole, the stabilizer G ,, contains an element besides 1, so r, > 1. The set of
elements of G with pole p is the stabilizer G p, with the identity element omitted. So there
are rp — 1 group elements that have p as pole. Every group element g except one has two
poles. Since |G| = N, there are 2N — 2 spins. This gives us the relation

(6.12.5) Y rp—D=2N-1).

peEP

We collect terms to simplify the left side of this equation: Let n, denote the order of the
orbit O, of p. By the Counting Formula (6.9.2),

If two poles p and p’ are in the same orbit, their orbits are equal, so n, = n,, and therefore
rp = rp. We label the various orbits arbitrarily, say as Oy, O, ... Ok, and we letn; = np
and r; = rp for pin O;, so that n;r; = N. Since the orbit O; contains n; elements, there are
n; terms equal to r; — 1 on the left side of (6.12.5). We collect those terms together. This
gives us the equation

k
Zni(ri —-1)=2N-2.

i=1

We divide both sides by N to get a famous formula:

1 2
(6.12.7) 2,: (1 - ;;) =2- 5

This may not look like a promising tool, but in fact it tells us a great deal. The right side is
between 1 and 2, while each term on the left is at least % It follows that there can be at most
three orbits.

The rest of the classification is made by listing the possibilities:

One orbit: 1 — 1 =2 — Z_ This is impossible, because 1 — L <1, while2 - % > 1.

Two orbits: (1 - 2) + (1 — £) =2 — %, thatis, = + £ = £.
Because r; divides N, this equation holds only when ry = r, = N, and then n; = ny = 1.
There are two poles p; and p;, both fixed by every element of the group. So G is the cyclic

group Cy of rotations whose axis of rotation is the line £ through p; and p».
Fhrecorbits: (1 - H)+ (1- 5+ 1 -5 =2-3%.
This is the most interesting case. Since % is positive, the formula implies that

1 1 1
(6.12.8) —+—+—>1

rn rn n
We arrange the r; in increasing order. Then ri = 2: If all r; were at least 3, the left side
would be < 1.
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Case I: ry = r, = 2. The third order r3 = k can be arbitrary, and N = 2k:
ri=2,2,k; ni=kk,2, N=2k

There is one pair of poles { p, p’} making the orbit O3. Half of the elements of G fix p, and
the other half interchange p and p’. So the elements of G are rotations about the line £
through p and p’, or else they are rotations by 7 about a line perpendicular to £. The group
G is the group of rotations fixing a regular k-gon A, the dihedral group Dy. The polygon A
lies in the plane perpendicular to £, and the vertices and the centers of faces of A correspond
to the remaining poles. The bilateral symmetries of A in R? have become rotations through
the angle 7 in R3.

Case 2: r1 =2 and 2 < ry < r3. The equation 1/2 + 1/4 + 1/4 = 1 rules out the possibility
that r, > 4. Therefore rp = 3. Then the equation 1/2 +1/3+1/6 = 1 rules out r3 > 6. Only
three possibilities remain:

(6.12.9)

i r,=2,3,3;, n;=6,4,4, N=12.
The poles in the orbit O3 are the vertices of a regular tetrahedron, and G is the
tetrahedral group T of its 12 rotational symmetries.

(i) r,=2,3,4, n;=12,8,6; N =24
The poles in the orbit O3 are the vertices of a regular octahedron, and G is the
octahedral group O of its 24 rotational symmetries.

Gi) r;=2,3,5;, n; =30,20,12; N =60.
The poles in the orbit O3 are the vertices of a regular icosahedron, and G is the
icosahedral group I of its 60 rotational symmetries.

In each case, the integers n; are the numbers of edges, faces, and vertices, respectively.

Intuitively, the poles in an orbit should be the vertices of a regular polyhedron because
they must be evenly spaced on the sphere. However, this isn’t quite correct, because the
centers of the edges of a cube, for example, form an orbit, but they do not span a regular
polyhedron. The figure they span is called a truncated polyhedron.

Well verify the assertion of (iii). Let V be the orbit O3 of order twelve. We want to
show that the poles in this orbit are the vertices of a regular icosahedron. Let p be one of
the poles in V. Thinking of p as the north pole of the unit sphere gives us an equator and
a south pole. Let H be the stabilizer of p. Since r3 = 5, this is a cyclic group, generated by
a rotation x about p with angle 27r/5. When we decompose V into H-orbits, we must get
at least two H-orbits of order 1. These are the north and south poles. The ten other poles
making up V form two H-orbits of order 5. We write them as {qo, . .., g4} and {qy, . .., @}},
where g; = x'qo and g} = xiq{). By symmetry between the north and south poles, one of
these H-orbits is in the northern hemisphere and one is in the southern hemisphere, or else
both are on the equator. Let’s say that the orbit {g;} is in the northern hemisphere or on the

equator.
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Let [x, y| denote the spherical distance between points x and y on the unit sphere. We
note that d = |p, g;| is independent of i =0, .. ., 4, because there is an element of H that
carries go ~~ q;, while fixing p. Similarly,d’ = | p, ¢;| is independent of i. So as p’ ranges over
the orbit V the distance | p, p’| takes on only four values 0, d, d’ and 7. The values d and d’
are taken on five times each, and 0 and sr are taken on once. Since G operates transitively
on 'V, we will obtain the same four values when p is replaced by any other pole in V.

We note that d < /2 while d’ > /2. Because there are five poles in the orbit {g;},
the spherical distance |g;, g;+1] is less than 7t /2, so it is equal to d, and d < /2. Therefore
that orbit isn’t on the equator. The three poles p, g;, g;+1 form an equilateral triangle. There
are five congruent equilateral triangles meeting at p, and therefore five congruent triangles
meet at each pole. They form the faces of an icosahedron.

Note: There are just five regular polyhedra. This can be proved by counting the number of
ways that one can begin to build one by bringing congruent regular polygons together at a
vertex. One can assemble three, four, or five equilateral triangles, three squares, or three
regular pentagons. (Six triangles, four squares, or three hexagons glue together into flat
surfaces.) So there are just five possibilities. But this analysis omits the interesting question
of existence. Does an icosahedron exist? Of course, we can build one out of cardboard. But
when we do, the triangles never fit together precisely, and we take it on faith that this is due
to our imprecision. If we drew the analogous conclusion about the circle of fifths in music,
we’d be wrong: the circle of fifths almost closes up, but not quite. The best way to be sure
that the icosahedron exists may be to write down the coordinates of its vertices and check
the distances. This is Exercise 12.7. a

Our discussion of the isometries of the plane has analogues for the group of isometries
of three-space. One can define the notion of a crystallographic group, a discrete subgroup
whose translation group is a three-dimensional lattice. The crystallographic groups are anal-
ogous to two-dimensional lattice groups, and crystals form examples of three-dimensional
configurations having such groups as symmetry. It can be shown that there are 230 types of
crystallographic groups, analogous to the 17 lattice groups (6.6.2). This is too long a list to
be useful, so crystals have been classified more crudely into seven crystal systems. For more
about this, and for a discussion of the 32 crystallographic point groups, look in a book on
crystallography, such as [Schwarzenbach].

Un bon héritage vaut mieux que le plus joli probléme
de géométrie, parce qu’il tient lieu de méthode
générale, et sert a resoudre bien des problémes.

—Gottfried Wilhelm Leibnitz2

2] learned this quote from V.I. Arnold. I'Hopital had written to Leibniz, apologizing for a long silence, and
saying that he had been in the country taking care of an inheritance. In his reply, Leibniz told him not to worry, and
continued with the sentence quoted.
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EXERCISES

Section1 Symmetry of Plane Figures
1.1. Determine all symmetries of Figures 6.1.4, 6.1.6, and 6.1.7.

Section 3 Isometries of the Plane
3.1. Verify the rules (6.3.3).
3.2. Let m be an orientation-reversing isometry. Prove algebraically that m? is a translation.

3.3. Prove that a linear operator on R? is a reflection if and only if its eigenvalues are 1 and -1,
and the eigenvectors with these eigenvalues are orthogonal.

3.4. Prove that a conjugate of a glide reflection in M is a glide reflection, and that the glide
vectors have the same length.
3.5. Write formulas for the isometries (6.3.1) in terms of a complex variable z = x + iy.

3.6. (a) Let s be the rotation of the plane with angle 7r/2 about the point (1, 1)’. Write the
formula for s as a product ¢, 0.

(b) Let s denote reflection of the plane about the vertical axis x = 1. Find an isometry g
such that grg™! = s, and write s in the form #, pgr.

Section 4 Finite Groups of Orthogonal Operators on the Plane

4.1. Write the product x?yx~!'y~1x3y3 in the form x?y/ in the dihedral group D,,.

4.2. (a) List all subgroups of the dihedral group Dy, and decide which ones are normal.

(b) List the proper normal subgroups N of the dihedral group Djs, and identify the
quotient groups Dys5/N.

(c) List the subgroups of Dg that do not contain x3.

4.3. (a) Compute the left cosets of the subgroup H = {1, x°} in the dihedral group Dqp.
(b) Prove that H is normal and that Do/ H is isomorphic to Ds.
(¢) Is Dy isomorphic to Ds X H?

Section 5 Discrete Groups of Isometries

5.1. Let £; and £; be lines through the origin in R? that intersect in an angle 7/n, and let r; be
the reflection about £;. Prove that r; and r; generate a dihedral group D,.

5.2. What is the crystallographic restriction for a discrete group of isometries whose translation
group L has the form Za with a+#0?

5.3. How many sublattices of index 3 are contained in a lattice L in R??

5.4. Let (a, b) be a lattice basis of a lattice L in R2. Prove that every other lattice basis has the
form (@, b') = (a, b) P, where P is a 2X2 integer matrix with determinant +1.

5.5. Prove that the group of symmetries of the frieze pattern <<1<<<1<< is isomorphic to the
direct product Cy X Co, of a cyclic group of order 2 and an infinite cyclic group.

5.6. Let G be the group of symmetries of the frieze pattern LS PSP 5 Determine
the point group G of G, and the index in G of its subgroup of translations.
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5.10.

5.11.

5.12.
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Let N denote the group of isometries of a line R!. Classify discrete subgroups of N,
identifying those that differ in the choice of origin and unit length on the line.

Let N’ be the group of isometries of an infinite ribbon
R={(x,y)|-1<y<1}.
It can be viewed as a subgroup of the group M. The followiﬁg elements are in N':

Ip:(x,y) > (x+a,y)
s:(x, y) = (=x,y)
ri(x,y) = (x,-y)
pi(x, y) = (=x,-y).

(a) State and prove analogues of (6.3.3) for these isometries.

(b) A frieze pattern is a pattern on the ribbon that is periodic and whose group of
symmetries is discrete. Classify the corresponding symmetry groups, identifying those
that differ in the choice of origin and unit length on the ribbon. Begin by making some
patterns with different symmetries. Make a careful case analysis when proving your
results.

Let G be a discrete subgroup of M whose translation group is not trivial. Prove that
there is a point pg in the plane that is not fixed by any element of G except the
identity.

Let f and g be rotations of the plane about distinct points, with arbitrary nonzero
angles of rotation 6 and ¢. Prove that the group generated by f and g contains a
translation.

If S and S are subsets of R” with S C 5, then S is dense in S if for every element 5" of §,
there are elements of S arbitrarily near to s’
(a) Prove that a subgroup I' of RY is either dense in R, or else discrete.

(b) Prove that the subgroup of R* generated by 1 and +/2 is dense in R*.

(¢) Let H be a subgroup of the group G of angles. Prove that H is either a cyclic subgroup
of G orelse it is dense in G.

Classify discrete subgroups of the additive group R3*.

Section 6 Plane Crystallographie Groups .

6.1.

6.2.

6'3 .

(a) Determine the point group G for each of the patterns depicted in Figure (6.6.2).

(b) For which of the patterns can coordinates be chosen so that the group G operates on
the lattice L?

Let G be the group of symmetries of an equilateral triangular lattice L. Determine the

index in G of the subgroup of translations in G.

With each of the patterns shown, determine the point group and find a pattern with the

same type of symmetry in Table 6.6.2.
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*6.4. Classify plane crystallographic groups with point group D; = {1, 7}.
6.5. (a) Prove that if the point group of a two-dimensional crystallographic group G is Cg or
Dg, the translation group L is an equilateral triangular lattice.
(b) Classify those groups.

*6.6. Prove that symmetry groups of the figures in Figure 6.6.2 exhaust the possibilities.

Section 7 Abstract Symmetry: Group Operations
7.1. Let G = D4 be the dihedral group of symmetries of the square.

(a) What is the stabilizer of a vertex? of an edge?
(b) G operates on the set of two elements consisting of the diagonal lines. What is the
stabilizer of a diagonal?

7.2. The group M of isometries of the plane operates on the set of lines in the plane. Determine
the stabilizer of a line.

7.3. The symmetric group S3 operates on two sets U and V of order 3. Decompose the product
set U X V into orbits for the “diagonal action” g(u, v) = (gu, gv), when

(a) the operations on U and V are transitive,
(b) the operation on U is transitive, the orbits for the operation on V are {v;} and {v3, v3}.

7.4. In each of the figures in Exercise 6.3, find the points that have nontrivial stabilizers, and
identify the stabilizers.

7.5. Let G be the group of symmetries of a cube, including the orientation-reversing symmetries.
Describe the elements of G geometrically.
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7.6. Let G be the group of symmetries of an equilateral triangular prism P, including the
orientation-reversing symmetries. Determine the stabilizer of one of the rectangular faces
of P and the order of the group.

7.7. Let G = G L, (R) operate on the set V = R”" by left multiplication.

(a) Describe the decomposition of V into orbits for this operation.
(b) What is the stabilizer of e1?

7.8. Decompose the set C2*%2 of 2 X2 complex matrices into orbits for the following operations
of GLy(C): (a) left multiplication, (b) conjugation.
7.9. (a) Let S be the set R”*" of real m X n matrices, and let G = G L,,(R) X G L, (R). Prove
that the rule (P, Q) * A = PAQ™! define an operation of G on S.
(b) Describe the decomposition of S into G-orbits.
(¢) Assume that m < n. What is the stabilizer of the matrix [ | 0]?

7.10. (a) Describe the orbit and the stabilizer of the matrix [é g] under conjugation in the
general linear group G L, (R).

(b) Interpreting the matrix in G L, (Fs), find the order of the orbit.

7.11. Prove that the only subgroup of order 12 of the symmetric group Sy is the alternating
group Ay.

Section 8 The Operation on Cosets

8.1. Does the rule P « A = PAP’ define an operation of G L, on the set of nXn matrices?

8.2. What is the stabilizer of the coset [a H] for the operation of G on G/ H?

8.3. Exhibit the bijective map (6.8.4) explicitly, when G is the dihedral group D4 and S is the
set of vertices of a square.

8.4. Let H be the stabilizer of the index 1 for the operation of the symmetric group G = S,
on the set of indices {1, ..., n}. Describe the left cosets of H in G and the map (6.8.4) in
this case.

Section 9 The Counting Formula

9.1. Use the counting formula to determine the orders of the groups of rotational symmetries
of a cube and of a tetrahedron.

9.2. Let G be the group of rotational symmetries of a cube, let Gy, G, G f be the stabilizers
of a vertex v, an edge e, and a face f of the cube, and let V, E, F be the sets of vertices,
edges, and faces, respectively. Determine the formulas that represent the decomposition
of each of the three sets into orbits for each of the subgroups.

9.3. Determine the order of the group of symmetries of a dodecahedron, when orientation-
reversing symmetries such as reflections in planes are allowed.

9.4. Identify the group 7" of all symmetries of a regular tetrahedron, including orientation-
reversing symmetries.



192

Chapter6  Symmetry

9.5. Let F be a section of an /-beam, which one can think of as the product set of the letter

9.6.

I and the unit interval. Identify its group of symmetries, orientation-reversing symmetrics
included.

Identify the group of symmetries of a baseball, taking the seam (but not the stitching) into
account and ailowing orientation-reversing symmetries.

Section 10 Operations on Subsets

10.1.

10.2.

10.3.

Determine the orders of the orbits for left multiplication on the set of subsets of order 3 of
Ds.

Let S be a finite set on which a group G operates transitively, and let U be a subset of §.
Prove that the subsets gL/ cover S evenly, that is, that everv clement of S is in the same
number of sets gU.

Consider the operation of left multiplication by G on the set of its subsets. Let U be a
subset such that the scts gU partition G. Let H be the unique subset in this orbit that
contains 1. Prove that H is a subgroup of G.

Section 11 Permutation Representations

111
11.2.
11.3.

114.

11.5.

11.6.

1L.7.

11.8.

11.9.

Describe all ways in which S5 can operate on a set of four elements.
Describe all ways in which the tetrahedral group T can operate on a set of two elements.

Let S be a set on which a group G operates, and let H be the subset of elements g such
that gs = s for all s in S. Prove that H is a normal subgroup of G.

Let G be the dihedral group D4 of symmetries of a square. Is the action of G on the
vertices a faithful action? on the diagonals?

A group G operates faithfully on a set S of five elements, and there are two orbits, one of
order 3 and one of order 2. What are the possible groups?

Hint: Map G to a product of symmetric groups.

Let F = F3. There are four one-dimensional subspaces of the space of column vectors
F?. List them. Left multiplication by an invertible matrix permutes these subspaces. Prove
that this operation defines a homomorphism ¢: G L,(F) — S4. Determine the kernel and
image of this homomorphism.

For each of the following groups, find the smallest integer n such that the group has a
faithful operation on a set of order n: (a) D4, (b) Dg, (c) the quaternion group H.

Find a bijective correspondence between the multiplicative group ]Ff, and the set of
automorphisms of a cyclic group of order p.

Three sheets of rectangular paper S, S, S3 are made into a stack. Let G be the group of
all symmetries of this configuration, including symmetries of the individual sheets as well
as permutations of the set of sheets. Determine the order of G, and the kernel of the map
G — S§3 defined by the permutations of the set {Sy, Sz, S3}.

Section 12  Finite Subgroups of the Rotation Group

12.1.

Explain why the groups of symmetries of the dodecahedron and the icosahedron are
isomorphic.



12.2.
12.3.

124.

12.5.
12.6.
12.7.

*12.8.
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Describe the orbits of poles for the group of rotations of an octahedron.

Let O be the group of rotations of a cube, and let S be the set of four diagonal lines
connecting opposite vertices. Determine the stabilizer of one of the diagonals.

Let G = O be the group of rotations of a cube, and et H be the subgroup carrying one of
the two inscribed tetrahedra to itself (see Exercise 3.4). Prove that H = 7.

Prove that the icosahedral group has a subgroup of order 10.
Determine all subgroups of (a) the tetrahedral group, (b) the icosahedral group.

The 12 points (£ 1. +a, 0)', (0, £ 1, t )", (£a,0, £ 1)! form the vertices of a regular
icosahedron if & > 1 is chosen suitably. Verity this. and determine c.

Prove the crystaliographic restriction for three-dimensional crystallographic groups:
A rotatioral symmetry of a crystzl has order 2. 3, 4, or 6.

Miscellaneous Problens

*M.1L

M.2.

M.3.

*M.4.

*ML5.

Let G be a two-dimensional crystallographic group such that no element g+#1 fixes any

point of the plane. Prove that G is generated by two translations, or else by one translation

and one glide.

(a) Prove that the set Aut G of automorphisms of a group G forms a group, the law of
composition being composition of functions.

(b) Prove that the map ¢: G — Aut G defined by g~ (conjugation by g) is a homo-
morphism, and determine its kernel.

(¢) The automorphisms that are obtained as conjugation by a group element are called
inner automorphisms. Prove that the set of inner automorphisms, the image of ¢, is a
normal subgroup of the group Aut G.

Determine the groups of automorphisms (see Exercise M.2) of the group

(@ Cs. (b)Cgq, () C2XCy, (d) Dy, (e)the quaternion group H.

With coordinates xi,...,x, in R" as usual, the set of points defined by the in-
equalities -1 < x; < +1, for i = 1,...,n, is an n-dimensional hypercube C,. The

1-dimensional hypercube is a line segment and the 2-dimensional hypercube is a square.
The 4-dimensional hypercube has eight face cubes, the 3-dimensional cubes defined by
{x; =1} and by {x; = —1},fori = 1, 2, 3, 4, and it has 16 verzices (+1, +1, 1, £1).

Let G, denote the subgroup of the orthogonal group O of elements that send the
hypercube to itself, the group of symmetries of C,, including the orientation-reversing sym-
metries. Permutations of the coordinates and sign changes are among the
elements of G,.

(a) Use the counting formula and induction to determine the order of the group G,.

(b) Describe G, explicitly, and identify the stabilizer of the vertex (1, . .., 1). Check your
answer by showing that G is isomorphic to the dihedral group Dj.

(a) Find a way to determine the area of one of the hippo heads that make up the first
pattern in Figure 6.6.2. Do the same for one of the fleurs-de-lys in the pattern at the
bottom of the figure.

(b) A fundamental domain D for a plane crystallographic group is a bounded region of the
plane such that the images gD, g in G, cover the plane exactly once, without overlap.
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*M.6.

*MLT.

M.8.

Chapter 6 Symmetry

Find two noncongruent fundamental domains for group of symmetries of the hippo
pattern. Do the same for the fleur-de-lys pattern.

(c) Prove thatif D and D’ are fundamental domains for the same pattern, then D can be
cut into finitely many pieces and reassembled to form D',

(d) Find a formula relating the area of a fundamental domain to the order of the point
group of the pattern.

Let G be a discrete subgroup of M. Choose a point p in the plane whose stablilizer in G
is trivial, and let S be the orbit of p. For every point g of § other than p, let £ be the line
that is the perpendicular bisector of the line segment [p, g, and let H, be the half plane
that is bounded by £, and that contains p. Prove that D = (") Hy is a fundamental domain
for G (see Exercise M.5).

Let G be a finite group operating on a finite set S. For each element g of G, let S8 denote
the subset of elements of S fixedby g: S8 ={se § | gs = s}, and let G be the stabilizer
of s.

(a) We may imagine a true—false table for the assertion that gs = s, say with rows indexed
by elements of G and columns indexed by elements of S. Construct such a table for
the action of the dihedral group D3 on the vertices of a triangle.

(b) Prove the formula } (¢ |Gs| = dec; | S8].

(¢) Prove Burnside’s Formula: |G| - ( number of orbits) = ZgéG | S&].

There are 70 = (g) ways to color the edges of an octagon, with four black and four white.
The group Dg operates on this set of 70, and the orbits represent equivalent colorings. Use
Burnside’s Formula (see Exercise M.7) to count the number of equivalence classes.



CHAPTER 7

More Group Theory

The more to do or to prove, the easier the doing or the proof.

—James Joseph Sylvester

We discuss three topics in this chapter: conjugation, the most important group operation,
the Sylow Theorems, which describe subgroups of prime power order in a finite group, and
generators and relations for a group.

7.1 CAYLEY'S THEOREM

Every group G operates on itself in several ways, left multiplication being one of them:

GXG - G

(7.1.1) on o on

This is a transitive operation — there is just one orbit. The stabilizer of any element is the
trivial subgroup <1, so the operation is faithful, and the permutation representation

G — Perm(G)

(7.1.2) g ~» mg — left multiplication by g

defined by this operation is injective (see Section 6.11).

Theorem 7.1.3 Cayley’s Theorem. Every finite group is isomorphic to a subgroup of a
permutation group. A group of order n is isomorphic to a subgroup of the symmetric
group Sy.

Proof. Since the operation by left multiplication is faithful, G is isomorphic to its image in
Perm(G). If G has order n, Perm(G) is isomorphic to Sj,. O

Cayley’s Theorem is interesting, but it is difficult to use because the order of S, is
usually too large in comparison with #.

7.2 THE CLASS EQUATION
Conjugation, the operation of G on itself defined by

(7.2.1) (g, %)~ gxg L.

195
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is more subtle and more important than left multiplication. Obviously, we shouldn’t use
multiplicative notation for this operation. We’ll verify the associative law (6.7.1) for the
operation, using gxx as a temporary notation for the conjugate gxg™!:

(gh) xx = (gh)x(gh)™" = ghxh™'g™" = g(hx )¢ = g » (h xx).
Having checked the axiom, we return to the usual notation gxg™?.

¢ The stabilizer of an element x of G for the operation of conjugation is called the centralizer
of x. It is often denoted by Z(x):

(72.2) Z(x)={geG|gxg ' =x} = {ge G| gx=xg}.
The centralizer of x is the set of elements that commute with x.

* The orbit of x for conjugation is called the conjugacy class of x, and is often denoted by
C(x). It consists of all of the conjugates gxg™1:

(7.2.3) C(x) = {x' € G | x' = gxg! for some g in G}.
The counting formula (6.9.2) tells us that
(7.2.4) |G| =|Z(x)|-|C(x)|
|G| = |centralizer|-|conj. class|
The center Z of a group G was defined in Chapter 2. It is the set of elements that

commute with every element of the group: Z = {z € G | zy = yz forall y in G}.

Proposition 7.2.5

(a) The centralizer Z(x) of an element x of G contains x, and it contains the center Z.

(b) An element x of G is in the center if and only if its centralizer Z(x) is the whole group
G, and this happens if and only if the conjugacy class C(x) consists of the element x
alone. O

Since the conjugacy classes are orbits for a group operation, they partition the group.
This fact gives us the class equation of a finite group:

(7.2.6) IGl= > |Cl

conjugacy

classes C
If we number the conjugacy classes, writing them as Cy, . . ., Cy, the class equation reads
(7.2.7) |G| =IC1]+ - +|Cxl.

The conjugacy class of the identity element 1 consists of that element alone. It seems natural
to list that class first, so that {Cy| = 1. The other occurences of 1 on the right side of the class
equation correspond to the elements of the center Z of G. Note also that each term on the
right side divides the left side, because it is the order of an orbit.

The numbers on the right side of the class equation divide the

(7.2.8) order of the group, and at least one of them is equal to 1.
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This is a strong restriction on the combinations of integers that may occur in such an
equation.

The symmetric group 3 has order 6. With our usual notation, the element x has order
3. Its centralizer Z(x) contains x, so its order is 3 or 6. Since yx = x%y, x is not in the center
of the group, and |Z(x)| = 3. It follows that Z(x) = {x), and the counting formula (7.2.4)
shows that the conjugacy class C(x) has order 2. Similar reasoning shows that the conjugacy
class C(y) of the element y has order 3. The class equation of the symmetric group 53 is

(7.2.9) 6=1+2+3.

As we see, the counting formula helps to determine the class equation. One can
determine the order of a conjugacy class directly, or one can compute the order of its
centralizer. The centralizer, being a subgroup, has more structure, and computing its order is
often the better way. We will see a case in which it is easier to determine the conjugacy classes
in the next section, but let’s look at another case in which one should use the centralizer.

Let G be the special linear group SL;(F3) of matrices of determinant 1 with entries
in the field F3. The order of this group is 24 (see Exercise 4.4). To start computing the
class equation by listing the elements of G would be incredibly boring. It is better to begin
by computing the centralizers of a few matrices A. This is done by solving the equation
PA = AP, for the matrix P. It is easier to use this equation, rather than PAP"! = A. For

instance, let
-1 a b
A= [1 ] and P = [c d] .

The equation PA = AP imposes the conditions b = -c¢ and a = d, and then the equation
det P = 1 becomes a? + ¢ = 1. This equation has four solutions in F3:a = +1, ¢ = 0 and
a=0,c= +1.S0|Z(A)| = 4 and |C(A)| = 6. This gives us a start for the class equation:
24 =1+ 6+ ---. To finish the computation, one needs to compute centralizers of a few more
matrices. Since conjugate elements have the same characteristic polynomial, one can begin
by choosing elements with different characteristic polynomials.

The class equation of SL»(F3) is

(7.2.10) 24=1+14+4+4+4+4+6.

7.3 p-GROUPS

The class equation has several applications to groups whose orders are positive powers of a
prime p. They are called p-groups.

Proposition 7.3.1 The center of a p-group is not the trivial group.

Proof. Say that |G| = p¢ with e > 1. Every term on the right side of the class equation
divides p?, so it is a power of p too, possibly p° = 1. The positive powers of p are divisible
by p. If the class Cy of the identity made the only contribution of 1 to the right side, the
equation would read

p® =1+ (muliiples of p).

This is impossible, so there must be more 1’s on the right. The center is not trivial. a
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A similar argument can be used to prove the following theorem for operations of
p-groups. We'll leave its proof as an exercise.

Theorem 7.3.2 Fixed Point Theorem. Let G be a p-group, and let S be a finite set on which
G operates. If the order of S is not divisible by p, there is a fixed point for the operation of
G on S - an element s whose stabilizer is the whole group. O

Proposition 7.3.3 Every group of order p? is abelian.

Proof. Let G be a group of order p?. According to the previous proposition, its center Z is
not the trivial group. So the order of Z must be p or p?. If the order of Z is p?, then Z = G,
and G is abelian as the proposition asserts. Suppose that the order of Z is p, and let x be an
element of G that is not in Z. The centralizer Z(x) contains x as well as Z, so it is strictly
larger than Z. Since |Z(x)| divides |G|, it must be equal to p?, and therefore Z(x) = G.
This means that x commutes with every element of G, so it is in the center after all, which is
a contradiction. Therefore the center cannot have order p. O

Corollary 7.3.4 A group of order p? is either cyclic, or the product of two cyclic groups of
order p.

Proof. Let G be a group of order p?. If G contains an element of order p?, it is cyclic. If
not, every element of G different from 1 has order p. We choose elements x and y of order
p such that y is not in the subgroup <{x>. Proposition 2.11.4 shows that G is isomorphic to
the product <x>X<{y>. O

The number of isomorphism classes of groups of order p¢ increases rapidly with e.
There are five isomorphism classes of groups of order eight, 14 isomorphism classes of groups
of order 16, and 51 isomorphism classes of groups of order 32.

7.4 THE CLASS EQUATION OF THE ICOSAHEDRAL GROUP

In this section we use the conjugacy classes in the icosahedral group I — the group of
rotational symmetries of a dodecahedron, to study this interesting group. You may want to
refer to a model of a dodecahedron or to an illustration while thinking about this.

Let 6 = 27r/3. The icosahedral group contains the rotation by 6 about a vertex v. This
rotation has spin (v, 8), so we denote it by p(,,g). The 20 vertices form an /-orbit orbit, and
if v’ is another vertex, then o(, ) and p(y,¢) are conjugate elements of /. This follows from
Corollary 5.1.28(b). The vertices form an orbit of order 20, so all of the rotations p(y,g) are
conjugate. They are distinct, because the only spin that defines the same rotation as (v, ) is
(-v, -6) and -6+6. So these rotations form a conjugacy class of order 20.

Next, I contains rotations with angle 277 /5 about the center of a face, and the 12 faces
form an orbit. Reasoning as above, we find a conjugacy class of order 12. Similarly, the
rotations with angle 47/5 form a conjugacy class of order 12.

Finally, / contains a rotation with angle 7 about the center of an edge. There are 30
edges, which gives us 30 spins (e, 7). But & = ~7. If e is the center of an edge, so is -e, and
the spins (e, ) and (-e, -7) represent the same rotation. This conjugacy class contains only
15 distinct rotations.
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The class equation of the icosahedral group is
(7.4.1) 60=1+20+12+12+15.

Note: Calling (v, 6) and (e, 1) spins isn’t accurate, because v and e can’t both have unit
length. But this is obviously not an important point.

Simple Groups

A group G is simple if it is not the trivial group and if it contains no proper normal
subgroup - no normal subgroup other than (1> and G. (This use of the word simple does
not mean ‘“‘uncomplicated.” Its meaning here is roughly “not compound.”) Cyclic groups of
prime order contain no proper subgroup at all; they are therefore simple groups. All other
groups except the trivial group contain proper subgroups, though not necessarily proper
normal subgroups.

The proof of the following lemma is straightforward.

Lemma 7.4.2 Let N be a normal subgroup of a group G.

(a) If N contains an element x, then it contains the conjugacy class C(x) of x.
(b) N is a union of conjugacy classes.
(c¢) The order of N is the sum of the orders of the conjugacy classes that it contains. O

We now use the class equation to prove the following theorem.
Theorem 7.4.3 The icosahedral group / is a simple group.

Proof. The order of a proper normal subgroup of the icosahedral group is a proper divisor
of 60, and according to the lemma, it is also the sum of some of the terms on the right side of
the class equation (7.4.1), including the term 1, which is the order of the conjugacy class of
the identity element. There is no integer that satisfies both of those requirements, and this
proves the theorem. O

The property of being simple can be useful because one may run across normal
subgroups, as the next theorem illustrates.

Theorem 7.4.4 The icosahedral group is isomorphic to the alternating group As. Therefore
As is a simple group.

Proof. To describe this isomorphism, we need to find a set S of five elements on which 7/
operates. This is rather subtle, but the five cubes that can be inscribed into a dodecahedron,
one of which is shown below, form such a set.

The icosahedral group operates on this set of five cubes, and this operation defines
a homomorphism ¢: I — Ss, the associated permutation representation. We show that ¢
defines an isomorphism from I to the alternating group As. To do this, we use the fact that
I is a simple group, but the only information that we need about the operation is that it isn’t
trivial.
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(7.4.5) One of the Cubes Inscribed in a Dodecahedron.

The kernel of ¢ is a normal subgroup of /. Since I is a simple group, the kernel is
either the trivial group <{1> or the whole group /. If the kernel were the whole group,
the operation of I on the set of five cubes would be the trivial operation, which it is not.
Therefore ker ¢ = (1. This shows that ¢ is injective. It defines an isomorphism from / to
its image in Ss.

Next, we compose the homomorphism ¢ with the sign homomorphism o: S5 — {£1},
obtaining a homomorphism og: I — {+£1}. If this homomorphism were surjective, its kernel
would be a proper normal subgroup of 1. This is not the case because [ is simple. Therefore
the restriction is the trivial homomorphism, which means that the image of ¢ is contained
in the kernel of o, the alternating group As. Both 7 and As both have order 60, and ¢ is
injective. So the image of ¢, which is isomorphic to 7, is As. O

7.5 CONJUGATION IN THE SYMMETRIC GROUP

The least confusing way to describe conjugation in the symmetric group is to think of
relabeling the indices. If the given indices are 1,2,3,4,5, and if we relabel them as
a, b, ¢, d, e, respectively, the permutation p = (134) (25) is changed to (acd) (be).

To write a formula for this procedure, we let ¢ : I — L denote the relabeling map
that goes from the set I of indices to the set L of letters: ¢(1) = a, ¢(2) = b, etc. Then the
relabeled permutation is @ o p o ¢ 1. This is explained as follows:

First map letters to indices using ¢~ 1.
Next, permute the indices by p.
Finally, map indices back to letters using .

We can use a permutation g of the indices to relabel in the same way. The result, the
conjugate p’ = gpq~!, will be a new permutation of the same set of indices. For example, if
we use g = (1452) to relabel, we will get

gpq' = (1452)-(134) (25)-(2541) = (435)(12) = p'.

There are two things to notice. First, the relabeling will produce a permutation whose
cycles have the same lengths as the original one. Second, by choosing the permutation g
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suitably, we can obtain any other permutation that has cycles of those same lengths. If we
write one permutation above the other, ordered so that the cycles correspond, we can use
the result as a table to define g. For example, to obtain p’ = (435) (12) as a conjugate of
the permutation p = (134) (25), as we did above, we could write

(134) (25
435) 12)°

The relabeling permutation g is obtained by reading this table down: 1~ 4, etc.

Because a cycle can start from any of its indices, there will most often be several
permutations g that yield the same conjugate.

The next proposition sums up the discussion.

Propesition 7.5.1 Two permutations p and p’ are conjugate elements of the symmetric
group if and only if their cycle decompositions have the same orders. a

We use Proposition 7.5.1 to determine the class equation of the symmetric group Ss.
The cycle decomposition of a permutation gives us a partition of the set {1, 2, 3, 4}. The
orders of the subsets making a partition of four can be

1,1,1,1; 2,1,1; 2,2; 3,1; or 4.

The permutations with cycles of these orders are the identity, the transpositions, the products
of (disjoint) transpositions, the 3-cycles, and the 4-cycles, respectively.

There are six transpositions, three products of transpositions, eight 3-cycles, and six
4-cycles. The proposition tells us that each of these sets forms one conjugacy class, so the
class equation of Sy is

(75.2) 24=1+3+6+6+8.
A similar computation shows that the class equation of the symmetric group Ss is
(7.5.3) 120 =1410 + 15+ 20 + 20 + 30 4 24.

We saw in the previous section (7.4.4) that the alternating group As is a simple group
because it is isomorphic to the icosahedral group 7, which is simple. We now prove that most
alternating groups are simple.

Theorem 7.5.4 For every n > 5, the alternating group A, is a simple group.

To complete the picture we note that A» is the trivial group, As is cyclic of order three, and
that A4 is not simple. The group of order four that consists of the identity and the three
products of transpositions (12)(34), (13)(24), (14)(23) is a normal subgroup of S4 and
of Aq (see (2.5.13)(b)).

Lemma 7.5.5

(a) For n > 3, the alternating group A, is generated by 3-cycles.
(b) For n > 5, the 3-cycles form a single conjugacy class in the alternating group A,.
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Proof. (a) This is analogous to the method of row reduction. Say that an even permutation
D, not the identity, fixes m of the indices. We show that if we multiply p on the left by a
suitable 3-cycle g, the product g p will fix at least m + 1 indices. Induction on m will complete
the proof.

If p is not the identity, it will contain either a k-cycle with k > 3, or a product
of two 2-cycles. It does not matter how we number the indices, so we may suppose that
p=@123-k)--- or p=(12)(34)---. Letg = (321). The product gp fixes the index 1 as
well as all indices fixed by p.

(b) Suppose that n > 5, and let ¢ = (123). According to Proposition 7.5.1, the 3-cycles
are conjugate in the symmetric group S,. So if ¢’ is another 3-cycle, there is a permutation
p such that pgp™! = ¢'. If p is an even permutation, then g and g’ are conjugate in A,.
Suppose that p is odd. The transposition T = (45) is in S, because n > 5, and qr ! = q.
Then ptis even, and (p1)q(pr)~ ! = 4. O

Proof. We now proceed to the proof of the Theorem. Let N be a nontrivial normal subgroup
of the alternating group A, with n > 5. We must show that N is the whole group A,. It
suffices to show that N contains a 3-cycle. If so, then (7.5.5)(b) will show that N contains
every three-cycle, and (7.5.5)(a) will show that N = A,,.

We are given that N is a normal subgroup and that it contains a permutation x different
from the identity. Three operations are allowed: We may multiply, invert, and conjugate.
For example, if g is any element of A,, then gxg~! and x™! are in NV too. So is their product,
the commutator gxg 'x~1. And since g can be arbitrary, these commutators give us many
elements that must be in N.

Our first step is to note that a suitable power of x will have prime order, say order
£. We may replace x by this power, so we may assume that x has order £. Then the cycle
decomposition of x will consist of £-cycles and 1-cycles.

Unfortunately, the rest of the proof requires looking separately at several cases. In each
of the cases, we compute a commutator gxg~ !x~!, hoping to be led to a 3-cycle. Appropriate
elements can be found by experiment.

Case I: x has order £ > 5.

How the indices are numbered is irrelevant, so we may suppose that x contains the £-cycle
(12345 -.€),say x = (12345 - .£)y, where y is a permutation of the remaining indices. Let
g = (432). Then

first do this
gxg 'x™l = [(432)]0[(12345 - -£)y][(234)] o[y 1 (£--54321)] = (245).

The commutator is a 3-cycle.

Case 2: x has order 3.

There is nothing to prove if x is a 3-cycle. If not, then x contains at least two 3-cycles, say
x=(123)(456)y. Let g = (432). Then gxg'lx“1 = (15243). The commutator has order
5. We go back to Case 1.

Case 3a: x has order 2 and it contains a 1-cycle.
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Since it is an even permutation, x must contain at least two 2-cycles, say x = (12)(34)(5)y.
Let g = (531). Then gxg 'x™! = (15243). The commutator has order 5, and we go back
to Case 1 again. ‘

Case 3b: x has order £ = 2, and contains no 1-cycles.
Since n > 5, x contains more than two 2-cycles. Say x = (12)(34)(56)y. Let g = (531).
Then gxg“lx~1 = (153)(246). The commutator has order 3 and we go back to Case 2.

These are the possibilities for an even permutation of prime order, so the proof of the
theorem is complete. a

7.6 NORMALIZERS

We consider the orbit of a subgroup H of a group G for the operation of conjugation by G.
The orbit of [ H] is the set of conjugate subgroups [gHg '], with g in G. The stabilizer of
[ H] for this operation is called the normalizer of H, and is denoted by N(H):

(7.6.1) N(H)=|ge G| gHg ' = HJ.

The Counting Formula reads

(7.6.2) |G| = |N(H)| - (number of conjugate subgroups).
The number of conjugate subgroups is equal to the index [G : N(H)].

Proposition 7.6.3 Let H be a subgroup of a group G, and let N be the normalizer of H.

(a) H is a normal subgroup of N.
(b) H is a normal subgroup of G if and only if N = G.
(¢) |H| divides |N| and {N] divides |G]|. O

For example, let H be the cyclic subgroup of order two of the symmetric group Ss that
is generated by the element p = (12)(34). The conjugacy class C(p) contains the 15 pairs
of disjoint transpositions, each of which generates a conjugate subgroup of H. The counting
formula shows that the normalizer N(H) has order eight: 120 = 8- 15.

7.7 THE SYLOW THEOREMS
The Sylow Theorems describe the subgroups of prime power order of an arbitrary finite
group. They are named after the Norwegian mathematician Ludwig Sylow, who discovered
them in the 19th century.

Let G be a group of order n, and let p be a prime integer that divides n. Let p® denote
the largest power of p that divides n, so that

(7.7.1) n=p‘m,

where m is an integer not divisible by p. Subgroups H of G of order p¢ are called Sylow
p-subgroups of G. A Sylow p-subgroup is a p-group whose index in the group isn’t divisible

by p.
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Theorem 7.7.2 First Sylow Theorem. A finite group whose order is divisible by a prlme )4
contains a Sylow p-subgroup.

Proofs of the Sylow Theorems are at the end of the section.

Corollary 7.7.3 A finite group whose order is divisible by a prime p contains an element of
order p.

Proof. Let G be such a group, and let H be a Sylow p-subgroup of G. Then H contains an
element x different from 1. The order of x divides the order of H, so it is a positive power

of p, say pk. Then xP*"" has order p. a

This corollary isn’t obvious. We already know that the order of any element divides the
order of the group, but we might imagine a group of order 6, for example, made up of the
identity 1 and five elements of order 2. No such group exists. A group of order 6 must contain
an element of order 3 and an element of order 2.

The remaining Sylow Theorems give additional information about the Sylow sub-
groups.

Theorem 7.7.4 Second Sylow Theorem. Let G be a finite group whose order is divisible by
a prime p.

(a) The Sylow p-subgroups of G are conjugate subgroups.

(b) Every subgroup of G that is a p-group is contained in a Sylow p-subgroup.

A conjugate subgroup of a Sylow p-subgroup will be a Sylow p-subgroup too.

Corollary 7.7.5 A group G has just one Sylow p-subgroup H if and only if that subgroup is
normal. O

Theorem 7.7.6 Third Sylow Theorem. Let G be a finite group whose order »n is divisible
by a prime p. Say that n = p®m, where p does not divide m, and let s denote the number
of Sylow p-subgroups. Then s divides m and s is congruent to 1 modulo p: s = kp + 1 for
some integer k > 0.

Before proving the Sylow theorems, we will use them to classify groups of orders 6, 15,
and 21. These examples show the power of the theorems, but the classification of groups of
order # is not easy when »n has many factors. There are just too many possibilities.

Proposition 7.7.7

(a) Every group of order 15 is cyclic.

(b) There are two isomorphism classes of groups of order 6, the class of the cyclic group Cg
and the class of the symmetric group Ss.

(¢) There are two isomorphism classes of groups of order 21: the class of the cyclic group
C>;, and the class of a group G generated by two elements x and y that satisfy the
relations x” =1, y> =1, yx = x%y.
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Proof. (a) Let G be a group of order 15. According to the Third Sylow Theorem, the number
of its Sylow 3-subgroups divides 5 and is congruent 1 modulo 3. The only such integer is 1.
Therefore there is one Sylow 3-subgroup, say H, and it is a normal subgroup. For similar
reasons, there is just one Sylow 5-subgroup, say K, and it is normal. The subgroup H is cyclic
of order 3, and K is cyclic of order 5. The intersection H N K is the trivial group. Proposition
2.11.4(d) tells us that G is isomorphic to the product group H X K. So all groups of order 15
are isomorphic to the product C3 X Cs of cyclic groups and to each other. The cyclic group
C1s is one such group, so all groups of order 15 are cyclic.

(b) Let G be a group of order 6. The First Sylow Theorem tells us that G contains a Sylow
3-subgroup H, a cyclic group of order 3, and a Sylow 2-subgroup K, cyclic of order 2.
The Third Sylow Theorem tells us that the number of Sylow 3-subgroups divides 2 and is
congruent 1 modulo 3. The only such integer is 1. So there is one Sylow 3-subgroup H,
and it.is a normal subgroup. The same theorem also tells us that the number of Sylow
two-subgroups divides 3 and is congruent 1 modulo 2. That number is either 1 or 3.

Case 1: Both H and K are normal subgroups.

As in the previous example, G is isomorphic to the product group H X K, which is
abelian. All abelian groups of order 6 are cyclic.

Case 2: G contains 3 Sylow 2-subgroups, say K1, K3, K3.

The group G operates by conjugation on the set S = {[K1], [K3], [K3]} of order
three, and this gives us a homomorphism ¢: G — S3 from G to the symmetric group, the
associated permutation representation (6.11.2). The Second Sylow Theorem tells us that
the operation on S is transitive, so the stabilizer in G of the element [K;], which is the
normalizer N(K;), has order 2. It is equal to K;. Since K1 N K, = {1}, the identity is the
only element of G that fixes all elements of S. The operation is faithful, and the permutation
representation ¢ is injective. Since G and S3 have the same order, ¢ is an isomorphism.

(c) Let G be a group of order 21. The Third Sylow Theorem shows that the Sylow 7-subgroup
K must be normal, and that the number of Sylow 3-subgroups is 1 or 7. Let x be a generator
for K, and let y be a generator for one of the Sylow 3-subgroups H. Then x’ = 1 and y=1,
so HN K = {1}, and therefore the product map H X K — G is injective (2.11.4)(a). Since
G has order 21, the product map is bijective. The elements of G are the products x*y/ with
0<i<7and0< j<3.

Since K is a normal subgroup, yxy~! is an element of K, a power of x, say x, with i in
the range 1 < i < 7. So the elements x and y satisfy the relations

(7.7.8) =1, y¥=1, yx=x'y.

These relations are enough to determine the multiplication table for the group. However,
the relation y* = 1 restricts the possible exponents i, because it implies that y>xy™3 = x:

X = ysxy—3 =y2xiy? = yxily—l =X,

Therefore i° =1 modulo 7. This tells us that i must be 1, 2, or 4.
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The exponent i = 3, for instance, would imply x = x> = x% = x™!. Then x? = 1 and
also x” = 1, from which it follows that x = 1. The group defined by the relations (7.7.8) with
i = 3 is a cyclic group of order 3, generated by y.

Case I: yxy! = x. Then x commutes with y. Both H and K are normal subgroups. As
before, G is isomorphic to a direct product of cyclic groups of orders 3 and 7, and is a cyclic
group.

Case 2: yxy ! = x%. As noted above, the multiplication table is determined. But we still
have to show that this group actually exists. This comes down to showing that the relations
don’t cause the group to collapse, as happens when i = 3. We’ll learn a systematic method
for doing this, the Todd-Coxeter Algorithm, in Section 7.11. Another way is to exhibit the
group explicitly, for example as a group of matrices. Some experimentation is required to do
this.

Since the group we are looking for is supposed to contain an element of order 7, it is
natural to try to find suitable matrices with entries modulo 7. At least we can write down a
2 X 2 matrix with entries in F; that has order 7, namely the matrix x below. Then y can be
found by trial and error. The matrices

o[ 4] o]

with entries in F satisfy the relations x” = 1, y* =1, yx = x?y, and they generate a group
of order 21.

Case 3: yxy~! = x*. Then y?xy™? = x2. We note that y? is also an element of order 3. So we
may replace y by y?, which is another generator for H. The result is that the exponent 4 is
replaced by 2, which puts us back in the previous case.

Thus there are two isomorphism classes of groups of order 21, as claimed. a

We use two lemmas in the proof of the first Sylow Theorem.

Lemma 7.7.9 Let U be a subset of a group G. The order of the stabilizer Stab([U]) of [U]
for the operation of left multiplication by G on the set of its subsets divides both of the
orders |U| and |G|.

Proof. If H is a subgroup of G, the H-orbit of an element u of G for left multiplication by
H is the right coset Hu. Let H be the stabilizer of [U]. Then multiplication by H permutes
the elements of U, so U is partitioned into H-orbits, which are right cosets. Each coset has
order |H|, so | H| divides |U|. Because H is a subgroup, | H| divides |G|. O

Lemma 7.7.10 Let n be an integer of the form p®m, where e > 0 and p does not divide m.
The number N of subsets of order p¢ in a set of order n is not divisible by p.

Proof. The number N is the binomial coefficient

(n)_ n(n-1)--(n—-k)y---(n—p°+1

)2 _pe(pe—l)---(pe—k) o1
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The reason that N# 0 modulo p is that every time p divides a term (n — k) in the numerator
of N, it also divides the term (p¢ — k) of the denominator the same number of times:
If we write k in the form k = p'f, where p does not divide £, then i < e. Therefore
(m — k) = (p¢ — k) and (n — k) = (p°m — k) are both divisible by p’ but not by pi+l. 0O

Proof of the First Sylow Theorem. Let S be the set of all subsets of G of order p¢. One of
the subsets is a Sylow subgroup, but instead of finding it directly we look at the operation of
left multiplication by G on S. We will show that one of the subsets [U] of order p? has a
stabilizer of order p€. That stabilizer will be the subgroup we are looking for.

We decompose S into orbits for the operation of left multiplication, obtaining an
equation of the form

N=IS|= ) |O|
orbits O

According to Lemma 7.7.10, p doesn’t divide N. So at least one orbit has an order that isn’t
divisible by p, say the orbit Oy of the subset [U]. Let H be the stabilizer of [U]. Lemma
7.7.9 tells us that the order of H divides the order of U, which is p¢. So | H| is a power of p.
We have |H| - |Oyjl = |G| = p®m, and |O(y| isn’t divisible by p. Therefore |O(y)| = m
and |H| = p°. So H is a Sylow p-subgroup. a

Proof of the Second Sylow Theorem. Suppose that we are given a p-subgroup K and a
Sylow p-subgroup H. We will show that some conjugate subgroup H’ of H contains K,
which will prove (b). If K is also a Sylow p-subgroup, it will be equal to the conjugate
subgroup H', so (a) will be proved as well.

We choose a set C on which the group G operates, with these properties: p does not
divide the order |C|, the operation is transitive, and C contains an element ¢ whose stabilizer
is H. The set of left cosets of H in G has these properties, so such a set exists. (We prefer
not to clutter up the notation by explicit reference to cosets.)

We restrict the operation of G on C to the p-group K. Since p doesn’t divide |C|, there
is a fixed point ¢’ for the operation of K. This is the Fixed Point Theorem 7.3.2. Since the
operation of G is transitive, ¢’ = gc for some g in G. The stabilizer of ¢’ is the conjugate
subgroup gHg ! of H (6.7.7), and since K fixes ¢/, the stabilizer contains K. a

Proof of the Third Sylow Theorem. We write |G| = p®m as before. Let s denote the number
of Sylow p-subgroups. The Second Sylow Theorem tells us that the operation of G on the
set S of Sylow p-subgroups is transitive. The stabilizer of a particular Sylow p-subgroup [ H]
is the normalizer N = N(H) of H. The counting formula tells us that the order of S, which
is s, is equal to the index [G : N]. Since N contains H (7.6.3) and since [G : H] is equal to m,
s divides m.

Next, we decompose the set S into orbits for the operation of conjugation by H. The
H-orbit of [ H] has order 1. Since H is a p-group, the order of any H-orbit is a power of p.
To show that s=1 modulo p, we show that no element of S except [ H] is fixed by H.

Suppose that H' is a p-Sylow subgroup and that conjugation by H fixes [H']. Then H
is contained in the normalizer N’ of H’, so both H and H’ are Sylow p-subgroups of N’. The
second Sylow theorem tells us that the p-Sylow subgroups of N’ are conjugate subgroups of
N'’.But H' is a normal subgroup of N’ (7.6.3)(a). Therefore H' = H. O
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7.8 GROUPS OF ORDER 12

We use the Sylow Theorems to classify groups of order 12. This theorem serves to illustrate
the fact that classifying groups becomes complicated when the order has several factors.

Theorem 7.8.1 There are five isomorphism classes of groups of order 12. They are
represented by: '

¢ the product of cyclic groups C4 X C3,

» the product of cyclic groups Cz X C, X C3,

the alternating group A4,

the dihedral group Dy,

the group generated by elements x and y, with relations x* = 1, y3 = 1, xy = y%x.

All but the last of these groups should be familiar. The product group C4 X C3 is isomorphic
to C13, and C, X Cy X C3 is isomorphic to Cy X Cg (see Proposition 2.11.3).

Proof. Let G be a group of order 12, let H be a Sylow 2-subgroup of G, which has order 4,
and let K be a Sylow 3-subgroup of order 3. It follows from the Third Sylow Theorem that
the number of Sylow 2-subgroups is either 1 or 3, and that the number of Sylow 3-subgroups
is 1 or 4. Also, H is a group of order 4 and is therefore either a cyclic group C4 or the Klein
four group C; X C; (Proposition 2.11.5). Of course X is cyclic.

Though this is not necessary for the proof, begin by showing that at least one of the
two subgroups, H or K, is normal. If K is not normal, there will be four Sylow 3-subgroups
conjugate to K, say Kj, ..., K4, with K1 = K. These groups have prime order, so the
intersection of any two of them is the trivial group {1>. Then there are only three elements
of G that are not in any of the groups K;. This fact is shown schematically below.

A Sylow 2-subgroup H has order 4, and H N K; = <1). Therefore H consists of the three
clements not in any of the groups K, together with 1. This describes H for us and shows
that there is only one Sylow 2-subgroup. Thus H is normal.

Next, we note that H N K = <1, so the product map H X K — G is a bijective map
of sets (2.11.4). Every element of G has a unique expression as a product Ak, with 4 in H
and k in K.



Section 7.8 Groups of Order 12 209

Case 1: H and K are both normal.

Then G is isomorphic to the product group H X K (2.11.4). Since there are two
possibilities for H and one for K, there are two possibilities for G:

GrCyXC3 or GrCyXCyXCs.
These are the abelian groups of order 12.

Case 2: K is not normal.

There are four conjugate Sylow 3-subgroups, K, ..., K4, and G operates by con-
jugation on this set of four. This operation determines a permutation representation, a
homomorphism @: G— S, to the symmetric group. We’ll show that ¢ maps G isomorphi-
cally to the alternating group As.

The normalizer N; of K; contains K;, and the counting formula shows that |N;| = 3.
Therefore N; = K. Since the only element in common to the subgroups K; is the identity,
only the identity stabilizes all of these subgroups. Thus the operation of G is faithful, ¢ is
injective, and G is isomorphic to its image in Sy.

Since G has four subgroups of order 3, it contains eight elements of order 3. Their
images are the 3-cycles in S4, which generate A4 (7.5.5). So the image of G contains Ajy.
Since G and A4 have the same order, the image is equal to Ag.

Case 3: K is normal, but H is not.
Then H operates by conjugation on K = {1, y, y?}. Since H is not normal, it contains
an element x that doesn’t commute with y, and then xyx™! = y2.

Case 3a: K is normal, H is not normal, and H is a cyclic group.
The element x generates H, so G is generated by elements x and y, with the relations

(7.822) xt =1,y =1, xy = y*x.

These relations determine the multiplication table of G, so there is at most one isomorphism
class of such groups. But we must show that these relations don’t collapse the group further,
and as with groups of order 21 (see 7.7.8), it is simplest to represent the group by matrices.
We’ll use complex matrices here. Let @ be the complex cube root of unity e27/3. The
complex matrices

(7.8.3) x=[1 ‘1] : y=[‘” wZ]

satisfy the three relations, and they generate a group of order 12.

Case 3b: K is normal, H is not normal, and H =~ Cy X Cs.

The stabilizer of y for the operation of H by conjugation on the set {y, y*} has order 2.
So H contains an element z # 1 such that zy = yz and also an element x such that xy = y?x.
Since H is abelian, xz = zx. Then G is generated by three elements x, y. z, with relations

x2=1, y3=1, 22=1, yzZ =2y, XZ=2X, xy=y2x.
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These relations determine the multiplication table of the group, so there is at most one
isomorphism class of such groups. The dihedral group Dg isn’t one of the four groups
described before, so it must be this one. Therefore G is isomorphic to De. O

7.9 THE FREE GROUP

We have seen that one can compute in the symmetric group S3 using the usual generators x
and y, together with the relations x> = 1, y* = 1, and yx = x?y. In the rest of the chapter,
we study generators and relations in other groups.

We first consider groups with generators that satisfy no relations other than ones (such
as the associative law) that are implied by the group axioms. A set of group elements that
satisfy no relations except those implied by the axioms is called free, and a group that has a
free set of generators is called a free group.

To describe free groups, we start with an arbitrary set, say S = {a, b, c, . ..}. We call its
elements “symbols,” and we define a word to be a finite string of symbols, in which repetition
is allowed. For instance a, aa, ba, and aaba are words. Two words can be composed by
juxtaposition, that is, placing them side by side:

aa, ba~ aaba.

This is an associative law of composition on the set W of words. We include the ‘“‘empty
word” in W as an identity element, and we use the symbol 1 to denote it. Then the set
W becomes what is called the free semigroup on the set S. It isn’t a group because it lacks
inverses, and adding inverses complicates things a little.

Let S’ be the set that consists of symbols a and a™! for every a in S:

(7.9.1) S'={a,al,b,b,c,c1, ...},

and let W’ be the semigroup of words made using the symbols in §'. If a word looks like

..xx_l... or ...x_lx...

for some x in S, we may agree to cancel the two symbols x and x~! to reduce the length of
the word. A word is called reduced if no such cancellation can be made. Starting with any
word w in W’, we can perform a finite sequence of cancellations and must eventually get a
reduced word wy, possibly the empty word 1. We call wy a reduced form of w.

There may be more than one way to proceed with cancellation. For instance, starting
with w = abb~1c¢™1ch, we can proceed in two ways:

app'cich bbb
2

y
af ' abfy
J \A
ab ab

The same reduced word is obtained at the end, though the symbols come from different
places in the original word. (The ones that remain at the end have been underlined.) This is

always true.

Proposition 7.9.2 There is only one reduced form of a given word w.
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Proof. We use induction on the length of w. If w is reduced, there is nothing to show. If not,
there must be some pair of symbols that can be cancelled, say the underlined pair

w = --- -_Q—] e
(Let’s allow x to denote any element of §’, with the understanding that if x = a~! then
x~1 = a.) If we show that we can obtain every reduced form of w by cancelling the pair xx™!
first, the proposition will follow by induction, because the word ---f¥°1--- is shorter.
Let wy be a reduced form of w. It is obtained from w by some sequence of cancellations.
The first case is that our pair xx~! is cancelled at some step in this sequence. If so, we may
as well cancel xx~! first. So this case is settled. On the other hand, since wy is reduced, the
pair xx~! cannot remain in wyq. At least one of the two symbols must be cancelled at some
time. If the pair itself is not cancelled, the first cancellation involving the pair must look like

L o Y

Notice that the word obtained by this cancellation is the same as the one obtained by
cancelling the pair xx~!. So at this stage we may cancel the original pair instead. Then we
are back in the first case, so the proposition is proved. O

We call two words w and w’ in W’ equivalent, and we write w ~ w/, if they have the
same reduced form. This is an equivalence relation.

Proposition 7.9.3 Products of equivalent words are equivalent: If w ~w’ and v~ v/, then
wv~w''.

Proof. To obtain the reduced word equivalent to the product wv, we may first cancel as
much as possible in w and in v, to reduce w to wy and v to vy. Then wv is reduced to wovp.
Now we continue, cancelling in wgvy until the word is reduced. If w~w’ and v~/, the
same process, when applied to w'v’, passes through wgvg too, so it leads to the same re-
duced word. O

It follows from this proposition that equivalence classes of words can be multiplied:

Proposition 7.9.4 The set F of equivalence classes of words in W’ is a group, with the law
of composition induced from multiplication (juxtaposition) in W’.

Proof. The facts that multiplication is associative and that the class of the empty word 1 is
an identity follow from the corresponding facts in W’ (see Lemma 2.12.8). We must check
that all elements of F are invertible. But clearly, if w is the product xy- - - z of elements of
', then the class of z71 - -- y"1x™! inverts the class of w. O

The group F of equivalence classes of words in S’ is called the free group on the sct
S. An element of F corresponds to exactly one reduced word in W’. To multiply reduced
words, combine and cancel: (abc™ 1) (cb) ~ abc™\chb = abb.

Power notation may be used: aaab™'b™! = a’b72.

Note: The free group on a set S = {a} of one element is simply an infinite cyclic group. In
contrast, the free group on a set of two or more elements is quite complicated.
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7.10 GENERATORS AND RELATIONS

Having described free groups, we now consider the more common case, that a set of
generators of a group is not free — that there are some nontrivial relations among them.

Definition 7.10.1 A relation R among elements x1, ..., x, of a group G is a word r in the
free group on the set {x1, ..., x,} that evaluates to 1 in G. We will write such a relation
either as r, or for emphasis, as r = 1.

For example, the dihedral group D, of symmetries of a regular n-sided polygon is
generated by the rotation x with angle 27r/n and a reflection y, and these generators satisfy
relations that were listed in (6.4.3):

(7.102) =1,y =1, xyxy=1.

(The last relation is often written as yx = x 1y, but it is best to write every relation in the
form r = 1 here.)

One can use these relations to write the elements of D,, in the form x* yf with0 <i<n
and 0 < j <2, and then one can compute the multiplication table for the group. So
the relations determine the group. They are therefore called defining relations. When the
relations are more complicated, it can be difficult to determine the elements of the group
and the multiplication table explicitly, but, using the free group and the next lemma, we
will define the concept of a group generated by a given set of elements, with a given set of
relations.

Lemma 7.10.3 Let R be a subset of a group G. There exists a unique smallest normal
subgroup N of G that contains R, called the normal subgroup generated by R. If a normal
subgroup of G contains R, it contains N. The elements of N can be described in either of
the following ways:

(a) An element of G is in N if it can be obtained from the elements of R using a finite
sequence of the operations of multiplication, inversion, and conjugation.

(b) Let R’ be the set consisting of elements 7 and 7~ ! with  in R. An element of G is in N
if it can be written as a product y; - - - y, of some arbitrary length, where each y, is a
conjugate of an element of R'.

Proof. Let N denote the set of elements obtained by a sequence of the operations mentioned
in (a). A nonempty subset is a normal subgroup if and only if it is closed under those
operations. Since N is closed under those operations, it is a normal subgroup. Moreover,
any normal subgroup that contains R must contain N. So the smallest normal subgroup
containing R exists, and is equal to N. Similar reasoning identifies /V as the subset described
in (b). a

As usual, we must take care of the empty set. We say that the empty set generates the trivial
subgroup {1}.

Definition 7.10.4 Let F be the free grouponaset S = {x1, ..., xp},andlet R = {ry, ..., r¢)
be a set of elements of F. The group generated by S, with relationsry =1, ..., ry=1,is
the quotient group G = F /R, where R is the normal subgroup of F generated by R.
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The group G will often be denoted by

(7.10.5) X1y euesXn|Tly oo, TED-
Thus the dihedral group D, is isomorphic to the group
(7.10.6) <x, ¥ X", ¥2, xyxyd.

Example 7.10.7 Inthe tetrahedral group T of rotational symmetries of a regular tetrahedron,
let x and y denote rotations by 27r/3 about the center of a face and about a vertex, and let z
denote rotation by m about the center of an edge, as shown below. With vertices numbered
as in the figure, x acts on the vertices as the permutation (234), y acts as (123), and z acts
as (13)(24). Computing the product of these permutations shows that xyz acts trivially on
the vertices. Since the only isometry that fixes all vertices is the identity, xyz = 1.

(7.10.8) 3 1

So the following relations hold in the tetrahedral group:

(7.10.9) x3=1,y3=1,22=1,xyz=1, O
Two questions arise:

1. Is this a set of defining relations for 72 In other words, is the group
(7.10.10) <, y,z1%%, Y, 22, xyz)>

isomorphic to 7'?

It is easy to verify that the rotations x, y, z generate T, but it isn’t particularly easy
to work with the relations. It is confusing enough to list the 12 elements of the group
as products of the generators without repetition. We show in the next section that the
answer to our question is yes, but we don’t do that by writing the elements of the group
.explicitly. '

2. How can one compute in a group G = <{Xx1,...,Xn |71, ..., x> that is presented by
generators and relations?

Because computation in the free group F is easy, the only problem is to decide when an
element w of the free group represents the identity element of G, i.e., when w is an element
of the subgroup R. This is the word problem for G. If we can solve the word problem, then
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because the relation w; = w; is equivalent to wIlwz = 1, we will be able to decide when

two elements of the free group represent equal elements of G. This will enable us to compute.
The word problem can be solved in any finite group, but not in every group. However,
we won’t discuss this point, because some work is required to give a precise meaning to
the statement that the word problem can or cannot be solved. If you are interested, see
[Stillwell].
The next example shows that computation in R can become complicated, even in a
relatively simple case.

Example 7.10.11 The element w = yxyx is equal to 1 in the group 7. Let’s verify that w
is in the normal subgroup R generated by the four relations (7.10.9). We use what you will
recognize as a standard method: reducing w to the identity by the allowed operations.

The relations that we will use are z2 and xyz, and we’ll denote them by p and g,
respectively. First, let w; = y"lwy = xyxy. Because R is a normal subgroup, w; is in R if
and only if w is. Next, let w, = g 'w; = z”lxy. Since g is in R, w; is in R if and only if w;
is. Continuing, w3 = zwyz ' = xyz~ !, wy = g lws = 771771, pw, = 1. Solving back,
w = yqz 'qp~lzy lisin R. Thus w = 1 in the group (7.10.10). a

We return to the group G defined by generators and relations. As with any quotient
group, we have a canonical homomorphism

n:F—>F/R=G

that sends a word w to the coset W = [wR], and the kernel of 7 is R (2.12.2). To keep
track of the group in which we are working, it might seem safer to denote the images in G of
elements of F by putting bars over the letters. However, this isn’t customary. When working
in G, one simply remembers that elements w; and w, of the free group are equal in G if the
cosets w1 R and w, R are equal, or if wIlwz isin R.

Since the defining relations r; are in R, r; = 1 is true in G. If we write r; out as words,
then because 77 is a homomorphism, the corresponding product in G will be equal to 1 (see
Corollary 2.12.3). For instance, xyz = 1 is true in the group <x, y, z| x>, 3, z2, xyz>.

We go back once more to the example of the tetrahedral group and to the first question.
How is the group <x, y, z | x3, y3, 22, xyz > related to T? A partial explanation is based on
the mapping properties of free groups and of quotient groups. Both of these properties are
intuitive. Their proofs are simple enough that we leave them as exercises.

Proposition 7.10.12 Mapping Property of the Free Group. Let F be the free group on a set
S={a,b,...},and let G be a group. Any map of sets f:S — G extends in a unique way
to a group homomorphism ¢:F — G. If we denote the image f(x) of an element x of S
by x, then ¢ sends a word in 8’ = {a,a” !, b, b1, ...} to the corresponding product of the

elements {a,a !, b, b} ...} inG. O

This property reflects the fact that the elements of S satisfy no relations in F except those
implied by the group axioms. It is the reason for the adjective “free.”

Proposition 7.10.13 Mapping Property of Quotient Groups. Let ¢ : G’ — G be a group
homomorphism with kernel K, and let N be a normal subgroup of G’ that is contained in K.
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LetG =G’ /N,and let 7: G’ — G’ be the canonical map a ~d. The rule g(a) = ¢(a)
defines a homomorphism @:G — G, and go 7w = @.

G O

This mapping property generalizes the First Isomorphism Theorem. The hypothesis that N
be contained in the kernel K is, of course, essential.

The next corollary uses notation introduced previously: S = {x1,..., x,} is a subset

of a group G, R = {ry, ..., rg} is a set of relations among the elements of S of G, F

is the free group on §, and R is the normal subgroup of F generated by R. Finally,
G=Lx1,..., xplr1 ..., ;> =F/R.

Corollary 7.10.14
(i) There is a canonical homomorphism ¥:G — G that sends x; ~ x;.
(if)  is surjective if and only if the set S generates G.

(iii)  is injective if and only if every relation among the elements of S is in R.

Proof. We will prove (i), and omit the verification of (ii) and (jii). The mapping property of
the free group gives us a homomorphism ¢: F — G with ¢(x;) = x;. Since the relations
r; evaluate to 1 in G, R is contained in the kernel K of ¢. Since the kernel is a normal
subgroup, R is also contained in K. Then the mapping property of quotient groups gives us
amap ¢:G — G. This is the map

F—rg

\ 1
/
T , =Y

g O

If the map y described in the corollary is bijective, one says that R forms a complete
set of relations among the generators S. To decide whether this is true requires knowing
more about G. Going back to the tetrahedral group, the corollary gives us a homomorphism
Vv:G — T,where G =<x,y,2 |x3, y3, z2, xyz>. It is surjective because x, y, z generate 7.
And we saw in Example 7.10.11 that the relation yxyx, which holds among the elements
of T, is in the normal subgroup R generated by the set {x3, y?, z2, xyz). Is every relation
among x, y, z in R? If not, we’d want to add some more relations to our list. It may seem
disappointing not to have the answer to this question yet, but we will see in the next section
that v is indeed bijective.

Recapitulating, when we speak of a group defined by generators S and relations R, we
mean the quotient group G = F /R, where F is the free group on § and R is the normal
subgroup of F generated by R. Any set of relations will define a group. The larger R is, the
larger R becomes, and the more collapsing takes place in the homomorphism 7: F — G.
The extreme case is R = F, in which case G is the trivial group. All relations become true in
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the trivial group. Problems arise because computation in 7 /R may be difficult. But because
generators and relations allow efficient computation in many cases, they are a useful tool.

7.11 THE TODD-COXETER ALGORITHM

The Todd-Coxeter Algorithm, which is described in this section, is an amazing method for
determining the operation of a finite group G on the set of cosets of a subgroup H.
In order to compute, both G and H must be given explicitly. So we consider a group

(7111) G=<x1,...,xm|r1,...,rk>

presented by generators and relations, as in the previous section.
We also assume that the subgroup H of G is given explicitly, by a set of words

(7.11.2) {h1,..., hs}

in the free group F, whose images in G generate H.

The algorithm proceeds by constructing some tables that become easier to read when
one works with right cosets Hg. The group G operates by right multiplication on the set of
right cosets, and this changes the order of composition of operations. A product gh acts by
right multiplication as “first multiply by g, then by A”. Similarly, when we want permutations
to operate on the right, we must read a product this way:

first do this  then this

(234) - (123) = (12)(34).

The following rules suffice to determine the operation of G on the right cosets:

Rules 7.11.3

1. The operation of each generator is a permutation.
2. The relations operate trivially: they fix every coset.
3. The generators of H fix the coset [ H].

4. The operation is transitive.

The first rule follows from the fact that group elements are invertible, and the second one
reflects the fact that the relations represent the identity element of G. Rules 3 and 4 are
special properties of the operation on cosets.

When applying these rules, the cosets are usually denoted by indices 1, 2, 3, ..., with 1
standing for the coset [ H]. At the start, one doesn’t know how many indices will be needed;
new ones are added as necessary.

We begin with a simple example, in which we replace y* by y? in the relations (7.10.9).

Example 7.11.4 Let G be the group <x, y, z|x3, y2, 22, xyz>, and let H be the cyclic
subgroup <z > generated by z. First, Rule 3 tells us that z sends 1 to itself, 1 5 1. This
exhausts the information in Rule 3, so Rules 1 and 2 take over. Rule 4 will only appear
implicitly.

Nothing we have done up to now tells us what x does to the index 1. In such a case,
the procedure is simply to assign a new index, 1 = 2. (Since 1 stands for the coset [ H], the
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index 2 stands for [ Hx], but it is best to ignore this.) Continuing, we don’t know where x

sends the index 2, so we assign a third index, 2 X 3. Then1 iz> 3.

What we have so far is a partial operation, meaning that the operations of some
generators on some indices have been assigned. It is helpful to keep track of the partial
operation as one goes along. The partial operation that we have so far is

z=1)--- and x=(123....

There is no closing parenthesis for the partial operation of x because we haven’t determined
the index to which x sends 3.

Rule 2 now comes into play. It tells us that because x- is a relation, it fixes every index.
Since x? sends 1 to 3, x must send 3 back to 1. It is customary to sum this information up in
a table that exhibits the operation of x on the indices:

3

X x X
1231
The relation xxx appears on top, and Rule 2 is reflected in the fact that the same inde> 1
appears at both ends. We have now determined the partial operation

x=(123).---,
except that we don’t yet know whether or not the indices 1, 2, 3 represent distinct cosets.

Next, we ask for the operation of y on the index 1. Again, we don’t know it, so we
assign a new index: 1 % 4. Rule2 applies again. Since y? is a relation, y must send 4 back to
1. This is exhibited in the table

' y
1471

For review, we have now determined the entries in the table below. The four defining

relations appear on top.

so y=(014)---

x x x y y z z x y z
1 2 3 1 1 4 1 1 1 1 1 2 1

The missing entry in the table for xyz is 1. This follows from the fact that z acts as a
permutation that fixes the index 1. Entering 1 into the table, we see that 2 2 1. But we also

have 4 > 1. Therefore 4 = 2. We replace 4 by 2 and continue constructing a table.
The entries below have been determined:

x X x y Z oz x 'y z
1 2 3 1 1 2 1 1 1 1 1 2 1 1
2 3 1 2 2 1 2 2 2 2 3 2
3 1 2 3 3 3 3 3 3 1 2 3

The third row of the table for xyz shows that 2 5 3, and this determines the rest of the
table. There are three indices, and the complete operation is '

x=(123), y=(12), z=(23).
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At the end of the section, we will show that this is indeed the permutation representation
defined by the operation of G on the cosets of H. a

What such a table tells us depends on the particular case. It will always tell us the
number of cosets, the index [G : H], which will be equal to the number of distinct indices:
3 in our example. It may also tell us something about the order of the generators. In our
example, we are given the relation z% =1, so the order of z must be 1 or 2. But z acts on
indices as the transposition (2 3), and this tells us that we can’t have z = 1. So the order of z
is 2, and |H| = 2. The counting formula |G| = |H|[G : H] shows that G has order 2.3 = 6.
The three permutations shown above generate the symmetric group Ss, so the permutation
representation G — S defined by this operation is an isomorphism.

If one takes for H the trivial subgroup {1}, the cosets correspond bijectively to the
group elements, and the permutation representation determines G completely. The cost of
doing this is that there will be many indices. In other cases, the permutation representation
may not suffice to determine the order of G.

We’ll compute two more examples.

Example 7.11.5 We show that the relations (7.10.9) form a complete set of relations for
the tetrahedral group. The verification is simplified a little if one uses the relation xyz = 1
to eliminate the generator z. Since z% = 1, that relation implies that xy = z71 = z. The
remaining elements x, y suffice to generate T. So we substitute z = xy into z2, and replace
the relation z% by xyxy. The relations become

(7.11.6) B=1,y =1, xyxy=1.

These relations among x and y are equivalent to the relations (7.10.9) among x, y, and z, so
they holdin 7.

Let G denote the group <x, y|x3, y?, xyxy>. Corollary (7.10.14) gives us a homo-
morphism ¥: G — T. To show that (7.11.6) are defining relations for T, we show that 1 is
bijective. Since x and y generate 7, ¥ is surjective. So it suffices to show that the order of G
is equal to the order of T, which is 12.

We choose the subgroup H = < x ). This subgroup has order 1 or 3 because x3 is one of
the relations. If we show that H has order 3 and that the index of H in G is 4, it will follow
that G has order 12, and we will be done. Here is the resulting table. To fill it in, work from
both ends of the relations.

x x x y y 'y Xy x Yy
1 1 1 1 1 2 3 1 1 1 2 3 1
2 3 4 2 2 3 1 2 2 3 1 1 2
3 4 2 3 3 1 2 3 3 4 4 2 3
4 2 3 4 4 4 4 4 4 2 3 4 4

The permutation representation is
(7.11.7) x=(234), y=(123).

Since there are four indices, the index of H is 4. Also, x does have order 3, not 1, because
the permutation associated to x has order 3. The order of G is 12, as predicted.
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Incidentally, we see that T is isomorphic to the alternating group A4, because the
permutations (7.11.7) generate that group. O

Example 7.11.8 We modify the relations (7.10.9) slightly, to illustrate how ‘‘bad” relations
may collapse the group. Let G be the group <x, y|x3, y?, yxyxy>. and let H be the
subgroup < y>. Here is a start for a table:

X x X y y y y x y x ¥y
1 2 3 1 1 1 1 1 1 1 2 3 1 1
2 2 2 2 2 3 1 1 2 2

In the table for yxyxy, the first three entries in the first row are determined by working from
the left, and the last three by working from the right. That row shows that 2 2 3.The second

row is determined by working from the left, and it shows that 2 2 2.S2=3 Looking
at the table for xxx, we see that then 2 = 1. There is just one index left, so one coset, and
consequently H = G. The group G is generated by y. It is a cyclic group of order 3: g

Warning: Care is essential when constructing such a table. Any mistake will cause the
operation to collapse.

In our examples, we took for H the subgroup generated by one of the generators of
G.1If H is generated by a word &, one can introduce a new generator # and the new relation
u 'h =1 (i.e., u = h). Then G (7.11.1) is isomorphic to the group

<x1....,xm,ulrl,...,rk,u"1h>,

and H becomes the subgroup generated by u. If H has several generators, we do this for
each of them.

We now address the question of why the procedure we have described determines the
operation on cosets. A formal proof of this fact is not possible without first defining the
algorithm formally, and we have not done this. We will discuss the question informally. (See
[Todd-Coxeter] for a more complete discussion.) We describe the procedure this way: At a
given stage of the computation, we will have some set I of indices, and a partial operation on
I, the operation of some generators on some indices, will have been determined. A partial
operation need not be consistent with Rules 1, 2. and 3, but it should be transitive; that is,
all indices should be in the “‘partial orbit” of 1. This is where Rule 4 comes in. It tells us not
to introduce any indices that we don’t need. In the starting position, I is the set {1} of one
element, and no operations have been assigned.

At any stage there are two possible steps:

(7.11.9) (i) We may equate two indices i and j if the the rules tell us that they are equal, or
(ii) we may choose a generator x and an index i such that ix has not been determined, and
define ix = j, where j is a new index.

We never equate indices unless their equality is implied by the rules.
We stop the process when an operation has been determined that is consistent with
the rules. There are two questions to ask: First, will this procedure terminate? Second, if it
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terminates, is the operation the right one? The answer to both questions is yes. It can be
shown that the process does terminate, provided that the group G is finite, and that preference
is given to steps of type (i). We will not prove this. More important for applications is the
fact that, if the process terminates, the resulting permutation representation is the right one.

Theorem 7.11.10 Suppose that a finite number of repetitions of steps (i) and (ii) yields a
consistent table compatible with the rules (7.11.3). Then the table defines a permutation
representation that, by suitable numbering, is the representation on the right cosets of H in G.

Proof. Say that the groupis G =<x1, ..., Xu|r1, ..., rr>, and let I* denote the final set of
indices. For each generator x;, the table determines a permutation of the indices, and the
relations operate trivially. Corollary 7.10.14 gives us a homomorphism from G to the group
of permutations of I*, and therefore an operation, on the right, of G on I* (see Proposition
6.11.2). Provided that we have followed the rules, the table will show that the operation of
G is transitive, and that the subgroup H fixes the index 1.

Let C denote the set of right cosets of H. We prove the proposition by defining a
bijective map ¢*:I* — C from I* to C that is compatible with the operations of the group on
the two sets. We define ¢* inductively, by defining at each stage a map ¢:I — C from the
set of indices determined at that stage to C, compatible with the partial operation on I that
has been determined. To start, ¢p: {1} — C sends 1~ [ H]. Suppose that ¢:1 — C has been
defined, and let I be the result of applying one of the steps (7.11.9) to L.

In case of step (ii), there is no difficulty in extending ¢ to a map ¢’:I' — C. Say that
@(i) is the coset [ Hg], and that the operation of a generator x on i has been defined to be
a new index, say ix = j. Then we define ¢/ (j) = [ Hgx], and we define ¢'(k) = @(k) for all
other indices.

Next, suppose that we use step (i) to equate the indices i and j, so that I is collapsed to
form the new index set I'. The next lemma allows us to define the map ¢":I' — C.

Lemma 7.11.11 Suppose that amap ¢:1 — Cis given, compatible with a partial operation on
I. Leti and j be indices in I, and suppose that one of the rules forces i = j. Then ¢(i) = ¢(j).

Proof. Thisis true because, as we have remarked before, the operation on cosets does satisfy
the rules. O

The surjectivity of the map ¢ follows from the fact that the operation of the group on
the set C of right cosets is transitive. As we now verify, the injectivity follows from the facts
that the stabilizer of the coset [ H] is the subgroup H, and that the stabilizer of the index 1
contains H. Let i and j be indices. Since the operation on I* is transitive, i = 1a for some
group element a, and then ¢(i) = ¢(1)a = [Ha]. Similarly, if j = 1b, then ¢(j) = [Hb].
Suppose that (i) = ¢(j), i.e., that Ha = Hb. Then H = Hba™!, so ba™! is an element of
H. Since H stabilizes the index1, 1=1ba ' and i=1la=1b =j. O

The method of postulating what we want has many advantages;
they are the same as the advantages of theft over honest toil.

—Bertrand Russell
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EXERCISES

Section1 Cayley’s Theorem

1.1.
1.2.

Does the rule g * x = xg~! define an operation of G on G?

Let H be a subgroup of a group G. Describe the orbits for the operation of H on G by
left multiplication.

Section 2 The Class Equation

2.1.

2.2.

23

24.

2.5.

2.6.
2.7.

2.8.
2.9.

2.10.

211

*2.12.
2.13.

2.14.

Determine the centralizer and the order of the conjugacy class of
(a) the matrix [1 }:I in GL,(F3), (b)the matrix [1 2] in GLy(Fs).

A group of order 21 contains a conjugacy class C(x) of order 3. What is the order of x in
the group?

A group G of order 12 contains a conjugacy class of order 4. Prove that the center of G
is trivial.

Let G be a group, and let ¢ be the nth power map: ¢(x) = x". What can be said about
how ¢ acts on conjugacy classes?

y
1 9
the conjugacy classes in G, and sketch them in the (x, y)-plane.

Let G be the group of matrices of the form [x where x, y € Rand x > 0. Determine

Determine the conjugacy classes in the group M of isometries of the plane.

Rule out as many as you can, as class equations for a group of order 10:
1+14+1+245, 1424245, 1424344, 14142424242,

Determine the possible class equations of nonabelian groups of order (a) 8, (b) 21.

Determine the class equation for the following groups: (a) the quaternion group, (b) Dy,
(¢) Ds, (d) the subgroup of G L,(F3) of invertible upper triangular matrices.

(a) Let A be an element of SO;3 that represents a rotation with angle 7. Describe the
centralizer of A geometrically.

(b) Determine the centralizer of the reflection r about the e;-axis in the group M of
isometries of the plane.

Determine the centralizer in G L3(R) of each matrix:

L

Determine all finite groups that contain at most three conjugacy classes.

Let N be a normal subgroup of a group G. Suppose that |N| =5 and that |G| is an odd
integer. Prove that N is contained in the center of G.

The class equation of agroup Gis1+4+5+5+5.

(a) Does G have a subgroup of order 5? If so, is it a normal subgroup?
(b) Does G have a subgroup of order 4? If so, is it a normal subgroup?
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2.15. Verify the class equation (7.2.10) of SL;(F3).

2.16. Let ¢: G — G’ be a surjective group homomorphism, let C denote the conjugacy class of
an element x of G, and let C’ denote the conjugacy class in G’ of its image ¢(x). Prove
that ¢ maps C surjectively to C’, and that |C’| divides |C|.

2.17. Use the class equation to show that a group of order pq, with p and g prime, contains an
element of order p.

2.18. Which pairs of matrices [~(1) ¢1i:| , [(1) aclz'] are conjugate elements of (a) GL,(R),
(b) SL,(R)?

Section3  p-Groups

3.1. Prove the Fixed Point Theorem (7.3.2).

3.2. Let Z be the center of a group G. Prove that if G/ Z is a cyclic group, then G is abelian,
and therefore G = Z.

3.3. A nonabelian group G has order p3, where p is prime.

(a) What are the possible orders of the center Z?
(b) Let x be an element of G that isn’t in Z. What is the order of its centralizer Z(x)?
(¢) What are the possible class equations for G?

3.4. Classify groups of order 8.

Section4 The Class Equation of the Icosahedral Group

4.1. The icosahedral group operates on the set of five inscribed cubes in the dodecahedron.
Determine the stabilizer of one of the cubes.

4.2. Is As the only proper normal subgroup of Ss?
4.3. What is the centralizer of an element of order 2 of the icosahedral group 1?

4.4. (a) Determine the class equation of the tetrahedral group 7.
(b) Prove that T has a normal subgroup of order 4, and no subgroup of order 6.

4.5. (a) Determine the class equation of the octahedral group O.
(b) This group contains two proper normal subgroups. Find them, show that they are
normal, and show that there are no others.
4.6. (a) Prove that the tetrahedral group T is isomorphic to the alternating group A4, and
that the octahedral group O is isomorphic to the symmetric group Sa.
Hint: Find sets of four elements on which the groups operate.
(b) Two tetrahedra can be inscribed into a cube C, each one using half the vertices.
Relate this to the inclusion A4 C Sy.

4.7. Let G be a group of order n that operates nontrivially on a set of order r. Prove that if
n > r!, then G has a proper normal subgroup.
4.8. (a) Suppose that the centralizer Z(x) of a group element x has order 4. What can be
said about the center of the group?
(b) Suppose that the conjugacy class C(y) of an element y has order 4. What can be said
about the center of the group?
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4.9. Let x be an element of a group G, not the identity, whose centralizer Z(x) has order pq,
where p and g are primes. Prove that Z(x) is abelian.

Section S Conjugation in the Symmetric Group

5.1. (a) Prove that the transpositions (12),(23),..., (n—1,n) generate the symmetric
group Sy.
(b) How many transpositions are needed to write the cycle (123-..n)?
(c) Prove that the cycles (12---n) and (12) generate the symmetric group Sj,.
5.2. What is the centralizer of the element (12) in S5?
5.3. Determine the orders of the elements of the symmetric group S;.

5.4. Describe the centralizer Z(o) of the permutation o = (153)(246) in the symmetric
group S7, and compute the orders of Z(o) and of C(0).

5.5. Let p and g be permutations. Prove that the products pg and gp have cycles of equal
sizes.

5.6. Find all subgroups of S4 of order 4, and decide which ones are normal.
5.7. Prove that A, is the only subgroup of S, of index 2.
5.8. 1Determine the integers n such that there is a surjective homomorphism from the
symmetric group Sy to Sp-1.
5.9. Let g be a 3-cycle in S,. How many even permutations p are there such that pgp™! = ¢?
5.10. Verify formulas (7.5.2) and (7.5.3) for the class equations of S4 and Ss, and determine
the centralizer of a representative element in each conjugacy class.

5.11. (a) Let C be the conjugacy class of an even permutation p in S,,. Show that C is either
a conjugacy class in A,, or else the union of two conjugacy classes in A, of equal
order. Explain how to decide which case occurs in terms of the centralizer of p.

(b) Determine the class equations of A4 and As.
(¢) One may also decompose the conjugacy classes of permutations of odd order into
A, -orbits. Describe this decomposition.

5.12. Determine the class equations of S¢ and Ag.

Section 6 Normalizers

6.1. Prove that the subgroup B of invertible upper triangular matrices in G L, (R) is conjugate
to the subgroup L of invertible lower triangular matrices.

6.2. Let B be the subgroup of G = GL,(C) of invertible upper triangular matrices, and
let U C B be the set of upper triangular matrices with diagonal entries 1. Prove that
B = N(U) and that B = N(B).
*6.3. Let P denote the subgroup of G L, (R) consisting of the permutation matrices. Determine
the normalizer N(P).

6.4. Let H be a normal subgroup of prime order p in a finite group G. Suppose that p
is the smallest prime that divides the order of G. Prove that H is in the
center Z(G).

ISuggested by Ivan Borsenko.
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6.5.

*6.6.

Let p be a prime integer and let G be a p-group. Let H be a proper subgroup of G.
Prove that the normalizer N(H) of H is strictly larger than H, and that H is contained
in a normal subgroup of index p.

Let H be a proper subgroup of a finite group G. Prove:

(a) The group G is not the union of the conjugate subgroups of H.
(b) There is a conjugacy class C that is disjoint from H.

Section 7 The Sylow Theorems

7.1

7.2

7.3.
7.4.

7.5.
7.6.
1.7.

*7.8.

7.9.
7.10.

Let n = pm, as in (4.5.1), and let N be the number of subsets of order p¢ in a set of
order n. Determine the congruence class of N modulo p.

Let G1 C G, be groups whose orders are divisible by p, and let H; be a Sylow p-subgroup
of G1. Prove that there is a Sylow p-subgroup H; of G such that H; = H; N G;.

How many elements of order 5 might be contained in a group of order 20?

(a) Prove that no simple group has order pg, where p and q are prime.

(b) Prove that no simple group has order p?q, where p and g are prime.

Find Sylow 2-subgroups of the following groups: (a) D19, (b) 7', (¢) O, (d) I.
Exhibit a subgroup of the symmetric group S7 that is a nonabelian group of order 21.

Letn = pm be an integer that is divisible exactly once by p, and let G be a group of order
n. Let H be a Sylow p-subgroup of G, and let S be the set of all Sylow p-subgroups.
Explain how S decomposes into H-orbits.

Compute the order of GL,(F ). Find a Sylow p-subgroup of G L, (F}), and determine
the number of Sylow p-subgroups.

Classify groups of order (a) 33, (b) 18, (c) 20, (d) 30.
Prove that the only simple groups of order <60 are the groups of prime order.

Section 8 The Groups of Order 12

8.1
8.2.

8.3.
8.4.
8.5.

Which of the groups of order 12 described in Theorem 7.8.1 is isomorphic to S3 X C»?

(a) Determine the smallest integer n such that the symmetric group S, contains a
subgroup isomorphic to the group (7.8.2).
(b) Find a subgroup of SL;(Fs) that is isomorphic to that group.

Determine the class equations of the groups of order 12.

Prove that a group of order n = 2 p, where p is prime, is either cyclic or dihedral.
Let G be a nonabelian group of order 28 whose sylow 2 subgroups are cyclic.

(a) Determine the numbers of sylow 2 - subgroups and of sylow 7 - subgroups.

(b) Prove that there is at most one isomorphism class of such groups.
(¢) Determine the numbers of elements of each order, and the class equation of G.
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Let G be a group of order 55.

(a) Prove that G is generated by two elements x and y, with the relations x!! = 1,
=1, yxy ! =x" forsomer, 1 <r<1il.

(b) Decide which values of r are possible.

(¢) Prove that there are two isomorphism classes of groups of order 55.

Section 9 The Free Group

9.1.

9.2.

Let F be the free group on {x, y}. Prove that the three elements u = x%, v = y2, and
Z = xy generate a subgroup isomorphic to the free group on u, v, and z.

We may define a closed word in S’ to be the oriented loop obtained by joining the ends
of a word. Reading counterclockwise,

a c
bbd

is a closed word. Establish a bijective correspondence between reduced closed words and
conjugacy classes in the free group.

Section 10 Generators and Relations

10.1.
10.2.

10.3.

10.4.

10.5.

10.6.

10.7.

Prove the mapping properties of free groups and of quotient groups.

Let ¢: G — G’ be a surjective group homomorphism. Let S be a subset of G whose
image ¢(S) generates G’, and let T be a set of generators of ker . Prove that SU T
generates G.

Can every finite group G be presented by a finite set of generators and a finite set of
relations?

The group G = <{x,y; xyx 1y 1> is called a free abelian group. Prove a mapping
property of this group: If # and v are elements of an abelian group A, there is a unique
homomorphism ¢: G — A such that ¢(x) = u, p(y) = v.

Prove that the group generated by x, y, z with the single relation yxyz~2 = 1 is actually
a free group.

of G.

(a) Prove that every characteristic subgroup is normal, and that the center Z is a
characteristic subgroup.
(b) Determine the normal subgroups and the characteristic subgroups of the quaternion

group.
The commutator subgroup C of a group G is the smallest subgroup that contains all

commutators. Prove that the commutator subgroup is a characteristic subgroup (see
Exercise 10.6), and that G /C is an abelian group.



226 Chapter7 More Group Theory

10.8.

10.9.

10.10.

Determine the commutator subgroups (Exercise 10.7) of the following groups:
(a) SO;, (b) Oz, (c) the group M of isometries of the plane, (d) S,, (d) SOs.
Let G denote the group of 3 X3 upper triangular matrices with diagonal entries equal to 1

and with entries in the field F,. For each prime p, determine the center, the commutator
subgroup (Exercise 10.6), and the orders of the elements of G.

Let F be the free group on x, y and let R be the smallest normal subgroup containing
the commutator xyx™1y™!,

(a) Show that x2y?x™ %y 2isin R.

(b) Prove that R is the commutator subgroup (Exercise 10.7) of F.

Section 11 The Todd-Coxeter Algorithm

11.1.
11.2.

11.3.

114.

11.5.

1L.6.

11.7.

11.8.

Complete the proof that the group given in Example 7.11.8 is cyclic of order 3.

Use the Todd-Coxeter algorithm to show that the group defined by the relations (7.8.2)
has order 12 and that the group defined by the relations (7.7.8) has order 21.

Use the Todd-Coxeter Algorithm to analyze the group generated by two elements x, y,
with the following relations. Determine the order of the group and identify the group if
you can:

@x2 =y =1, xyx=yxy, B)x =) =1, xyx=yxy,
@©x*=y=1xyx=yxy, @x*=y"=x%’=1,

@x =1y =1Lyyxy=1 O =y =yxyxy=1,

@x*=1,y=1xy=yx M)x' =1,y =1, yx =x?y,

O xtyx=ylyxy=x"1 ()Y =1yxy=1

How is normality of a subgroup H of G reflected in the table that displays the operation
on cosets?

Let G be the group generated by elements x, y, with relations x* = 1, y> = 1, x2 = yxy.
Prove that this group is trivial in two ways: using the Todd-Coxeter Algorithm, and
working directly with the relations.

A triangle group GP9" is a group<{x, y, z | x?, y?, 2", xyz >, where p < g < r are positive
integers. In each case, prove that the triangle group is isomorphic to the group listed.

(a) the dihedral group D,,, when p,q,r =2,2,n,
(b) the octahedral group, when p,q,r =2,3, 4,
(¢) theicosahedral group, when p,q,r =2,3,5.

Let A denote an equilateral triangle, and let a, b, ¢ denote the reflections of the plane
about the three sides of A. Let x = ab, y = bc, z = ca. Prove that x, y, z generate a
triangle group (Exercise 11.6).

(a) Prove that the group G generated by elements x, y, z with relations x? = y> = z° =

1, xyz = 1 has order 60.
(b) Let H be the subgroup generated by x and zyz™!. Determine the permutation
representation of G on G/ H, and identify H.

(¢) Prove that G is isomorphic to the alternating group As.
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(d) Let K be the subgroup of G generated by x and yxz. Determine the permutation
representation of G on G /K, and identify K.

Miscellaneous Problems

M.1.

M.2.

*M.3.

*M.4.

M.S.

M.6.

M.7.

*M.8.

M.9.

Classify groups that are generated by two elements x and y of order 2.
Hint: It will be convenient to make use of the element z = xy.
With the presentation (6.4.3), determine the double cosets (see Exercise M.9) Hg H of

the subgroup H = {1, y} in the dihedral group D,,. Show that each double coset has
either two or four elements.

(a) Suppose that a group G operates transitively on a set S, and that H is the stabilizer
of an element s¢ of S. Consider the operation of G on S X § defined by g(s1, 57) =
(gs1, gs2). Establish a bijective correspondence between double cosets of H in G
and G-orbits in $ X S.

(b) Work out the correspondence explicitly for the case that G is the dihedral group Ds
and S is the set of vertices of a pentagon.

(c¢) Work it out for the case that G = T and that S is the set of edges of a tetrahedron.

Let H and K be subgroups of a group G, with H C K. Suppose that H is normal in K,
and that K is normal in G. Is H normal in G?

Let H and N be subgroups of a group G, and assume that /V is a normal subgroup.

(a) Determine the kernels of the restrictions of the canonical homomorphism 7: G —
G/ N to the subgroups H and HN.

(b) Applying First Isomorphism Theorem to these restrictions, prove the Second Iso-
morphism Theorem: H/(H N N) is isomorphic to (HN)/N.

Let H and N be normal subgroups of a group G such that H O N. Let H = H/N and
G =G/N.
(a) Prove that H is a normal subgroup of G.
(b) Use the composed homomorphism G — G — G /H to prove the
Third Isomorphism Theorem: G/ H is isomorphic to G/H.

2L et D1, P2 be permutations of the set S = {1, 2, ..., n}, and let U; be the subset of S of
indices that are not fixed by p;. Prove:

(a) If Uy N Uz = @, the commutator py p p; ! p;? is the identity.

(b) If UiNU; contains exactly one element, the commutator p1 py p;l p;l is a three-cycle.
Let H be a subgroup of a group G. Prove that the number of left cosets is equal to the
number of right cosets also when G is an infinite group.

Let x be an element, not the identity, of a group of odd order. Prove that the elements x
and x~! are not conjugate.

2Suggested by Benedict Gross.
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M.10.

M.11.
*M.12.

Let G be a finite group that operates transitively on a set S of order > 2. Show that G
contains an element g that doesn’t fix any element of S.

Determine the conjugacy classes of elements order 2 in G L2(Z).

(class equation of SL;) Many, though not all, conjugacy classes in SL;(F) contain
matrices of the form A = | | -clz .

(a) Determine the centralizers in SL,(IF5) of the matrices A, fora =0, 1, 2, 3, 4.
(b) Determine the class equation of SL;(Fs).

(c) How many solutions of an equation of the form x2 + axy + y* = 1 in F, might there

be? To analyze this, one can begin by setting y = Ax + 1. For most values of A there
will be two solutions, one of whichisx =0, y =1.

(d) Determine the class equation of SL(Fp).



CHAPTER 8

Bilinear Forms

| presume that to the uninitiated
the formulae will appear cold and cheerless.

—Benjamin Pierce

8.1 BILINEAR FORMS

The dot product (X - Y) = X 'Y = x1y1 4+ -+ + xpyn on R was discussed in Chapter 5.
It is symmetric: (Y - X) = (X - Y), and positive definite: (X - X) > 0 for every X+#0. We
examine several analogues of dot product in this chapter. The most important ones are
symmetric forms and Hermitian forms. All vector spaces in this chapter are assumed to be
finite-dimensional.

Let V be a real vector space. A bilinear form on V is a real-valued function of two
vector variables — a map V X V—R. Given a pair v, w of vectors, the form returns a real
number that will usually be denoted by (v, w). A bilinear form is required to be linear in
each variable:

(8.1.1) (rvi, wy) =r{vy, w1) and (v + vy, wy) = (v, w1) + (v, w1)
(vi, rwy) = r(vy, w1) and (v, wy + wy) = (v, W) + (v, wa)

for all v; and w; in V and all real numbers r. Another way to say this is that the form is
compatible with linear combinations in each variable:

(8.1.2) (Xxivi, w) = Y xi{v;, w)
(v, Zw; yj) = X(v, wy)y)

for all vectors v; and w; and all real numbers x; and y;. (It is often convenient to bring
scalars in the second variable out to the right side.)
The form on R” defined by

(8.1.3) (X,Y)=X'AY,

where A is an n X n matrix, is an example of a bilinear form. The dot product is the case
A = I, and when one is working with real column vectors, one always assumes that the form
is dot product unless a different form has been specified.

229
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If a basis B = (vq, ..., vy) of Vis given, a bilinear form (, ) can be related to a form
of the type (8.1.3) by the matrix of the form. This matrix is simply A = (a;;), where

(8.1.4) aij = (vi, vj).

Proposition 8.1.5 Let ( , ) be a bilinear form on a vector space V,let B = (vy,...,v,) bea
basis of V, and let A be the matrix of the form with respect to that basis. If X and Y are the
coordinate vectors of the vectors v and w, respectively, then

(v, w) = X'AY.

Proof. If v=BX and w = BY, then

(v, w) = <Zv,x,, Z vjy,> Zx, (vi, vj)yj = Zx,auy] = X'AY. 0

A bilinear form is symmetric if (v, w) = (w, v) for all v and w in V, and skew-
symmetric if (v, w) = -(w, v) forallvand win V. When we refer to a symmetric form, we
mean a bilinear symmetric form, and similarly, reference to a skew-symmetric form implies
bilinearity.

Lemma 8.1.6

(a) Let A be an n X n matrix. The form X'AY is symmetric: X'AY = Y'AX for all X and Y,
if and only if the matrix A is symmetric: A’ = A.

(b) A bilinear form (, ) is symmetric if and only if its matrix with respect to an arbitrary
basis is a symmetric matrix.

\

The analogous statements are true when the word symmetric is replaced by skew-symmetric.

Proof. (a) Assume that A = (a;;) is a symmetric matrix. Thinking of X tAY as a 1 X1 matrix,
it is equal to its transpose. Then X'AY = (X'AY)! = Y'A'X = Y'AX. Thus the form is
symmetric. To derive the other implication, we note that e;'Ae;j = a;;, while e;.Aei =aj;.In
order for the form to be symmetric, we must have a;; = a;;.

(b) This follows from (a) because (v, w) = X'AY. O

The effect of a change of basis on the matrix of a form is determined in the usual way.

Proposition 8.1.7 Let (, ) be a bilinear form on a real vector space V, and let A and A’ be
the matrices of the form with respect to two bases B and B'. If P is the matrix of change of
basis, so that B’ = BP, then

A’ = P'AP.

Proof. Let X and X’ be the coordinate vectors of a vector v with respect to the bases B and
B’. Then v = BX = B'X’, and PX’ = X. With analogous notation, w = BY = B'Y’,

(v, w) = X'AY = (PX)'A(PY') = X' (P'AP)Y'.

This identifies P'AP as the matrix of the form with respect to the basis B'. O
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Corollary 8.1.8 Let A be the matrix of a bilinear form with respect to a basis. The matrices
that represent the same form with respect to different bases are the matrices P!AP, where P
can be any invertible matrix. O

Note: There is an important observation to be made here. When a basis is given, both linear
operators and bilinear forms are described by matrices. It may be tempting to think that
the theories of linear operators and of bilinear forms are equivalent in some way. They are
not equivalent. When one makes a change of basis, the matrix of the bilinear form X’AY
changes to P'AP, while the matrix of the linear operator Y = AX changes to P"1AP. The
matrices obtained with respect to the new basis will most often be different. O

8.2 SYMMETRIC FORMS

Let V be a real vector space. A symmetric form on V is positive definite if (v, v) > 0 for all
nonzero vectors v, and positive semi-definite if (v, v) > 0 for all nonzero vectors v. Negative
definite and negative semidefinite forms are defined analogously. Dot product is a symmetric,
positive definite form on R”.

A symmetric form that is not positive definite is called indefinite. The Lorentz form

(82.1) (X,Y) =x1y1 + X2y2 + X33 — X4 )4

is an indefinite symmetric form on ‘“‘space-time’’ R*, where x4 is the “time”’ coordinate, and
the speed of light is normalized to 1. Its matrix with respect to the standard basis of R* is

1
(8.2.2) .
-1

As an introduction to the study of symmetric forms, we ask what happens to dot
product when we change coordinates. The effect of the change of basis from the standard
basis E to a new basis B’ is given by Proposition 8.1.7. If B' = EP, the matrix / of dot product
changes to A’ = P'IP = P'P, or in terms of the form, if PX’ = X and PY’ = Y, then

(8.2.3) X'y = x"'A'Y', where A’ =P'P.

If the change of basis is orthogonal, then P!P is the identity matrix, and (X - Y) = (X’ - Y").
But under a general change of basis, the formula for dot product changes as indicated.

This raises a question: Which of the bilinear forms X'AY are equivalent to dot product,
in the sense that they represent dot product with respect to some basis of R”? Formula
(8.2.3) gives a theoretical answer:

Corollary 8.2.4 The matrices A that represent a form (X, Y) = X'AY equivalent to dot
product are those that can be written as a product P'P, for some invertible matrix P. O

This answer won’t be satisfactory until we can decide which matrices A can be writ-
ten as such a product. One condition that A must satisfy is very simple: It must be
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symmetric, because P'P is always a symmetric matrix. Another condition comes from the
fact that dot product is positive definite.

In analogy with the terminology for symmetric forms, a symmetric real matrix A is
called positive definite if X'AX > 0 for all nonzero column vectors X. If the form X'AY is
equivalent to dot product, the matrix A will be positive definite.

The two conditions, symmetry and positive definiteness, characterize matrices that
represent dot product.

Theorem 8.2.5 The following properties of a real n X n matrix A are equivalent:

(i) The form X'AY represents dot product, with respect to some basis of R”.
(ii) There is an invertible matrix P such that A = P'P.
(iii) The matrix A is symmetric and positive definite.

We have seen that (i) and (ii) are equivalent (Corollary 8.2.4) and that (i) implies (iii).
We will prove that (iii) implies (i) in Section 8.4 (see (8.4.18)).

8.3 HERMITIAN FORMS

The most useful way to extend the concept of symmetric forms to complex vector spaces is
to Hermitian forms. A Hermitian form on a complex vector space Visamap VXV — C,
denoted by (v, w), that is conjugate linear in the first variable, linear in the second variable,
and Hermitian symmetric:

(83.1) (cvr, w1) =¢(vy, wy) and  (v1 + vy, wi) = (v1, wy) + (v2, wy)
(v, cwy) = c{vy, wy) and  (vy, wi+wy) = (v, wy) + (vy, W)
(wi,v1) = (v, wq)

for all v; and w; in V, and all complex numbers ¢, where the overline denotes complex
conjugation. As with bilinear forms (8.1.2), this condition can be expressed in terms of linear
combinations in the variables:

(8.3.2) (Cxivi, w) = Y xi(vi, w)
(v, Xw;jyj) = X(v, w))y;
for any vectors v; and w; and any complex numbers x; and y;. Because of Hermitian

symmetry, (v, v) = (v, v), and therefore (v, v) is a real number, for all vectors v.
The standard Hermitian form on C" is the form

(8.33) (X,Y)=X*Y =F1y1 + - + XnVn,

where the notation X* stands for the conjugate transpose (X1, . .., Xp) of X = (X1, ...., xp)".
When working with C”, one always assumes that the form is the standard Hermitian form,
unless another form has been specified.

The reason that the complication caused by complex conjugation is introduced is that
(X, X) becomes a positive real number for every nonzero complex vector X. If we use
the bijective correspondence of complex n-dimensional vectors with real 2n-dimensional
vectors, by
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(8‘3'4) (xl’---’xn)t «> (alabla--'aans bn)l’
where x, = a, + b,i, then X, = a, — b,i and
(X,X)=flx1+»--+inxn=a%+b%+---+af,+bﬁ.

Thus (X, X) is the square length of the corresponding real vector, a positive real number.

For arbitrary vectors X and Y, the symmetry property of dot product is replaced by
Hermitian symmetry: (Y, X) = (X,Y). Bear in mind that when X#Y, (X, Y) is likely to
be a complex number, whereas dot product of the corresponding real vectors would be
real. Though elements of C” correspond bijectively to elements of R?", as above, these two
vector spaces aren’t equivalent, because scalar multiplication by a complex number isn’t
defined on R?".

The adjoint A* of acomplex matrix A = (a;;) is the complex conjugate of the transpose
matrix A®, a notation that was used above for column vectors. So the i, j entry of A* is aj;.

1 1+i]" [ 1 2
Forexample,[2 ; ] _[1—1' —i]'

Here are some rules for computing with adjoint matrices:

(8.3.5) (cA)* =TA*, (A+B)* =A*+B*, (AB)* = B*A*, A™ =A.
A square matrix A is Hermitian (or self-adjoint) if

(8.3.6) A =A.

The entries of a Hermitian matrix A satisfy the relation aj; = a;;. Its diagonal entries are
real and the entries below the diagonal are the complex conjugates of those above it:

ri aij
(8.3.7) A= . , rieR, a;jeC.

ajj "n

For example, [3 ;] is a Hermitian matrix. A real matrix is Hermitian if and only if it is

symmetric.

The matrix of a Hermitian form with respect to a basis B = (vq, ..., v,) is defined as
for bilinear forms. Itis A = (a;;), where a;; = (v;, v;). The matrix of the standard Hermitian
form on C” is the identity matrix.

Proposition 8.3.8 Let A be the matrix of a Hermitian form (, ) on a complex vector space
V, with respect to a basis B. If X and Y are the coordinate vectors of the vectors v
and w, respectively, then (v, w) = X*AY and A is a Hermitian matrix. Conversely, if A
is a Hermitian matrix, then the form on C" defined by (X, Y) = X*AY is a Hermitian
form.

The proof is analogous to that of Proposition 8.1.5. a
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Recall that if the form is Hermitian, (v, v) is a real number. A Hermitian form is
positive definite if (v, v) is positive for every nonzero vector v, and a Hermitian matrix
is positive definite if X*AX is positive for every nonzero complex column vector X. A
Hermitian form is positive definite if and only if its matrix with respect to an arbitrary basis
is positive definite.

The rule for a change of basis B’ = BP in the matrix of a Hermitian form is determined,
as usual, by substituting PX’ = X and PY' = Y:

X*AY = (PX)*A(PY') = X" (P*AP)Y".
The matrix of the form with respect to the new basis is
(8.3.9) A = P*AP.

Corollary 8.3.10

(a) Let A be the matrix of a Hermitian form with respect to a basis. The matrices that
represent the same form with respect to different bases are those of the form A’ = P*AP,
where P can be any invertible complex matrix.

(b) A change of basis B = EP in C" changes the standard Hermitian form X*Y to X"”*A’Y’,
where A’ = P*P. O

The next theorem gives the first of the many special properties of Hermitian matrices.

Theorem 8.3.11 The eigenvalues, the trace, and the determinant of a Hermitian matrix A
are real numbers.

Proof. Since the trace and determinant can be expressed in terms of the eigenvalues, it
suffices to show that the eigenvalues of a Hermitian matrix A are real. Let X be an eigenvector
of A with eigenvalue A. Then

X*AX = X*(AX) = X*(AX) = AX*X.
We note that (AX)* = AX*. Since A* = A,
X*AX = (X*A)X = (X*AHX = (AX)*X = (AX)*X = AX*X.

So AX*X = AX*X. Since X*X is a positive real number, it is not zero. Therefore A = A,
which means that A is real. O

Please go over this proof carefully. It is simple, but so tricky that it seems hard to trust. Here
is a startling corollary:

Corollary 8.3.12 The eigenvalues of a real symmetric matrix are real numbers.

Proof. When a real symmetric matrix is regarded as a complex matrix, it is Hermitian, so
the corollary follows from the theorem. O

This corollary would be difficult to prove without going over to complex matrices, though it
can be checked directly for a real symmetric 2 X2 matrix.
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A matrix P such that

(8.3.13) PP=1I, (or P* = P‘l)

is called a unitary matrix. A matrix P is unitary if and only if its columns Py, ..., P, are
orthonormal with respect to the standard Hermitian form, i.e., if and only if PfP; =1 and

V2

The unitary matrices form a subgroup of the complex general linear group called the
unitary group. It is denoted by U,:

PP = 0 when i # j. For example, the matrix = [% _z] is unitary.

(8.3.14) Up={P|PP=1I}.

We have seen that a change of basis in R"” preserves dot product if and only if the
change of basis matrix is orthogonal 5.1.14. Similarly, a change of basis in C" preserves
the standard Hermitian form X*Y if and only if the change of basis matrix is unitary. (see
(8.3.10)(b)).

8.4 ORTHOGONALITY

In this section we describe, at the same time, symmetric (bilinear) forms on a real vector
space and Hermitian forms on a complex vector space. Throughout the section, we assume
that we are given either a finite-dimensional real vector space V with a symmetric form,
or a finite-dimensional complex vector space V with a Hermitian form. We won’t assume
that the given form is positive definite. Reference to a symmetric form indicates that V is a
real vector space, while reference to a Hermitian form indicates that V is a complex vector
space. Though everything we do applies to both cases, it may be best for you to think of a
symmetric form on a real vector space when reading this for the first time.

In order to include Hermitian forms, bars will have to be put over some symbols. Since
complex conjugation is the identity operation on the real numbers, we can ignore bars when
considering symmetric forms. Also, the adjoint of a real matrix is equal to its transpose.
When a matrix A is real. A* is the transpose of A.

We assume given a symmetric or Hermitian form on a finite-dimensional vector space
V. The basic concept used to study the form is orthogonality.

* Two vectors v and w are orthogonal (written v 1 w) if
(v, w) =0.

This extends the definition given before when the form is dot product. Note that vl w if and
only if wlwv.

What orthogonality of real vectors means geometrically depends on the form and also
on a basis. One peculiar thing is that, when the form is indefinite, a nonzero vector v may
be self-orthogonal: (v, v) = 0. Rather than trying to understand the geometric meaning of
orthogonality for each symmetric form, it is best to work algebraically with the definition of
orthogonality, (v, w) = 0, and let it go at that.
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If W is a subspace of V, we may restrict the form on V to W, which means simply that
we take the same form but look at it only when the vectors are in W. It is obvious that if the
form on V is symmetric, Hermitian, or positive definite, then its restriction to W will have
the same property.

o The orthogonal space to a subspace W of V, often denoted by W+, is the subspace of
vectors v that are orthogonal to every vector in W, or symbolically, such that v1 W:

(84.1) Wt={veV|(v,w)=0forallwin W}.

» An orthogonal basis B = (vq,...,v,) of V is a basis whose vectors are mutually
orthogonal: (v;, v;) = 0 for all indices i and j with i # j. The matrix of the form with respect
to an orthogonal basis will be a diagonal matrix, and the form will be nondegenerate (see
below) if and only if the diagonal entries (v;, v;) of the matrix are nonzero (see (8.4.4)(b)).

o A null vector vin V is a vector orthogonal to every vector in V, and the nullspace N of
the form is the set of null vectors. The nullspace can be described as the orthogonal space to
the whole space V:

N={v|vlV} =V

o The form on V is nondegenerate if its nullspace is the zero space {0}. This means that
for every nonzero vector v, there is a vector v/ such that (v, v)#0. A form that isn’t
nondegenerate is degenerate. The most interesting forms are nondegenerate.

o The form on V is nondegenerate on a subspace W if its restriction to W is a nondegenerate
form, which means that for every nonzero vector w in W, there is a vector w', also in W,
such that (w, w’) #0. A form may be degenerate on a subspace, though it is nondegenerate
on the whole space, and vice versa.

Lemma 8.4.2 The form is nondegenerate on W if and only if W N W+ = {0}. O

There is an important criterion for equality of vectors in terms of a nondegenerate
form.

Proposition 8.4.3 Let (, ) be a nondegenerate symmetric or Hermitian form on V, and let
vand v be vectorsin V. If (v, w) = (v, w) for all vectors win V, then v = v'.

Proof. If (v, w) = (v, w), then v — V' is orthogonal to w. If this is true for all w in V, then
v — v is a null vector, and because the form is nondegenerate, v — v/ = 0. O

Proposition 8.4.4 Let (, ) be a symmetric form on a real vector space or a Hermitian form
on a complex vector space, and let A be its matrix with respect to a basis.

(a) A vector v is a null vector if and only if its coordinate vector Y solves the homogeneous
equation AY = 0.
(b) The form is nondegenerate if and only if the matrix A is invertible.

Proof. Via the basis, the form corresponds to the form X*AY, so we may as well work with
that form. If Y is a vector such that AY = 0, then X*AY = O for all X, which means that Y
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is orthogonal to every vector, i.e., it is a null vector. Conversely, if AY#0, then AY has a
nonzero coordinate. The matrix product e} AY picks out the ith coordinate of AY. So one of
those products is not zero, and therefore Y is not a null vector. This proves (a). Because A is
invertible if and only if the equation AY = 0 has no nontrivial solution, (b) follows. a

Theorem 8.4.5 Let (, ) be a symmetric form on a real vector space V or a Hermitian form
on a complex vector space V, and let W be a subspace of V.

(a) The form is nondegenerate on W if and only if V is the direct sum W & W+,
(b) If the form is nondegenerate on V and on W, then it is nondegenerate on W+,

When a vector space V is a direct sum W1 @ - .- @ Wy and W; is orthogonal to W; for
i# j, V is said to be the orthogonal sum of the subspaces. The theorem asserts that if the
form is nondegenerate on W, then V is the orthogonal sum of W and W+,

Proof of Theorem 8.4.5. (a) The conditions for a direct sum are W N Wi = {0} and
V = W + W (3.6.6)(c). The first condition simply restates the hypothesis that the form
be nondegenerate on the subspace. So if V is the direct sum, the form is nondegenerate.
We must show that if the form is nondegenerate on W, then every vector v in V can be
expressed as a sum v = w + u, with w in W and u in W+,

We extend a basis (wq, ..., wg) of W to a basis B= (wq, ..., Wg; v1,..., Up_g) Of
V, and we write the matrix of the form with respect to this basis in block form
A B
(8.4.6) M= [C D] ,
where A is the upper left k X k submatrix. :

The entries of the block A are (w;, wj) for i, j =1, ..., k, so A is the matrix of the
form restricted to W. Since the form is nondegenerate on W, A is invertible. The entries of
the block B are (w;, v;) fori =1,...,kand j=1,...,n — k. If we can choose the vectors
V1, ..., Un_k SO that B becomes zero, those vectors will be orthogonal to the basis of W,

so they will be in the orthogonal space W+. Then since B is a basis of V, it will follow that
V = W + W+, which is what we want to show.

To achieve B = 0, we change basis using a matrix with a block form

(8.4.7) P= [é IQ] :

where the block Q remains to be determined. The new basis B’ = BP will have the form
(wi, ..., w; vy, ..., v, _,). The basis of W will not change. The matrix of the form with
respect to the new basis will be

(8.4.8) M’=P*MP=[QI* ‘;Mg g][é (ﬂ _ [A AQ.—i—B].

We don’t need to compute the other entries. When we set Q = -A~1B, the upper right block
of M’ becomes zero, as desired.
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(b) Suppose that the form is nondegenerate on V and on W. (a) shows that V = W & W+,
If we choose a basis for V by appending bases for W and W+, the matrix of the form on V
will be a diagonal block matrix, where the blocks are the matrices of the form restricted to
W and to W+, The matrix of the form on V is invertible (8.4.4), so the blocks are invertible.
It follows that the form is nondegenerate on W+. O

Lemma 8.4.9 If a symmetric or Hermitian form is not identically zero, there is a vector v in
V such that (v, v) #0.

Proof. 1f the form is not identically zero, there will be vectors x and y such that (x, y) is not
zero. If the form is Hermitian, we replace y by cy where c is a nonzero complex number, to
make (x, y) real and still not zero. Then (y, x) = (x, y). We expand:

(x+y,x+y =(xx)+2{x,y) +(y, M.

Since the term 2(x, y) isn’t zero, at least one of the three other terms in the equation isn’t
ZEer0. O

Theorem 8.4.10 Let ( . ) be a symmetric form on a real vector space V or a Hermitian form
on a complex vector space V. There exists an orthogonal basis for V.

Proof. Case 1: The form is identically zero. Then every basis is orthogonal.

Case 2: The form is not identically zero. By induction on dimension, we may assume that
there is an orthogonal basis for the restriction of the form to any proper subspace of V.
We apply Lemma 8.4.9 and choose a vector v; with (v, v1) #0 as the first vector in our
basis. Let W be the span of (v;). The matrix of the form restricted to W is the 1 X 1 matrix
whose entry is (v1, vy). It is an invertible matrix, so the form is nondegenerate on W. By
Theorem 8.4.5, V = W @& W+, By our induction assumption, W+ has an orthogonal basis,
say (va, ..., V). Then (v, va, ..., v,) will be an orthogonal basis of V. O

Orthogonal Projection

Suppose that our given form is nondegenerate on a subspace W. Theorem 8.4.5 tells us that
V is the direct sum W @ W+, Every vector v in V can be written uniquely in the form
v =w+ u, with win W and u in W+, The orthogonal projection from V to W is the map
:V — W defined by 7r(v) = w. The decomposition v = w + u is compatible with sums of
vectors and with scalar multiplication, so 7 is a linear transformation.

The orthogonal projection is the unique linear transformation from V to W such that
m(w) = wif wisin Wand m(u) = 0 if u isin W,

Note: If the form is degenerate on a subspace W, the orthogonal projection to W doesn’t
exist. The reason is that W N W+ will contain a nonzero element x, and it will be impossible
to have both w(x) = x and w(x) = 0. O

The next theorem provides a very important formula for orthogonal projection.
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Theorem 8.4.11 Projection Formula. Let ( , ) be a symmetric form on a real vector space V
or a Hermitian form on a complex vector space V, and let W be a subspace of V on which
the form is nondegenerate. If (wy, ..., wg) is an orthogonal basis for W, the orthogonal
projection 7w : V. — W is given by the formula w(v) = wicy + - - - + wgck, where

(wi, v)

ci = —.
(w;, w;)
Proof. Because the form is nondegenerate on W and its matrix with respect to an orthogonal
basis is diagonal. (w;, w;) #0. The formula makes sense. Given a vector v, let w denote the
vector wicy + - -+ + wiCk, with ¢; as above. This is an element of W, so if we show that
v—w = u isin W+, it will follow that 7w(v) = w, as the theorem asserts. To show that u is
in Wi, we show that (w;, u) =0fori =1, ..., k. We remember that (w;, wj) =0if i+ J.
Then

(wi, u) = (w;, v) — (Wi, W) = (Wi, v) — (Wi, wider + - + (Wi, wi)ck)
=<wi,U)—(w[,wl')Ci=0. a

Warning: This projection formula is not correct unless the basis is orthogonal.

Example 8.4.12 Let V be the space R3 of column vectors, and let (v, w) denote the dot
product form. Let W be the subspace spanned by the vector w; whose coordinate vector is
(1, 1, 1)". Let (x1, X2, x3)" be the coordinate vector of a vector v. Then (wy, v) = x1+x3+x3.
The projection formula reads w(v) = wjc, where ¢ = (x1 + x2 + x3)/3. O

If a form is nondegenerate on the whole space V, the orthogonal projection from V to
V will be the identity map. The projection formula is interesting in this case too, because it
can be used to compute the coordinates of a vector v with respect to an orthogonal basis.

Corollary 8.4.13 Let (, ) be a nondegenerate symmetric form on a real vector space V
or a nondegenerate Hermitian form on a complex vector space V, let (vy, ..., v,) be an
orthogonal basis for V, and let v be any vector. Then v = vic1 + - - - + vpcp, Where

(vi, V)

= oo -

Ci

Example 8.4.14 Let B = (v1, v2, v3) be the orthogonal basis of R3 whose coordinate vectors
are

1 1 1
1y,(-11,] 1
1 0 -2

Let v be a vector with coordinate vector (x;, x2, x3)’. Then v = vic; + vacy + v3cs and

c1= (X1 +x2+x3)/3, 2= (x1 —x2)/2, €3 = (x1 + %2 —2x3)/6. O

Next, we consider scaling of the vectors that make up an orthogonal basis.



240 Chapter 8 Bilinear Forms

Corollary 8.4.15 Let (, ) be a symmetric form on a real vector space V or a Hermitian form
on a complex vector space V.

(a) There is an orthogonal basis B = (v1, ..., Uy) for V with the property that for each i,
(vi, v;) isequal to 1, -1, or 0.

(b) Matrix form: If A is a real symmetric n X n matrix, there is an invertible real matrix P
such that P'AP is a diagonal matrix, each of whose diagonal entries is 1, -1, or 0. If A
is a complex Hermitian n X n matrix, there is an invertible complex matrix P such that
P*AP is a diagonal matrix, each of whose diagonal entries is 1,-1, or 0.

Proof. (a) Let (vy, ..., v,) be an orthogonal basis. If v is a vector, then for any nonzero
real number ¢, (cv, cv) = ¢2(v, v), and ¢? can be any positive real number. So if we multiply
v; by a scalar, we can adjust the real number (v;, v;) by an arbitrary positive real number.
This proves (a). Part (b) follows in the usual way, by applying (a) to the form X*AY. O

If we arrange an orthogonal basis that has been scaled suitably, the matrix of the form
will have a block decomposition

(8.4.16) A=| -l :

where p, m, and z are the numbers of 1’s, -1’s, and 0’s on the diagonal, and p +m + z = n.
The form is nondegenerate if and only if z = 0.

If the form is nondegenerate, the pair of integers (p, m) is called the signature of the
form. Sylvester’s Law (see Exercise 4.21) asserts that the signature does not depend on the
choice of the orthogonal basis.

The notation I ,, is often used to denote the diagonal matrix

(8.4.17) Ipm = [IP ]
I

With this notation, the matrix (8.2.2) that represents the Lorentz form is /3 ;.

The form is positive definite if and only if m and z are both zero. Then the normalized
basis has the property that (v;, v;) = 1 for each i, and (v;, v;) = 0 when i # j. This is called
an orthonormal basis, in agreement with the terminology introduced before, for bases of R”
(5.1.8). An orthonormal basis B refers the form back to dot product on R” or to the standard
Hermitian form on C”. That is, if v = BX and w = BY, then (v, w) = X*Y. An orthonormal
basis exists if and only if the form is positive definite.

Note: If B is an orthonormal basis for a subspace W of V, the projection from V to W is
given by the formula w(v) = wicy+- - - wick, where ¢; = (w;, v). The projection formula is
simpler because the denominators (w;, w;) in (8.4.11) are equal to 1. However, normalizing
the vectors requires extracting a square root, and because of this, it is sometimes preferable
to work with an orthogonal basis without normalizing. g

The proof of the remaining implication (iii) = (i) of Theorem 8.2.5 follows from this
discussion:
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Corollary 8.4.18 If a real matrix A is symmetric and positive definite, then the form X'AY
represents dot product with respect to some basis of R”.

When a positive definite symmetric or Hermitian form is given, the projection formula
provides an inductive method, called the Gram-Schmidt procedure, to produce an orthonor-

mal basis, starting with an arbitrary basis (v1, .. ., v,). The procedure is as follows: Let V
denote the space spanned by the basis vectors (vq, ..., v¢). Suppose that, for some k < n,
we have found an orthonormal basis (wy, . . ., Wg-1) for Vi_1. Let 7w denote the orthogonal
projection from V to Vi_;. Then m(vg) = wicy + -+ + wg_1Ck—_1, Where ¢; = (w;, vg),
and wy = vg — w(vg) is orthogonal to Vi_;. When we normalize (wyg, wg) to 1, the set
(wq, ..., wg) will be an orthonormal basis for V. O

The last topic of this section is a criterion for a symmetric form to be positive definite
in terms of its matrix with respect to an arbitrary basis. Let A = (a;;j) be the matrix of a
symmetric form with respect to a basis B = (v, ..., v,) of V, and let Ay denote the kX k
minor made up of the matrix entries a;; with i, j < k:

air ap
Ar=lanl], A= s oo, Ap = A
1=[an], 4 [am azz:‘ n
Theorem 8.4.19 The form and the matrix are positive definite if and only if det Az > 0 for
k=1,...,n.
We leave the proof as an exercise. 0

For example, the matrix A = [% } ] is positive definite, because det[2] and det A are

both positive.

8.5 EUCLIDEAN SPACES AND HERMITIAN SPACES

When we work in R”, we may wish to change the basis. But if our problem involves dot
products — if length or orthogonality of vectors is involved — a change to an arbitrary
new basis may be undesirable, because it will not preserve length and orthogonality. It
is best to restrict oneself to orthonormal bases, so that dot products are preserved. The
concept of a Euclidean space provides us with a framework in which to do this. A real
vector space together with a positive definite symmetric form is called a Euclidean space,
and a complex vector space together with a positive definite Hermitian form is called a
Hermitian space.

The space R”, with dot product, is the standard Euclidean space. An orthonormal
basis for any Euclidean space will refer the space back to the standard Euclidean space.
Similarly, the standard Hermitian form (X, Y) = X*Y makes C” into the standard Hermitian
space, and an orthonormal basis for any Hermitian space will refer the form back to the
standard Hermitian space. The only significant difference between an arbitrary Euclidean
or Hermitian space and the standard Euclidean or Hermitian space is that no orthonormal
basis is preferred. Nevertheless, when working in such spaces we always use orthonormal
bases, though none have been picked out for us. A change of orthonormal bases will be
given by a matrix that is orthogonal or unitary, according to the case.
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Corollary 8.5.1 Let V be a Euclidean or a Hermitian space, with positive definite form
(,), and let W be a subspace of V. The form is nondegenerate on W, and therefore
V=Wo W

Proof. If w is a nonzero vector in W, then (w, w) is a positive real number. It is not zero,
and therefore w is not a null vector in V or in W. The nullspaces are zero. O

What we have learned about symmetric forms allows us to interpret the length of a
vector and the angle between two vectors v and w in a Euclidean space V. Let’s set aside the
special case that these vectors are dependent, and assume that they span a two-dimensional
subspace W. When we restrict the form, W becomes a Euclidean space of dimension 2.
So W has an orthonormal basis (w1, w;), and via this basis, the vectors v and w will
have coordinate vectors in R2. We’ll denote these two-dimensional coordinate vectors by
lowercase letters x and y. They aren’t the coordinate vectors that we would obtain using an
orthonormal basis for the whole space V, but we will have (v, w) = x'y, and this allows us
to interpret geometric properties of the form in terms of dot product in R2.

The length |v| of a vector v is defined by the formula |v|?> = (v, v). If x is the coordinate
vector of vin R?, then (v|? = x’x. The law of cosines (x - y) = |x|| ylcos8in R? becomes

(8.5.2) (v, w) = |v||]w]|cos O,

where 6 is the angle between x and y. Since this formula expresses cos 6 in terms of the form,
it defines the unoriented angle 6 between vectors v and w. But the ambiguity of sign in the
angle that arises because cos @ = cos (—0) can’t be eliminated. When one views a plane in
R3 from its front and its back, the angles one sees differ by sign.

8.6 THE SPECTRAL THEOREM

In this section, we analyze certain linear operators on a Hermitian space.

Let T:V — V be a linear operator on a Hermitian space V, and let A be the matrix of
T with respect to an orthonormal basis B. The adjoint operator T*:V — V is the operator
whose matrix with respect to the same basis is the adjoint matrix A*.

If we change to a new orthonormal basis B’, the basechange matrix P will be unitary,
and the new matrix of 7 will have the form A’ = P*AP = P 1AP. Its adjoint will be
A" = P*A*P. This is the matrix of T* with respect to the new basis. So the definition of T*
makes sense: It is independent of the orthonormal basis.

The rules (8.3.5) for computing with adjoint matrices carry over to adjoint operators:

(8.6.1) (T + U)* — T* _l_ U*, (TU)* — U*T*, T** - T.

A normal matrix is a complex matrix A that commutes with its adjoint: A*A = AA*.
In itself, this isn’t a particularly important class of matrices, but is the natural class for which
to state the Spectral Theorem that we prove in this section, and it includes two important
classes: Hermitian matrices (A* = A) and unitary matrices (4* = A™1).

Lemma 8.6.2 Let A be a complex n X n matrix and let P be an # X n unitary matrix. If A is
normal, Hermitian, or unitary, so is P*AP. O

A linear operator T on a Hermitian space is called normal, Hermitian, or unitary
if its matrix with respect to an orthonormal basis has the same property. So T is normal
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if 7*T = TT*, Hermitian if 7* = T, and unitary if 7*T = ]. A Hermitian operator is
sometimes called a self-adjoint operator, but we won’t use that terminology.
The next proposition interprets these conditions in terms of the form.

Proposition 8.6.3 Let T be a linear operator on a Hermitian space V, and let T* be the
adjoint operator.

(b) T is normal if and only if, for all vand w in V, (Tv, Tw) = (
(¢) T is Hermitian if and only if, for all vand win V, (Tv, w) = (v, Tw).
(d) T is unitary if and only if, for all v and w in V, (Tv, Tw) = (v

Proof. (a) Let A be the matrix of the operator 7" with respect to an orthonormal basis B.
With v = BX and w = BY as usual, (7v, w) = (AX)*Y = X*A*Y and (v, T*w) = X*A*Y.
Therefore (Tv, w) = (v, T*w). The proof of the other formula of (a) is similar.

(b) We substitute 7* v for v into the first equation of (a): (77*v, w) = (T*v, T*w). Similarly,
substituting 7v for v into the second equation of (a): (Tv, Tw) = (T*Tv, w). So if T is
normal, then (Tv, Tw) = (T*v, T*w). The converse follows by applying Proposition 8.4.3
to the two vectors 7*Tv and T7*v. The proofs of (¢) and (d) are similar. O

Let T be a linear operator on a Hermitian space V. As before, a subspace W of V is
T-invariant if TW C W. A linear operator 7" will restrict to a linear operator on a T -invariant
subspace, and if T is normal, Hermitian, or unitary, the restricted operator will have the
same property. This follows from Proposition 8.6.3.

Proposition 8.6.4 Let 7 be alinear operator on a Hermitian space V and let W be a subspace
of V.If W is T-invariant, then the orthogonal space W+ is T*-invariant. If W is T*-invariant
then W+ is T-invariant.

Proof. Suppose that W is T-invariant. To show that W is T*-invariant, we must show that
if u is in W+, then T*u is also in W+, which by definition of W+ means that (w, T*u) = 0
for all w in W. By Proposition 8.6.3, (w, T*u) = (Tw, u). Since W is T-invariant, 7w is in
W. Then since u is in W+, (Tw, u) = 0. So (w, T*u) = 0, as required. Since 7** = T, one
obtains the second assertion by interchanging the roles of T and T*. O

The next theorem is the main place that we use the hypothesis that the form given on
V be positive definite.

Theorem 8.6.5 Let 7" be a normal operator on a Hermitian space V, and let v be an
eigenvector of T with eigenvalue A. Then v is also an eigenvector of 7%, with eigenvalue A.

Proof. Case 1: A = 0. Then Tv = 0, and we must show that 7*v = 0. Since the form is
positive definite, it suffices to show that (T*v, T*v) = 0. By Proposition 8.6.3, (T*v, T*v) =
(Tv, Tv) = (0,0) = 0.

Case 2: A is arbitrary. Let S denote the linear operator 7' — A 1. Then v is an eigenvector for
S with eigenvalue zero: Sv = 0. Moreover, $* = T* — A 1. You can check that S is a normal
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operator. By Case 1, v is an eigenvector for $* with eigenvalue 0: S*v = T*v — Av = 0. This
shows that v is an eigenvector of 7* with eigenvalue A. O

Theorem 8.6.6 Spectral Theorem for Normal Operators

(a) Let T be a normal operator on a Hermitian space V. There is an orthonormal basis of
V consisting of eigenvectors for 7T

(b) Matrix form: Let A be a normal matrix. There is a unitary matrix P such that P*A P is
diagonal.

Proof. (a) We choose an eigenvector v; for 7', and normalize its length to 1. Theorem 8.6.5
tells us that v; is also an eigenvector for 7*. Therefore the one-dimensional subspace W
spanned by vy is T*-invariant. By Proposition 8.6.4, W+ is T-invariant. We also know that
V = W @ W-. The restriction of T to any invariant subspace, including W+, is a normal
operator. By induction on dimension, we may assume that W+ has an orthonormal basis of
eigenvectors, say (vy, ..., Uy). Adding v; to this set yields an orthonormal basis of V of
eigenvectors for 7.

(b) This is proved from (a) in the usual way. We regard A as the matrix of the normal
operator of multiplication by A on C”. By (a) there is an orthonormal basis B consisting of
eigenvectors. The matrix P of change of basis from E to B is unitary, and the matrix of the
operator with respect to the new basis, which is P*AP, is diagonal. O

The next corollaries are obtained by applying the Spectral Theorem to the two most
important types of normal matrices.
Corollary 8.6.7 Spectral Theorem for Hermitian Operators.
(a) Let T be a Hermitian operator on a Hermitian space V.
(i) There is an orthonormal basis of V consisting of eigenvectors of 7.
(ii) The eigenvalues of T are real numbers.
(b) Matrix form: Let A be a Hermitian matrix.

(i) There is a unitary matrix P such that P*A P is a real diagonal matrix.
(i) The eigenvalues of A are real numbers.

Proof. Part (b)(ii) has been proved before (Theorem 8.3.11) and (a)(i) follows from the
Spectral Theorem for normal operators. The other assertions are variants. a

Corollary 8.6.8 Spectral Theorem for Unitary Matrices.

(a) Let A be a unitary matrix. There is a unitary matrix P such that P*AP is diagonal.
(b) Every conjugacy class in the unitary group U, contains a diagonal matrix. O

To diagonalize a Hermitian matrix M, one can proceed by determining its eigen-
vectors. If the eigenvalues are distinct, the corresponding eigenvectors will be orthogonal,
and one can normalize their lengths to 1. This follows from the Spectral Theorem. For
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-1 2
with eigenvalues 3 and 1, respectively. We normalize their lengths to 1 by the factor 1/+/2,

obtaining the unitary matrix P = L [ 1. 1]. Then P*MP = [3 1 ]

example, vy’ = [_11] and v = [}] are eigenvectors of the Hermitian matrix M = [ 2. ! ],

V2 |-i i
However, the Spectral Theorem asserts that a Hermitian matrix can be diagonalized even
when its eigenvalues aren’t distinct. For instance, the only 2 X 2 Hermitian matrix whose
characteristic polynomial has a double root A is AI.

What we have proved for Hermitian matrices has analogues for real symmetric
matrices. A symmetric operator T on a Euclidean space V is a linear operator whose matrix
with respect to an orthonormal basis is symmetric. Similarly, an orthogonal operator T on a
Euclidean space V is a linear operator whose matrix with respect to an orthonormal basis is
orthogonal.

Proposition 8.6.9 Let T be a linear operator on a Euclidean space V.

(a) T is symmetric if and only if, for all vand win V, (Tv, w) = (v, Tw).

(b) T is orthogonal if and only if, for all vand win V, (Tv, Tw) = (v, w). O
Theorem 8.6.10 Spectral Theorem for Symmetric Operators.

(a) Let T be a symmetric operator on a Euclidean space V.

(i) There is an orthonormal basis of V consisting of eigenvectors of 7.
(ii) The eigenvalues of 7 are real numbers.

(b) Matrix form: Let A be a real symmetric matrix.
(i) There is an orthogonal matrix P such that P'A P is a real diagonal matrix.

(i) The eigenvalues of A are real numbers.

Proof. We have noted (b)(ii) before (Corollary 8.3.12), and (a)(ii) follows. Knowing this,
the proof of (a)(i) follows the pattern of the proof of Theorem 8.6.6. O

The Spectral Theorem is a powerful tool. When faced with a Hermitian operator or a
Hermitian matrix, it should be an automatic response to apply that theorem.

8.7 CONICS AND QUADRICS

Ellipses, hyperbolas, and parabolas are called conics. They are loci in R? defined by quadratic
equations f = 0, where

(8.7.1) fix1,x2) = aux% +2apx1xy + azzx% +bix1+ byxr +c,

and the coefficients a;;, b;, and ¢ are real numbers. (The reason that the coefficient of x1.x;
is written as 2aq, will be explained presently.) If the locus f = 0 of a quadratic equation is
not a conic, we call it a degenerate conic. A degenerate conic can be a pair of lines, a single
line, a point, or empty, depending on the equation. To emphasize that a particular locus is
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not degenerate, we may sometimes refer to it as a nondegenerate conic. The term quadric is
used to designate an analogous locus in three or more dimensions.

We propose to describe the orbits of the conics under the action of the group of
isometries of the plane. Two nondegenerate conics are in the same orbit if and only if they
are congruent geometric figures.

The quadratic part of the polynomial f(x1, x») is called a quadratic form:

(8.7.2) q(x1,x2) = anx% +2appx1x2 + azzx%.

A quadratic form in any number of variables is a polynomial, each of whose terms has
degree 2 in the variables. It is convenient to express the quadratic form g in matrix notation.
To do this, we introduce the symmetric matrix

(87.3) A= [011 au]

ap ax

Then if X = (x1, x2)!, the quadratic form can be written as g(x1, x;) = X'AX. We put
the coefficient 2 into Formulas 8.7.1 and 8.7.2 in order to avoid some coefficients % in this
matrix. If we also introduce the 1 X2 matrix B = [b; b3}, the equation f = 0 can be written
compactly in matrix notation as

(8.7.4) X'AX + BX + ¢ = 0.

Theorem 8.7.5 Every nondegenerate conic is congruent to one of the following loci, where
the coefficients a;; and ap; are positive:

Ellipse: anx} +anxt -1 =0,
Hyperbola: ai1x3 —apx3 -1 =0,
Parabola: aux% -x; =0.

The coefficients a;; and aj; are determined by the congruence class of the conic, except that
they can be interchanged in the equation of an ellipse.

Proof. We simplify the equation (8.7.4) in two steps, first applying an orthogonal transfor-
mation to diagonalize the matrix A and then applying a translation to eliminate the linear
terms and the constant term when possible.

The Spectral Theorem for symmetric operators (8.6.10) asserts that there is a 2 X2
orthogonal matrix P such that P'AP is diagonal. We make the change of variable PX’ = X,
and substitute into (8.7.4):

(8.7.6) X'"A'X' +BX +c=0

where A’ = PLAP and B’ = BP. With this orthogonal change of variable, the quadratic form
becomes diagonal, that is, the coefficient of x}x; is zero. We drop the primes. When the

quadratic form is diagonal, f has the form

f(x1, x2) = ayx? + apnx} + bix; + byxy +c.
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To continue, we eliminate b; by “completing squares,” with the substitutions

b.
8.7.7 = xi—s—).
®77) i (x' 2aii>
This substitution corresponds to a translation of coordinates. Dropping primes again, f
becomes

(8.7.8) flx1,x2) = aux% + azzx% +c¢ =0,

where the constant term ¢ has changed. The new constant can be computed when needed.
When it is zero, the locus is degenerate. Assuming that ¢ # 0, we can multiply f by a scalar
to change c to -1. If a;; are both negative, the locus is empty, hence degenerate. So at least
one of the coefficients is positive, and we may assume that a;; > 0. Then we are left with the
equations of the ellipses and the hyperbolas in the statement of the theorem.

The parabola arises because the substitution made to eliminate the linear coefficient
b; requires a;; to be nonzero. Since the equation f is supposed to be quadratic, these
coefficients aren’t both zero, and we may assume ay; #0. If az; = 0 but b, #0, we eliminate
b1 and use the substitution '

(8.7.9) Xy =xy—c/by

to eliminate the constant term. Adjusting f by a scalar factor and eliminating degenerate
cases leaves us with the equation of the parabola. O

Example 8.7.10 Let f be the quadratic polynomial x% + 2x1x3 — x% +2x1 4+ 2x — 1. Then

A=[i _}] B=[2 2], and c=-1.

The eigenvalues of A are * V2. Setting a = V2 —1and b = +/2 + 1, the vectors

o~ft) =[]

are eigenvectors with eigenvalues +/2 and -+/2, respectively. They are orthogonal, and when
we normalize their lengths to 1, they will form an orthonormal basis B such that [B]"1 A[B]
is diagonal. Unfortunately, the square length of vy is 4 — 2+/2. To normalize its length to 1,
we must divide by v'4 — 2+/2. It is unpleasant to continue this computation by hand.

If a quadratic equation f(x1, x2) = 0is given, we can determine the type of conic that
it represents most simply by allowing arbitrary changes of basis, not necessarily orthogonal
ones. A nonorthogonal change will distort an ellipse but it will not change an ellipse into a
hyperbola, a parabola, or a degenerate conic. If we wish only to identify the type of conic,
arbitrary changes of basis are permissible.

We proceed as in (8.7.6), but with a nonorthogonal change of basis:

T O O M G A
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Dropping primes, the new equation becomes x% - Zx% +2x1; —1 = 0, and completing the
square yields x2 — 2x3 — 2 = 0, a hyperbola. So the original locus is a hyperbola too.

By the way, the matrix A is positive or negative definite in the equation of an ellipse
and indefinite in the equation of a hyperbola. The matrix A shown above is indefinite. We
could have seen right away that the locus we have just inspected was either a hyperbola or a
degenerate conic. a

The method used to describe conics can be applied to classify quadrics in any dimension.
The general quadratic equation has the form f = 0, where

(8.7.11) fCoan o xn) =) auxi+ Y 2axixj+ Y bixi +c.
i

i<j i

Let matrices A and B be defined by

alz -+ Qin
A= . B=[by - bn].
Then
(8.7.12) f(x1, ..., x0) =X'AX + BX +c.

The associated quadratic form is
(8.7.13) q(x1,...,xn) = X'AX.

According to the Spectral Theorem for symmetric operators, the matrix A can be diagonalized
by an orthogonal transformation P. When A is diagonal, the linear terms and the constant
term may be eliminated, so far as possible, as above. Here is the classification in three
variables:

Theorem 8.7.14 The congruence classes of nondegenerate quadrics in R? are represented
by the following loci, in which a;; are positive real numbers:

Ellipsoids: anx? +apx3 +axnx;~1 =0,

One-sheeted hyperboloids allx% + azzx% - a33x§ -1 =0,

Two-sheeted hyperboloids: aj1x3 — apx3 —anx3 -1 =0,

Elliptic paraboloids anx? +apxs —x3 =0,

Hyperbolic paraboloids: anx? —apxi—x3 =0. m]

A word is in order about the case that B and c are zero in the quadratic polynomial
f(x1, x2, x3) (8.7.12), i.e, that f is equal to its quadratic form g (8.7.13). The locus {g = 0}
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is considered degenerate, but is interesting. Let’s call it Q. Since all of the terms a;jx;x; that
appear in g have degree 2,

(8.7.15) q(Ax1, Axy, Ax3) = A2g(x1, x2, X3).

for any real number A. Consequently, if a point X0 lies on Q, i.e., if g(X) = 0, then
g(AX) = 0too, so AX lies on Q for every real number A. Therefore Q is a union of lines
through the origin, a double cone.

For example, suppose that q is the diagonal quadratic form

2 2 2
a; xy + anx; — x;3,

where a;; are positive. When we intersect the locus Q with the plane x3 = 1, we obtain an
ellipse anx% + azzx% = 1 in the remaining variables. In this case Q is the union of lines
through the origin and the points of this ellipse.

(8.7.16) Hyperboloids Near to a Cone.

Notice that g(x) is positive in the exterior of the double cone, and negative in its interior.
(The value of g(x) changes sign only when one crosses (2.) So for any r > 0, the locus
anx% + azzxg - x% — r = 0 lies in the exterior of the double cone. It is a one-sheeted
hyperboloid, while the locus anx% + azzx% — x% + r = 0 lies in the interior, and is a
two-sheeted hyperboloid.

Similar reasoning can be applied to any homogeneous polynomial g(xy, ..., x), any
polynomial in which all of the terms have the same degree d. If g is homogeneous of degree
d, g(Ax) = A%g(x), and because of this, the locus {g = 0} will also be a union of lines
through the origin.

8.8 SKEW-SYMMETRIC FORMS

The description of skew-symmetric bilinear forms is the same for any field of scalars, so in
this section we allow vector spaces over an arbitrary field F. However, as usual, it may be
best to think of real vector spaces when going through this for the first time.
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A bilinear form ( , ) on a vector space V is skew-symmetric if it has either one of the
following equivalent properties:

(8.8.1) (v,v)=0 forallvinV, or

(8.8.2) (u,v) =-(v,u) foralluandvinV.

To be more precise, these conditions are equivalent whenever the field of scalars has
characteristic different from 2. If F' has characteristic 2, the first condition (8.8.1) is the
correct one. The fact that (8.8.1) implies (8.8.2) is proved by expanding (1 + v, u + v):

(u+v,u+v)={u,u)+ U, v)+ (v, u) + (v, v),

and using the fact that (u, u) = (v,v) = (u + v, u + v) = 0. Conversely, if the second
condition holds, then setting u = v gives us (v, v) = -(v, v), hence 2(v, v) = 0, and it follows
that (v, v) = 0, unless 2 = 0.

A bilinear form (, ) is skew-symmetric if and only if its matrix A with respect to an

arbitrary basis is a skew-symmetric matrix, meaning that a;; = -a;; and a;; = 0, for all i and
J. Except in characteristic 2, the condition a;; = 0 follows from aj; = -a;; when one sets
i=j.
The determinant form (X, Y) on R2, the form defined by
’ X1 N
8.8.3 X,Y) =det =X — X72V1,
(8.8.3) (X,7) [ ) yz] 1Y2 — Xay1

is a simple example of a skew-symmetric form. Linearity and skew symmetry in the columns
are familiar properties of the determinant. The matrix of the determinant form (8.8.3) with
respect to the standard basis of R? is

(8.8.4) T = [_1 1]

We will see in Theorem 8.8.7 below that every nondegenerate skew-symmetric form looks
very much like this one.

Skew-symmetric forms also come up when one counts intersections of paths on a
surface. To obtain a count that doesn’t change when the paths are deformed, one can adopt
the rule used for traffic flow: A vehicle that enters an intersection from the right has the
right of way. If two paths X and Y on the surface intersect at a point p, we define the
intersection number (X, Y), at p as follows: If X enters the intersection to the right of
Y, then (X, Y), = 1, and if X enters to the left of Y, then (X, Y), = -1. Then in either
case, (X, Y), =-(Y, X)p. The total intersection number (X, Y) is obtained by adding these
contributions for all intersection points. In this way the contributions arising when X crosses
Y and then turns back to cross again cancel. This is how topologists define a product in
‘“homology.”
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(8.8.5) Oriented Intersections (X, Y).

Many of the definitions given in Section 8.4 can be used also with skew-symmetric
forms. In particular, two vectors v and w are orthogonal if (v, w) = 0. It is true once more
that vl w if and only if w_Lv, but there is a difference: When the form is skew-symmetric,
every vector v is self-orthogonal: v.Lv. And since all vectors are self-orthogonal, there can
be no orthogonal bases.

As is true for symmetric forms, a skew-symmetric form is nondegenerate if and only if
its matrix with respect to an arbitrary basis is nonsingular. The proof of the next theorem is
the same as for Theorem 8.4.5.

Theorem 8.8.6 Let (, ) be a skew-symmetric form on a vector space V, and let W be a
subspace of V on which the form is nondegenerate. Then V is the orthogonal sum W & W+,
If the form is nondegenerate on V and on W, it is nondegenerate on W+ too. O

Theorem 8.8.7

(a) Let V be a vector space of positive dimension m over a field F, and let (, ) be a
nondegenerate skew-symmetric form on V. The dimension of V is even, and V has a
basis B such that the matrix Sp of the form with respect to that basis is made up of
diagonal blocks, where all blocks are equal to the 2 X2 matrix § shown above (8.8.4):

>
So =
py

(b) Matrix form: Let A be an invertible skew-symmetric m X m matrix. There is an invertible
matrix P such that P!AP = S is as above.

Proof. (a) Since the form is nondegenerate, we may choose nonzero vectors v1 and v, such
that (vq, v2) = cis not zero. We adjust v, by a scalar factor to make ¢ = 1. Since (vy, v2)#0
but (vq, v1) = 0, these vectors are independent. Let W be the two-dimensional subspace with
basis (v1, v2). The matrix of the form restricted to W is X. Since this matrix is invertible, the
form is nondegenerate on W, so V is the direct sum W & W+, and the form is nondegenerate
on W+, By induction, we may assume that there is a basis (vs, ..., vy) for W+ such that
the matrix of the form on this subspace has the form (8.8.7). Then (v1, v2, v3, ..., Up) is the
required basis for V. a
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Corollary 8.8.8 If A is an invertible m Xm skew-symmetric matrix, then m is an even integer.
O

Let (, ) be a nondegenerate skew-symmetric form on a vector space of dimension 2n.
We rearrange the basis referred to in Theorem 8.8.7 as (v, v3, ..., Upn_1; V2, Vg, - - - , Upn).
The matrix will be changed into a block matrix made up of n X n blocks

o1
859) s-[0 1.
8.9 SUMMARY

We collect some of the terms that we have used together here. They are used for a symmetric
or a skew-symmetric form on a real vector space and also for a Hermitian form on a complex
vector space.

orthogonal vectors: Two vectors v and w are orthogonal (written v _Lw) if (v, w) = 0.

orthogonal space to a subspace: The orthogonal space W+ to a subspace W of V is the set
of vectors v that are orthogonal to every vector in W:

wh={veV|ww =0

null vector: A null vector is a vector that is orthogonal to every vector in V.

nullspace: The nullspace N of the given form is the set of null vectors:
N={v]wv)=0}.

nondegenerate form: The form is nondegenerate if its nullspace is the zero space {0}. This
means that for every nonzero vector v, there is a vector v’ such that (v, v') #0.

nondegeneracy on a subspace: The form is nondegenerate on a subspace W if its restriction
to W is a nondegenerate form, or if W N WL = (0}. If the form is nondegenerate on a
subspace W, then V= W & W+

orthogonal basis: A basis B = (v1, ..., v,) of V is orthogonal if the vectors are mutually
orthogonal, that is, if (v;, vj) = 0 for all indices i and j with i # j. The matrix of the form
with respect to an orthogonal basis is a diagonal matrix. Orthogonal bases exist for any
symmetric or Hermitian form, but not for a skew-symmetric form.

orthonormal basis: A basis B = (vy, ..., v,) is orthonormal if (v;, vj) = 0 for i# j and
(vi, vi) = 1. An orthonormal basis for a symmetric or Hermitian form exists if and only if
the form is positive definite.

orthogonal projection: If a symmetric or Hermitian form is nondegenerate on a subspace
W, the orthogonal projection to W is the unique linear transformation v: V — W such that:
(v) = vif visin W, and 7r(v) = 0 if v is in the orthogonal space W-.
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If the form is nondegenerate on a subspace W and if (wy, ..., wg) is an orthogonal
basis for W, the orthogonal projection is given by the formula w(v) = wicy + - - - wycy,
where
I L (wi, v)

VT (wi, wy)
Spectral Theorem:
o If A is normal, there is a unitary matrix P such that P*AP is diagonal.
1
o If A is Hermitian, there is a unitary matrix P such that P*AP is a real diagonal matrix.
o In the unitary group U, every matrix is conjugate to a diagonal matrix.
o If A is a real symmetric matrix, there is an orthogonal matrix P such that P’AP is diagonal.

The table below compares various concepts used for real and for complex vector
spaces.

Real Vector Spaces Complex Vector Spaces
forms
symmetric Hermitian
(l), w) = (w, V) (v, w) = (w’ v)
matrices
symmetric Hermitian
At=A A*=A
orthogonal unitary
A'A =1 A*A =1
normal
A*A = AA*
operators
symmetric Hermitian
(Tv, w) = (v, Tw) (Tv, w) = (v, Tw)
orthogonal unitary
(v, w) = (Tv, Tw) (v, w) = (Tv, Tw)
normal
(Tv, Tw) = (T*v, T*w)
arbitrary

(v, Tw) = (T*v, w)

In helping geometry, modern algebra is helping itself above all.

—~Oscar Zariski
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EXERCISES

Section 1 Real Bilinear Forms

1.1

Show that a bilinear form ( , ) on a real vector space V is a sum of a symmetric form and
a skew-symmetric form.

Section 2 Symmetric Forms

2.1.

2.2,

Prove that the maximal entries of a positive definite, symmetric, real matrix are on the
diagonal.

Let A and A’ be symmetric matrices related by A’ = P'AP, where P is invertible. Is it
true that the ranks of A and of A’ are equal?

Section3 Hermitian Forms

3.1. Is a complex n X n matrix A such that X*AX is real for all X Hermitian?

3.2.

3.3.
3.4.
3.5.

3.6.

Let (, ) be a positive definite Hermitian form on a complex vector space V, and let {, }
and [ , ] be its real and imaginary parts, the real-valued forms defined by

(v, w) = {v, w} + [v, wii.
Prove that when V is made into a real vector space by restricting scalars to R, {,} is a
positive definite symmetric form, and [, ]is a skew-symmetric form.
The set of n X n Hermitian matrices forms a real vector space. Find a basis for this space.
Prove that if A is an invertible matrix, then A*A is Hermitian and positive definite.

Let A and B be positive definite Hermitian matrices. Decide which of the following
matrices are necessarily positive definite Hermitian: A2, A7l AB, A+ B.

Use the characteristic polynomial to prove that the eigenvalues of a 2 X2 Hermitian
matrix A are real.

Section4 Orthogonality

4.1.
4.2.

43.

44.

4.5.

4.6.

What is the inverse of a matrix whose columns are orthogonal?

Let (,) be a bilinear form on a real vector space V, and let v be a vector such that
(v, v) #0. What is the formula for orthogonal projection to the space W = v orthogonal
to v?

Let A be a real m X n matrix. Prove that B = A'A is positive semidefinite, i.e., that
X'BX > 0 for all X, and that A and B have the same rank.

Make a sketch showing the positions of some orthogonal vectors in R?, when the form is
(X, Y) =Xx1y1 — x2)2.
Find an orthogonal basis for the form on R” whose matrix is

1 0 1
(a)[i }] 0 2 1

Extend the vector X1 = %(1, -1, 1, D' to an orthonormal basis for R*.



4.7.
4.8.
4.9.

4.10.

4.11.

4.12.

*4.13.

4.14.

4.15.

4.16.

4.17.

4.18.

4.19.
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Apply the Gram—-Schmidt procedure to the basis (1, 1, 0)t, (1, 0, 1)t, (0, 1, 1)t of R3.

21
1 2

Find an orthonormal basis for the vector space P of all real polynomials of degree at most
2, with the symmetric form defined by

LetA = [ ] Find an orthonormal basis for R? with respect to the form XtAY.

1
(f, 8= /_1 fx)g(x)dx.

Let V denote the vector space of real n X n matrices. Prove that (A4, B) = trace(A'B)
defines a positive definite bilinear form on V, and find an orthonormal basis for this form.
Let Wy, W; be subspaces of a vector space V with a symmetric bilinear form. Prove
(@ Wy + W)t = WiEn Wy, (b)) WC W, (o) If Wy C Wa, then Wit D> Wi

Let V = R¥% be the vector space of real 2 X 2 matrices.

(a) Determine the matrix of the bilinear form (A, B) = trace(AB) on V with respect to
the standard basis {e;;}.

(b) Determine the signature of this form.
(¢) Find an orthogonal basis for this form.
(d) Determine the signature of the form trace A B on the space R of real nXn matrices.

(a) Decide whether or not the rule (A, B) = trace(A*B) defines a Hermitian form on
the space C"™" of complex matrices, and if so, determine its signature.
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